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TAMING LATTICE SUSY

なぜ格子超対称性は難しいのか？

▸ 無限小並進不変性 

▸ 局所性 

▸ 場の３体以上の項を含む

次の条件を全て満たす作用は構成できない

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B(≠ 0)

[A ,Pµ] ∝ aµ
νPν

1
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TAMING LATTICE SUSY

なぜ格子超対称性は難しいのか？

▸ 無限小並進不変性 

▸ 局所性 

▸ 場の３体以上の項を含む

次の条件を全て満たす作用は構成できない

自由場なら可能

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B(≠ 0)

[A ,Pµ] ∝ aµ
νPν

1
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TAMING LATTICE SUSY

なぜ格子超対称性は難しいのか？

▸ 無限小並進不変性 

▸ 局所性 

▸ 場の３体以上の項を含む

次の条件を全て満たす作用は構成できない

局所性を犠牲にすれば可能  
　→ SUSY不変な非局所作用 S.Nojiri (1985)

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B(≠ 0)

[A ,Pµ] ∝ aµ
νPν

1
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TAMING LATTICE SUSY

なぜ格子超対称性は難しいのか？

▸ 無限小並進不変性 

▸ 局所性 

▸ 場の３体以上の項を含む

次の条件を全て満たす作用は構成できない

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B(≠ 0)

[A ,Pµ] ∝ aµ
νPν

1
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無限小並進を含まない部分代数のみを実現！

No-Go定理



TAMING LATTICE SUSY

なぜ格子超対称性は難しいのか？
‣ 格子理論における「局所性」に関する注意

２次相転移点（UV固定点）に近づけることで実現

裸の物理量は、相関長とともに発散

格子上で有限の指数関数的減衰スケールを持つ量は
「局所的」

連続極限は、繰り込まれた物理量を有限に保って

TAMING LATTICE SUSY WITH CLR



TAMING LATTICE SUSY

なぜ格子超対称性は難しいのか？
▸ 無限小並進を含む代数

Type i)

Type ii)

Type iii)

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B

[A ,Pµ] ∝ aµ
νPν

δAS = δBS = 0

δPµS = 0

δAδPµS = 0

δAδPµS = aµ
νδPνS

(δPµφ)n = −i∆µ
nmφm

δPµφ
a→0−→ −i∂µφ

∆µ

S(N) =
∑

{n(i)}

Mn(1)n(2)···n(N)φ
(1)
n(1)φ

(2)
n(2) · · ·φ

(N)
n(N)

{Qi , Qj} = 0

S =

∫
dt

{
ψ̄i∂tψ

i − b̄ibi + i
q−1
2 Cj1j2···jq b̄

j1ψj2 · · ·ψjq + i
q−1
2 C̄j1j2···jqb

j1ψ̄j2 · · · ψ̄jq
}

δQψ
i = b̄i

δQb
i = ∂tψ̄

i

δQψ̄
i = 0

δQb̄
i = 0

δQ̄ψ
i = 0

δQ̄b
i = 0

δQ̄ψ̄
i = bi

δQ̄b̄
i = ∂tψ

i

ψi(t) → ψi
n

bi(t) → bin
ψ̄i(t) → ψ̄i

n

b̄i(t) → b̄in

S = ψ̄i
n∆nmψ

i
m−b̄inb

i
n+i

q−1
2 Cj1j2···jqMn1n2···nq b̄

j1
n1
ψj2
n2

· · ·ψjq
nq+i

q−1
2 C̄j1j2···jqM̄n1n2···nqb

j1
n1
ψ̄j2
n2

· · · ψ̄jq
nq

δQψ
i
n = b̄in

δQb
i
n = ∆nmψ̄

i
m

δQψ̄
i
n = 0

δQb̄
i
n = 0
1

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B

[A ,Pµ] ∝ aµ
νPν

δAS = δBS = 0

δPµS = 0

δAδPµS = 0

δAδPµS = aµ
νδPνS

(δPµφ)n = −i∆µ
nmφm

δPµφ
a→0−→ −i∂µφ

∆µ

S(N) =
∑

{n(i)}

Mn(1)n(2)···n(N)φ
(1)
n(1)φ

(2)
n(2) · · ·φ

(N)
n(N)

{Qi , Qj} = 0

S =

∫
dt

{
ψ̄i∂tψ

i − b̄ibi + i
q−1
2 Cj1j2···jq b̄

j1ψj2 · · ·ψjq + i
q−1
2 C̄j1j2···jqb

j1ψ̄j2 · · · ψ̄jq
}

δQψ
i = b̄i

δQb
i = ∂tψ̄

i

δQψ̄
i = 0

δQb̄
i = 0

δQ̄ψ
i = 0

δQ̄b
i = 0

δQ̄ψ̄
i = bi

δQ̄b̄
i = ∂tψ

i

ψi(t) → ψi
n

bi(t) → bin
ψ̄i(t) → ψ̄i

n

b̄i(t) → b̄in

S = ψ̄i
n∆nmψ

i
m−b̄inb

i
n+i

q−1
2 Cj1j2···jqMn1n2···nq b̄

j1
n1
ψj2
n2

· · ·ψjq
nq+i

q−1
2 C̄j1j2···jqM̄n1n2···nqb

j1
n1
ψ̄j2
n2

· · · ψ̄jq
nq

δQψ
i
n = b̄in

δQb
i
n = ∆nmψ̄

i
m

δQψ̄
i
n = 0

δQb̄
i
n = 0
1

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B

[A ,Pµ] ∝ aµ
νPν

δAS = δBS = 0

δPµS = 0

δAδPµS = 0

δAδPµS = aµ
νδPνS

(δPµφ)n = −i∆µ
nmφm

δPµφ
a→0−→ −i∂µφ

∆µ

S(N) =
∑

{n(i)}

Mn(1)n(2)···n(N)φ
(1)
n(1)φ

(2)
n(2) · · ·φ

(N)
n(N)

{Qi , Qj} = 0

S =

∫
dt

{
ψ̄i∂tψ

i − b̄ibi + i
q−1
2 Cj1j2···jq b̄

j1ψj2 · · ·ψjq + i
q−1
2 C̄j1j2···jqb

j1ψ̄j2 · · · ψ̄jq
}

δQψ
i = b̄i

δQb
i = ∂tψ̄

i

δQψ̄
i = 0

δQb̄
i = 0

δQ̄ψ
i = 0

δQ̄b
i = 0

δQ̄ψ̄
i = bi

δQ̄b̄
i = ∂tψ

i

ψi(t) → ψi
n

bi(t) → bin
ψ̄i(t) → ψ̄i

n

b̄i(t) → b̄in

S = ψ̄i
n∆nmψ

i
m−b̄inb

i
n+i

q−1
2 Cj1j2···jqMn1n2···nq b̄

j1
n1
ψj2
n2

· · ·ψjq
nq+i

q−1
2 C̄j1j2···jqM̄n1n2···nqb

j1
n1
ψ̄j2
n2

· · · ψ̄jq
nq

δQψ
i
n = b̄in

δQb
i
n = ∆nmψ̄

i
m

δQψ̄
i
n = 0

δQb̄
i
n = 0
1
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▸ 無限小並進を含む代数

TAMING LATTICE SUSY

なぜ格子超対称性は難しいのか？

Poincaré Conformal SUSY Super-
conformal

Type i)

Type ii)

Type iii)

TAMING LATTICE SUSY WITH CLR



TAMING LATTICE SUSY

なぜ格子超対称性は難しいのか？
‣ 作用　　に対して
代数の整合性より

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B(≠ 0)

[A ,Pµ] ∝ aµ
νPν

δAS = δBS = 0

1

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B(≠ 0)

[A ,Pµ] ∝ aµ
νPν

δAS = δBS = 0

1

のとき

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B(≠ 0)

[A ,Pµ] ∝ aµ
νPν

δAS = δBS = 0

δPµS = 0
δAδPµS = 0

δAδPµS = aµ
νδPνS

1

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B(≠ 0)

[A ,Pµ] ∝ aµ
νPν

δAS = δBS = 0

δPµS = 0
δAδPµS = 0

δAδPµS = aµ
νδPνS

1

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B(≠ 0)

[A ,Pµ] ∝ aµ
νPν

δAS = δBS = 0

δPµS = 0
δAδPµS = 0

δAδPµS = aµ
νδPνS

1

Type i) が最も強い（SUSY不変な作用に対する要請）

Type i)

Type ii)

Type iii)

i)
ii)
iii)

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B

[A ,Pµ] ∝ aµ
νPν

δAS = δBS = 0

δPµS = 0

δAδPµS = 0

δAδPµS = aµ
νδPνS

(δPµφ)n = −i∆µ
nmφm

δPµφ
a→0−→ −i∂µφ

∆µ

S(N) =
∑

{n(i)}

Mn(1)n(2)···n(N)φ
(1)
n(1)φ

(2)
n(2) · · ·φ

(N)
n(N)

{Qi , Qj} = 0

S =

∫
dt

{
ψ̄i∂tψ

i − b̄ibi + i
q−1
2 Cj1j2···jq b̄

j1ψj2 · · ·ψjq + i
q−1
2 C̄j1j2···jqb

j1ψ̄j2 · · · ψ̄jq
}

δQψ
i = b̄i

δQb
i = ∂tψ̄

i

δQψ̄
i = 0

δQb̄
i = 0

δQ̄ψ
i = 0

δQ̄b
i = 0

δQ̄ψ̄
i = bi

δQ̄b̄
i = ∂tψ

i

ψi(t) → ψi
n

bi(t) → bin
ψ̄i(t) → ψ̄i

n

b̄i(t) → b̄in

S = ψ̄i
n∆nmψ

i
m−b̄inb

i
n+i

q−1
2 Cj1j2···jqMn1n2···nq b̄

j1
n1
ψj2
n2

· · ·ψjq
nq+i

q−1
2 C̄j1j2···jqM̄n1n2···nqb

j1
n1
ψ̄j2
n2

· · · ψ̄jq
nq

δQψ
i
n = b̄in

δQb
i
n = ∆nmψ̄

i
m

δQψ̄
i
n = 0

δQb̄
i
n = 0
1

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B

[A ,Pµ] ∝ aµ
νPν

δAS = δBS = 0

δPµS = 0

δAδPµS = 0

δAδPµS = aµ
νδPνS

(δPµφ)n = −i∆µ
nmφm

δPµφ
a→0−→ −i∂µφ

∆µ

S(N) =
∑

{n(i)}

Mn(1)n(2)···n(N)φ
(1)
n(1)φ

(2)
n(2) · · ·φ

(N)
n(N)

{Qi , Qj} = 0

S =

∫
dt

{
ψ̄i∂tψ

i − b̄ibi + i
q−1
2 Cj1j2···jq b̄

j1ψj2 · · ·ψjq + i
q−1
2 C̄j1j2···jqb

j1ψ̄j2 · · · ψ̄jq
}

δQψ
i = b̄i

δQb
i = ∂tψ̄

i

δQψ̄
i = 0

δQb̄
i = 0

δQ̄ψ
i = 0

δQ̄b
i = 0

δQ̄ψ̄
i = bi

δQ̄b̄
i = ∂tψ

i

ψi(t) → ψi
n

bi(t) → bin
ψ̄i(t) → ψ̄i

n

b̄i(t) → b̄in

S = ψ̄i
n∆nmψ

i
m−b̄inb

i
n+i

q−1
2 Cj1j2···jqMn1n2···nq b̄

j1
n1
ψj2
n2

· · ·ψjq
nq+i

q−1
2 C̄j1j2···jqM̄n1n2···nqb

j1
n1
ψ̄j2
n2

· · · ψ̄jq
nq

δQψ
i
n = b̄in

δQb
i
n = ∆nmψ̄

i
m

δQψ̄
i
n = 0

δQb̄
i
n = 0
1

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B

[A ,Pµ] ∝ aµ
νPν

δAS = δBS = 0

δPµS = 0

δAδPµS = 0

δAδPµS = aµ
νδPνS

(δPµφ)n = −i∆µ
nmφm

δPµφ
a→0−→ −i∂µφ

∆µ

S(N) =
∑

{n(i)}

Mn(1)n(2)···n(N)φ
(1)
n(1)φ

(2)
n(2) · · ·φ

(N)
n(N)

{Qi , Qj} = 0

S =

∫
dt

{
ψ̄i∂tψ

i − b̄ibi + i
q−1
2 Cj1j2···jq b̄

j1ψj2 · · ·ψjq + i
q−1
2 C̄j1j2···jqb

j1ψ̄j2 · · · ψ̄jq
}

δQψ
i = b̄i

δQb
i = ∂tψ̄

i

δQψ̄
i = 0

δQb̄
i = 0

δQ̄ψ
i = 0

δQ̄b
i = 0

δQ̄ψ̄
i = bi

δQ̄b̄
i = ∂tψ

i

ψi(t) → ψi
n

bi(t) → bin
ψ̄i(t) → ψ̄i

n

b̄i(t) → b̄in

S = ψ̄i
n∆nmψ

i
m−b̄inb

i
n+i

q−1
2 Cj1j2···jqMn1n2···nq b̄

j1
n1
ψj2
n2

· · ·ψjq
nq+i

q−1
2 C̄j1j2···jqM̄n1n2···nqb

j1
n1
ψ̄j2
n2

· · · ψ̄jq
nq

δQψ
i
n = b̄in

δQb
i
n = ∆nmψ̄

i
m

δQψ̄
i
n = 0

δQb̄
i
n = 0
1
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TAMING LATTICE SUSY

なぜ格子超対称性は難しいのか？

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B(≠ 0)

[A ,Pµ] ∝ aµ
νPν

δAS = δBS = 0

δPµS = 0
δAδPµS = 0

δAδPµS = aµ
νδPνS

1

‣ 無限小並進　　 　の格子上での表現

‣ 線形表現

‣ 連続極限

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B(≠ 0)

[A ,Pµ] ∝ aµ
νPν

δAS = δBS = 0

δPµS = 0
δAδPµS = 0

δAδPµS = aµ
νδPνS

(δPµφ)n = −i∆µ
nmφm

δPµφ
a→0−→ −i∂µφ

1

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B(≠ 0)

[A ,Pµ] ∝ aµ
νPν

δAS = δBS = 0

δPµS = 0
δAδPµS = 0

δAδPµS = aµ
νδPνS

(δPµφ)n = −i∆µ
nmφm

δPµφ
a→0−→ −i∂µφ

1

つまり　　　は、差分と同じ

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B(≠ 0)

[A ,Pµ] ∝ aµ
νPν

δAS = δBS = 0

δPµS = 0
δAδPµS = 0

δAδPµS = aµ
νδPνS

(δPµφ)n = −i∆µ
nmφm

δPµφ
a→0−→ −i∂µφ

∆µ

1

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B(≠ 0)

[A ,Pµ] ∝ aµ
νPν

δAS = δBS = 0

δPµS = 0
δAδPµS = 0

δAδPµS = aµ
νδPνS

(δPµφ)n = −i∆µ
nmφm

δPµφ
a→0−→ −i∂µφ

∆µ

S(N) =
∑

{n(i)}

Mn(1)n(2)···n(N)φ
(1)
n(1)φ

(2)
n(2) · · ·φ

(N)
n(N)

1

‣ 　体作用（線形表現なので同次式を調べれば十分）

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B( ̸= 0)

[A ,Pµ] ∝ aµ
νPν

δAS = δBS = 0

δPµS = 0

δAδPµS = 0

δAδPµS = aµ
νδPνS

(δPµφ)n = −i∆µ
nmφm

δPµφ
a→0−→ −i∂µφ

∆µ

S(N) =
∑

{n(i)}

Mn(1)n(2)···n(N)φ
(1)
n(1)φ

(2)
n(2) · · ·φ

(N)
n(N)

{Qi , Qj} = 0

S =

∫
dt

{
ψ̄i∂tψ

i − b̄ibi + i
q−1
2 Cj1j2···jq b̄

j1ψj2 · · ·ψjq + i
q−1
2 C̄j1j2···jqb

j1ψ̄j2 · · · ψ̄jq
}

δQψ
i = b̄i

δQb
i = ∂tψ̄

i

δQψ̄
i = 0

δQb̄
i = 0

δQ̄ψ
i = 0

δQ̄b
i = 0

δQ̄ψ̄
i = bi

δQ̄b̄
i = ∂tψ

i

ψi(t) → ψi
n

bi(t) → bin
ψ̄i(t) → ψ̄i

n

b̄i(t) → b̄in

S = ψ̄i
n∆nmψ

i
m−b̄inb

i
n+i

q−1
2 Cj1j2···jqMn1n2···nq b̄

j1
n1
ψj2
n2

· · ·ψjq
nq+i

q−1
2 C̄j1j2···jqM̄n1n2···nqb

j1
n1
ψ̄j2
n2

· · · ψ̄jq
nq

δQψ
i
n = b̄in

δQb
i
n = ∆nmψ̄

i
m

δQψ̄
i
n = 0

δQb̄
i
n = 0
1

3

δQφn = ψ̄n

δQψn = i(∆φ)n + Fn

δQψ̄n = 0

δQFn = −i(∆ψ̄)n
Mlmn = Mlnm = Nnml = Nmnl∑

k

(∆klMkmn +∆kmMknl +∆knMklm) = 0

Mlmn =
1

6
(2δl,m−1δl,n−1 + δl,m+1δl,n−1 + δl,m−1δl,n+1 + 2δl,m+1δl,n+1)

∆mn =
1

2
(δm+1,n − δm−1,n)

∑

k

(∆klMkmn +∆kmMlkn +∆knMlmk) = 0

∆(φ ∗ ψ) = ∆φ ∗ ψ + φ ∗∆ψ
n− 2 n− 1 n n+ 1 n+ 2
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TAMING LATTICE SUSY

なぜ格子超対称性は難しいのか？
‣ No-go theorem

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B(≠ 0)

[A ,Pµ] ∝ aµ
νPν

δAS = δBS = 0

δPµS = 0
δAδPµS = 0

δAδPµS = aµ
νδPνS

(δPµφ)n = −i∆µ
nmφm

δPµφ
a→0−→ −i∂µφ

∆µ

S(N) =
∑

{n(i)}

Mn(1)n(2)···n(N)φ
(1)
n(1)φ

(2)
n(2) · · ·φ

(N)
n(N)

1

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B(≠ 0)

[A ,Pµ] ∝ aµ
νPν

δAS = δBS = 0

δPµS = 0
δAδPµS = 0

δAδPµS = aµ
νδPνS
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∆µ
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n(2) · · ·φ
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1

と に対し

‣ 離散（格子）並進不変性
‣ 局所性

を要請すると

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ
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1

をみたす表現は、
　>2では存在しない
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n = 0
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n = 0
1

‣ 　=1,2では存在する（自由場は作れる）
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TAMING LATTICE SUSY

なぜ格子超対称性は難しいのか？
 これは、 差分のLeibniz則に対する No-go 定理と等価
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と に対し
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MK-Sakamoto-So (JHEP 2008)

（　>2）存在しない
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TAMING LATTICE SUSY

なぜ格子超対称性は難しいのか？
TAMING LATTICE SUSY WITH CLR

Δnm = Δ(n− m)差分演算子
離散並進不変性

に対して
局所性 |Δ(n− m) | < A exp(−B |n− m | )

これは、複素関数 Δ̃(z) = ∑
k

Δ(k)zk が、
1 + ϵ

1 − ϵ

右の円環領域で正則であることを要求

z

証明の概要



TAMING LATTICE SUSY

なぜ格子超対称性は難しいのか？
TAMING LATTICE SUSY WITH CLR

1 + ϵ

1 − ϵ

z

証明の概要

同様に、積 Mnml = M(n− m, n− l)
M̃(z, w) = ∑

k,l
M(k, l)zkwl

に対しても
は、二重円環領域で正則

w



TAMING LATTICE SUSY

なぜ格子超対称性は難しいのか？
TAMING LATTICE SUSY WITH CLR

1 + ϵ

1 − ϵ

z

証明の概要

w

3

δQφn = ψ̄n

δQψn = i(∆φ)n + Fn

δQψ̄n = 0

δQFn = −i(∆ψ̄)n
Mlmn = Mlnm = Nnml = Nmnl∑

k

(∆klMkmn +∆kmMknl +∆knMklm) = 0

Mlmn =
1

6
(2δl,m−1δl,n−1 + δl,m+1δl,n−1 + δl,m−1δl,n+1 + 2δl,m+1δl,n+1)

∆mn =
1

2
(δm+1,n − δm−1,n)

∑

k

(∆klMkmn +∆kmMlkn +∆knMlmk) = 0Leibniz Rule

（簡単のため対称型 で示す。Δnm = − Δmn

一般の差分でも同様に示せる）

(Δ̃(1/zw) + Δ̃(z) + Δ̃(w)) M̃(z, w) = 0

Δ̃(1/zw) + Δ̃(z) + Δ̃(w) = 0
M̃(z, w)の正則性



TAMING LATTICE SUSY

なぜ格子超対称性は難しいのか？
TAMING LATTICE SUSY WITH CLR

1 + ϵ

1 − ϵ

z

証明の概要

w
これを満たすのは、 Δ̃(z) ∝ log z のみ

しかし、これは円環領域で正則でない

Δ̃(1/zw) + Δ̃(z) + Δ̃(w) = 0



TAMING LATTICE SUSY

なぜ格子超対称性は難しいのか？

‣ 有限変換の表現を考える？

‣ 非自明な co-product を考える？

Grassmann even の``格子’’全体を含める必要がある

Hopf 代数的拡張（Kawamoto グループ）

制限を回避するためには？

2

δQSkin = −ψ̄i
n(∆nm +∆mn)b̄

i
m

∆nm +∆mn = 0

δQSkin = 0

δQSint1 = i
q−2
2 Cj1j2···jqMn1n2···nq

q∑

k=2

b̄j1n1
ψj2
n2

· · ·ψjk−1
nk−1 b̄

jk
nk
ψ
jk+1
nk+1 · · ·ψ

jq
nq

Mn1n2···nq = Mn2n1···nq

δQSint1 = 0

δQSint2 = i
q−2
2 C̄j1j2···jqM̄kn2···nq∆kn1ψ̄

j1
n1
ψ̄j2
n2

· · · ψ̄jq
nq

δQSint2 = 0

M∗ ̸= M̄

{ψi ,ψj} = 0

{ψ̄i , ψ̄j} = 0

{ψi , ψ̄j} = δij

Q = iCijkψ
iψjψk

Q̄ = iC̄ijkψ̄
iψ̄jψ̄k

H = {Q , Q̄}

S =

∫
dt

{
1

2
φ̇2 + iψ̄ψ̇ +

1

2
F 2 + iFW (φ) + iψ̄W ′(φ)ψ

}

δQφ = ψ̄

δQψ = i∂tφ+ F

δQψ̄ = 0

δQF = −i∂tψ̄

δQ̄φ = −ψ
δQ̄ψ = 0

δQ̄ψ̄ = −i∂tφ+ F

δQ̄F = −i∂tψ

O(a)

n → n+ ϵ̄ϵ タイプの``並進’’の扱い

TAMING LATTICE SUSY WITH CLR



NILPOTENT SUSY
Cyclic Leibniz Rule (CLR)



TAMING LATTICE SUSY

NILPOTENT SUSY を実現する
▸ Full SUSY を実現することは諦めて、Nilpotent subalgebra 
だけを実現しよう

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B(≠ 0)

[A ,Pµ] ∝ aµ
νPν

δAS = δBS = 0

δPµS = 0
δAδPµS = 0

δAδPµS = aµ
νδPνS

(δPµφ)n = −i∆µ
nmφm

δPµφ
a→0−→ −i∂µφ

∆µ

S(N) =
∑

{n(i)}

Mn(1)n(2)···n(N)φ
(1)
n(1)φ

(2)
n(2) · · ·φ

(N)
n(N)

{Qi , Qj} = 0

1

‣ それでもなお非自明（変換に差分が含まれるため）
Leibniz 則が障害

‣ このアイデアの源流は、 Sakai-Sakamoto (1983)

TAMING LATTICE SUSY WITH CLR



TAMING LATTICE SUSY

NILPOTENT SUSY を実現する
‣ Supersymmetric quantum mechanics

2
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m

∆nm + ∆mn = 0
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δQSint1 = i
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b̄j1
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nk−1 b̄
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{ni}の対称置換
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M ≠ M̄

{ψi , ψj} = 0
{ψ̄i , ψ̄j} = 0
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M ≠ M̄

{ψi , ψj} = 0
{ψ̄i , ψ̄j} = 0
{ψi , ψ̄j} = δij

Q = iCijkψ
iψjψk

Q̄ = iC̄ijkψ̄
iψ̄jψ̄k

H = {Q , Q̄}

S =
∫

dt

{
1
2
φ̇2 + iψ̄ψ̇ +

1
2
F 2 + iFW (φ) + iψ̄W ′(φ)ψ

}

δQφ = ψ̄

δQψ = i∂tφ + F

δQψ̄ = 0
δQF = −i∂tψ̄

δQ̄φ = −ψ

δQ̄ψ = 0
δQ̄ψ̄ = −i∂tφ + F

δQ̄F = −i∂tψ

2

δQSkin = −ψ̄i
n(∆nm + ∆mn)b̄i

m

∆nm + ∆mn = 0
δQSkin = 0

δQSint1 = i
q−2
2 Cj1j2···jqMn1n2···nq

q∑

k=2

b̄j1
n1

ψj2
n2

· · ·ψjk−1
nk−1 b̄

jk
nk

ψ
jk+1
nk+1 · · ·ψ

jq
nq

Mn1n2···nq = Mn2n1···nq

δQSint1 = 0

δQSint2 = i
q−2
2 C̄j1j2···jqM̄kn2···nq∆kn1ψ̄

j1
n1

ψ̄j2
n2

· · · ψ̄jq
nq∑

{ni}の対称置換
M̄kn2···nq∆kn1 = 0

δQSint2 = 0
M ≠ M̄
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H = {Q , Q̄}

S =
∫

dt

{
1
2
φ̇2 + iψ̄ψ̇ +

1
2
F 2 + iFW (φ) + iψ̄W ′(φ)ψ

}

δQφ = ψ̄

δQψ = i∂tφ + F

δQψ̄ = 0
δQF = −i∂tψ̄

δQ̄φ = −ψ

δQ̄ψ = 0
δQ̄ψ̄ = −i∂tφ + F

δQ̄F = −i∂tψ

2

δQSkin = −ψ̄i
n(∆nm + ∆mn)b̄i

m

∆nm + ∆mn = 0
δQSkin = 0

δQSint1 = i
q−2
2 Cj1j2···jqMn1n2···nq

q∑

k=2

b̄j1
n1

ψj2
n2

· · ·ψjk−1
nk−1 b̄

jk
nk

ψ
jk+1
nk+1 · · ·ψ

jq
nq

Mn1n2···nq = Mn2n1···nq

δQSint1 = 0

δQSint2 = i
q−2
2 C̄j1j2···jqM̄kn2···nq∆kn1ψ̄

j1
n1

ψ̄j2
n2

· · · ψ̄jq
nq∑

{ni}の対称置換
M̄kn2···nq∆kn1 = 0

δQSint2 = 0
M ≠ M̄

{ψi , ψj} = 0
{ψ̄i , ψ̄j} = 0
{ψi , ψ̄j} = δij

Q = iCijkψ
iψjψk

Q̄ = iC̄ijkψ̄
iψ̄jψ̄k

H = {Q , Q̄}

S =
∫

dt

{
1
2
φ̇2 + iψ̄ψ̇ +

1
2
F 2 + iFW (φ) + iψ̄W ′(φ)ψ

}

δQφ = ψ̄

δQψ = i∂tφ + F

δQψ̄ = 0
δQF = −i∂tψ̄

δQ̄φ = −ψ

δQ̄ψ = 0
δQ̄ψ̄ = −i∂tφ + F

δQ̄F = −i∂tψ

2

δQSkin = −ψ̄i
n(∆nm + ∆mn)b̄i

m

∆nm + ∆mn = 0
δQSkin = 0

δQSint1 = i
q−2
2 Cj1j2···jqMn1n2···nq

q∑

k=2

b̄j1
n1

ψj2
n2

· · ·ψjk−1
nk−1 b̄

jk
nk

ψ
jk+1
nk+1 · · ·ψ

jq
nq

Mn1n2···nq = Mn2n1···nq

δQSint1 = 0

δQSint2 = i
q−2
2 C̄j1j2···jqM̄kn2···nq∆kn1ψ̄

j1
n1

ψ̄j2
n2

· · · ψ̄jq
nq∑

{ni}の対称置換
M̄kn2···nq∆kn1 = 0

δQSint2 = 0
M ≠ M̄

{ψi , ψj} = 0
{ψ̄i , ψ̄j} = 0
{ψi , ψ̄j} = δij

Q = iCijkψ
iψjψk

Q̄ = iC̄ijkψ̄
iψ̄jψ̄k

H = {Q , Q̄}

S =
∫

dt

{
1
2
φ̇2 + iψ̄ψ̇ +

1
2
F 2 + iFW (φ) + iψ̄W ′(φ)ψ

}

δQφ = ψ̄

δQψ = i∂tφ + F

δQψ̄ = 0
δQF = −i∂tψ̄

δQ̄φ = −ψ

δQ̄ψ = 0
δQ̄ψ̄ = −i∂tφ + F

δQ̄F = −i∂tψ

2

δQSkin = −ψ̄i
n(∆nm + ∆mn)b̄i

m

∆nm + ∆mn = 0
δQSkin = 0

δQSint1 = i
q−2
2 Cj1j2···jqMn1n2···nq

q∑

k=2

b̄j1
n1

ψj2
n2

· · ·ψjk−1
nk−1 b̄

jk
nk

ψ
jk+1
nk+1 · · ·ψ

jq
nq

Mn1n2···nq = Mn2n1···nq

δQSint1 = 0

δQSint2 = i
q−2
2 C̄j1j2···jqM̄kn2···nq∆kn1ψ̄

j1
n1

ψ̄j2
n2

· · · ψ̄jq
nq∑

{ni}の対称置換
M̄kn2···nq∆kn1 = 0

δQSint2 = 0
M ≠ M̄

{ψi , ψj} = 0
{ψ̄i , ψ̄j} = 0
{ψi , ψ̄j} = δij

Q = iCijkψ
iψjψk

Q̄ = iC̄ijkψ̄
iψ̄jψ̄k

H = {Q , Q̄}

S =
∫

dt

{
1
2
φ̇2 + iψ̄ψ̇ +

1
2
F 2 + iFW (φ) + iψ̄W ′(φ)ψ

}

δQφ = ψ̄

δQψ = i∂tφ + F

δQψ̄ = 0
δQF = −i∂tψ̄

δQ̄φ = −ψ

δQ̄ψ = 0
δQ̄ψ̄ = −i∂tφ + F

δQ̄F = −i∂tψ

‣ N=2 SUSY

TAMING LATTICE SUSY WITH CLR



TAMING LATTICE SUSY

NILPOTENT SUSY を実現する

2

δQSkin = −ψ̄i
n(∆nm +∆mn)b̄

i
m

∆nm +∆mn = 0

δQSkin = 0

δQSint1 = i
q−2
2 Cj1j2···jqMn1n2···nq

q∑

k=2

b̄j1n1
ψj2
n2

· · ·ψjk−1
nk−1 b̄

jk
nk
ψ
jk+1
nk+1 · · ·ψ

jq
nq

Mn1n2···nq = Mn2n1···nq

δQSint1 = 0

δQSint2 = i
q−2
2 C̄j1j2···jqM̄kn2···nq∆kn1ψ̄

j1
n1
ψ̄j2
n2

· · · ψ̄jq
nq

δQSint2 = 0

M∗ ̸= M̄

{ψi ,ψj} = 0

{ψ̄i , ψ̄j} = 0

{ψi , ψ̄j} = δij

Q = iCijkψ
iψjψk

Q̄ = iC̄ijkψ̄
iψ̄jψ̄k

H = {Q , Q̄}

S =

∫
dt

{
1

2
φ̇2 + iψ̄ψ̇ +

1

2
F 2 + iFW (φ) + iψ̄W ′(φ)ψ

}

δQφ = ψ̄

δQψ = i∂tφ+ F

δQψ̄ = 0

δQF = −i∂tψ̄

δQ̄φ = −ψ
δQ̄ψ = 0

δQ̄ψ̄ = −i∂tφ+ F

δQ̄F = −i∂tψ

O(a)

n → n+ ϵ̄ϵ

S0 =
∑

n

{
1

2
(∆φ)2n + ψ̄n(∆ψ)n +

1

2
F 2
n

}

Sm = im
∑

n

{
Fnφn + ψ̄nψn

}

Sint =
ig

2

∑

i,m,n

{
MlmnFlφmφn + 2Nlmnφlψ̄mψn

}

2

δQSkin = −ψ̄i
n(∆nm +∆mn)b̄

i
m

∆nm +∆mn = 0

δQSkin = 0

δQSint1 = i
q−2
2 Cj1j2···jqMn1n2···nq

q∑

k=2

b̄j1n1
ψj2
n2

· · ·ψjk−1
nk−1 b̄

jk
nk
ψ
jk+1
nk+1 · · ·ψ

jq
nq

Mn1n2···nq = Mn2n1···nq

δQSint1 = 0

δQSint2 = i
q−2
2 C̄j1j2···jqM̄kn2···nq∆kn1ψ̄

j1
n1
ψ̄j2
n2

· · · ψ̄jq
nq

δQSint2 = 0

M∗ ̸= M̄

{ψi ,ψj} = 0

{ψ̄i , ψ̄j} = 0

{ψi , ψ̄j} = δij

Q = iCijkψ
iψjψk

Q̄ = iC̄ijkψ̄
iψ̄jψ̄k

H = {Q , Q̄}

S =

∫
dt

{
1

2
φ̇2 + iψ̄ψ̇ +

1

2
F 2 + iFW (φ) + iψ̄W ′(φ)ψ

}

δQφ = ψ̄

δQψ = i∂tφ+ F

δQψ̄ = 0

δQF = −i∂tψ̄

δQ̄φ = −ψ
δQ̄ψ = 0

δQ̄ψ̄ = −i∂tφ+ F

δQ̄F = −i∂tψ

O(a)

n → n+ ϵ̄ϵ

S0 =
∑

n

{
1

2
(∆φ)2n + ψ̄n(∆ψ)n +

1

2
F 2
n

}

Sm = im
∑

n

{
Fnφn + ψ̄nψn

}

Sint =
ig

2

∑

i,m,n

{
MlmnFlφmφn + 2Nlmnφlψ̄mψn

}

2

δQSkin = −ψ̄i
n(∆nm +∆mn)b̄

i
m

∆nm +∆mn = 0

δQSkin = 0

δQSint1 = i
q−2
2 Cj1j2···jqMn1n2···nq

q∑

k=2

b̄j1n1
ψj2
n2

· · ·ψjk−1
nk−1 b̄

jk
nk
ψ
jk+1
nk+1 · · ·ψ

jq
nq

Mn1n2···nq = Mn2n1···nq

δQSint1 = 0

δQSint2 = i
q−2
2 C̄j1j2···jqM̄kn2···nq∆kn1ψ̄

j1
n1
ψ̄j2
n2

· · · ψ̄jq
nq

δQSint2 = 0

M∗ ̸= M̄

{ψi ,ψj} = 0

{ψ̄i , ψ̄j} = 0

{ψi , ψ̄j} = δij

Q = iCijkψ
iψjψk

Q̄ = iC̄ijkψ̄
iψ̄jψ̄k

H = {Q , Q̄}

S =

∫
dt

{
1

2
φ̇2 + iψ̄ψ̇ +

1

2
F 2 + iFW (φ) + iψ̄W ′(φ)ψ

}

δQφ = ψ̄

δQψ = i∂tφ+ F

δQψ̄ = 0

δQF = −i∂tψ̄

δQ̄φ = −ψ
δQ̄ψ = 0

δQ̄ψ̄ = −i∂tφ+ F

δQ̄F = −i∂tψ

O(a)

n → n+ ϵ̄ϵ

S0 =
∑

n

{
1

2
(∆φ)2n + ψ̄n(∆ψ)n +

1

2
F 2
n

}

Sm = im
∑

n

{
Fnφn + ψ̄nψn

}

Sint =
ig

2

∑

l,m,n

{
MlmnFlφmφn + 2Nlmnφlψ̄mψn

}

‣ 格子化

2

δQSkin = −ψ̄i
n(∆nm +∆mn)b̄

i
m

∆nm +∆mn = 0

δQSkin = 0

δQSint1 = i
q−2
2 Cj1j2···jqMn1n2···nq

q∑

k=2

b̄j1n1
ψj2
n2

· · ·ψjk−1
nk−1 b̄

jk
nk
ψ
jk+1
nk+1 · · ·ψ

jq
nq

Mn1n2···nq = Mn2n1···nq

δQSint1 = 0

δQSint2 = i
q−2
2 C̄j1j2···jqM̄kn2···nq∆kn1ψ̄

j1
n1
ψ̄j2
n2

· · · ψ̄jq
nq

δQSint2 = 0

M∗ ̸= M̄

{ψi ,ψj} = 0

{ψ̄i , ψ̄j} = 0

{ψi , ψ̄j} = δij

Q = iCijkψ
iψjψk

Q̄ = iC̄ijkψ̄
iψ̄jψ̄k

H = {Q , Q̄}

S =

∫
dt

{
1

2
φ̇2 + iψ̄ψ̇ +

1

2
F 2 + iFW (φ) + iψ̄W ′(φ)ψ

}

δQφ = ψ̄

δQψ = i∂tφ+ F

δQψ̄ = 0

δQF = −i∂tψ̄

δQ̄φ = −ψ
δQ̄ψ = 0

δQ̄ψ̄ = −i∂tφ+ F

δQ̄F = −i∂tψ

O(a)

n → n+ ϵ̄ϵ

S0 =
∑

n

{
1

2
(∆φ)2n + ψ̄n(∆ψ)n +

1

2
F 2
n

}

Sm = im
∑

n

{
Fnφn + ψ̄nψn

}

Sint =
ig

2

∑

l,m,n

{
MlmnFlφmφn + 2Nlmnφlψ̄mψn

}

∆mn = −∆nm

3

δQφn = ψ̄n

δQψn = i(∆φ)n + Fn

δQψ̄n = 0

δQFn = −i(∆ψ̄)n
Mlmn = Mlnm = Nnml = Nmnl∑

k

(∆klMkmn +∆kmMknl +∆knMklm) = 0

Mlmn =
1

6
(2δl,m−1δl,n−1 + δl,m+1δl,n−1 + δl,m−1δl,n+1 + 2δl,m+1δl,n+1)

∆mn =
1

2
(δm+1,n − δm−1,n)

∑

k

(∆klMkmn +∆kmMlkn +∆knMlmk) = 0

∆(φ ∗ ψ) = ∆φ ∗ ψ + φ ∗∆ψ
n− 2 n− 1 n n+ 1 n+ 2

3

δQφn = ψ̄n

δQψn = i(∆φ)n + Fn

δQψ̄n = 0

δQFn = −i(∆ψ̄)n
Mlmn = Mlnm = Nnml = Nmnl∑

k

(∆klMkmn +∆kmMknl +∆knMklm) = 0

Mlmn =
1

6
(2δl,m−1δl,n−1 + δl,m+1δl,n−1 + δl,m−1δl,n+1 + 2δl,m+1δl,n+1)

∆mn =
1

2
(δm+1,n − δm−1,n)

∑

k

(∆klMkmn +∆kmMlkn +∆knMlmk) = 0

∆(φ ∗ ψ) = ∆φ ∗ ψ + φ ∗∆ψ
n− 2 n− 1 n n+ 1 n+ 2

Q2 = 0

W (φ) = mφ+
1

2
gφ2

TAMING LATTICE SUSY WITH CLR



TAMING LATTICE SUSY

NILPOTENT SUSY を実現する
‣ 　　不変性のみを課す

2

δQSkin = −ψ̄i
n(∆nm +∆mn)b̄

i
m

∆nm +∆mn = 0

δQSkin = 0

δQSint1 = i
q−2
2 Cj1j2···jqMn1n2···nq

q∑

k=2

b̄j1n1
ψj2
n2

· · ·ψjk−1
nk−1 b̄

jk
nk
ψ
jk+1
nk+1 · · ·ψ

jq
nq

Mn1n2···nq = Mn2n1···nq

δQSint1 = 0

δQSint2 = i
q−2
2 C̄j1j2···jqM̄kn2···nq∆kn1ψ̄

j1
n1
ψ̄j2
n2

· · · ψ̄jq
nq

δQSint2 = 0

M∗ ̸= M̄

{ψi ,ψj} = 0

{ψ̄i , ψ̄j} = 0

{ψi , ψ̄j} = δij

Q = iCijkψ
iψjψk

Q̄ = iC̄ijkψ̄
iψ̄jψ̄k

H = {Q , Q̄}

S =

∫
dt

{
1

2
φ̇2 + iψ̄ψ̇ +

1

2
F 2 + iFW (φ) + iψ̄W ′(φ)ψ

}

δQφ = ψ̄

δQψ = i∂tφ+ F

δQψ̄ = 0

δQF = −i∂tψ̄

δQ̄φ = −ψ
δQ̄ψ = 0

δQ̄ψ̄ = −i∂tφ+ F

δQ̄F = −i∂tψ

O(a)

n → n+ ϵ̄ϵ

S0 =
∑

n

{
1

2
(∆φ)2n + ψ̄n(∆ψ)n +

1

2
F 2
n

}

Sm = im
∑

n

{
Fnφn + ψ̄nψn

}

Sint =
ig

2

∑

l,m,n

{
MlmnFlφmφn + 2Nlmnφlψ̄mψn

}

∆mn = −∆nm

3

δQφn = ψ̄n

δQψn = i(∆φ)n + Fn

δQψ̄n = 0

δQFn = −i(∆ψ̄)n

3

δQφn = ψ̄n

δQψn = i(∆φ)n + Fn

δQψ̄n = 0

δQFn = −i(∆ψ̄)n

3

δQφn = ψ̄n

δQψn = i(∆φ)n + Fn

δQψ̄n = 0

δQFn = −i(∆ψ̄)n

3

δQφn = ψ̄n

δQψn = i(∆φ)n + Fn

δQψ̄n = 0

δQFn = −i(∆ψ̄)n

3

δQφn = ψ̄n

δQψn = i(∆φ)n + Fn

δQψ̄n = 0

δQFn = −i(∆ψ̄)n
Mlmn = Mlnm = Nnml = Nmnl∑

k

(∆klMkmn +∆kmMknl +∆knMklm) = 0

3

δQφn = ψ̄n

δQψn = i(∆φ)n + Fn

δQψ̄n = 0

δQFn = −i(∆ψ̄)n
Mlmn = Mlnm = Nnml = Nmnl∑

k

(∆klMkmn +∆kmMknl +∆knMklm) = 0

Cyclic Leibniz Rule (CLR)

3

δQφn = ψ̄n

δQψn = i(∆φ)n + Fn

δQψ̄n = 0

δQFn = −i(∆ψ̄)n
Mlmn = Mlnm = Nnml = Nmnl∑

k

(∆klMkmn +∆kmMknl +∆knMklm) = 0

Mlmn =
1

6
(2δl,m−1δl,n−1 + δl,m+1δl,n−1 + δl,m−1δl,n+1 + 2δl,m+1δl,n+1)

∆mn =
1

2
(δm+1,n − δm−1,n)

∑

k

(∆klMkmn +∆kmMlkn +∆knMlmk) = 0

∆(φ ∗ ψ) = ∆φ ∗ ψ + φ ∗∆ψ
n− 2 n− 1 n n+ 1 n+ 2

Q2 = 0
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TAMING LATTICE SUSY

NILPOTENT SUSY を実現する

3

δQφn = ψ̄n

δQψn = i(∆φ)n + Fn

δQψ̄n = 0

δQFn = −i(∆ψ̄)n
Mlmn = Mlnm = Nnml = Nmnl∑

k

(∆klMkmn +∆kmMknl +∆knMklm) = 0

Mlmn =
1

6
(2δl,m−1δl,n−1 + δl,m+1δl,n−1 + δl,m−1δl,n+1 + 2δl,m+1δl,n+1)

∆mn =
1

2
(δm+1,n − δm−1,n)

∑

k

(∆klMkmn +∆kmMlkn +∆knMlmk) = 0

3

δQφn = ψ̄n

δQψn = i(∆φ)n + Fn

δQψ̄n = 0

δQFn = −i(∆ψ̄)n
Mlmn = Mlnm = Nnml = Nmnl∑

k

(∆klMkmn +∆kmMknl +∆knMklm) = 0

Mlmn =
1

6
(2δl,m−1δl,n−1 + δl,m+1δl,n−1 + δl,m−1δl,n+1 + 2δl,m+1δl,n+1)

∆mn =
1

2
(δm+1,n − δm−1,n)

∑

k

(∆klMkmn +∆kmMlkn +∆knMlmk) = 0

Leibniz Rule

Cyclic Leibniz Rule

3

δQφn = ψ̄n

δQψn = i(∆φ)n + Fn

δQψ̄n = 0

δQFn = −i(∆ψ̄)n
Mlmn = Mlnm = Nnml = Nmnl∑

k

(∆klMkmn +∆kmMknl +∆knMklm) = 0

Mlmn =
1

6
(2δl,m−1δl,n−1 + δl,m+1δl,n−1 + δl,m−1δl,n+1 + 2δl,m+1δl,n+1)

∆mn =
1

2
(δm+1,n − δm−1,n)

∑

k

(∆klMkmn +∆kmMlkn +∆knMlmk) = 0

∆(φ ∗ ψ) = ∆φ ∗ ψ + φ ∗∆ψ
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TAMING LATTICE SUSY

NILPOTENT SUSY を実現する

‣ 離散（格子）並進不変性
‣ 局所性
‣ Cyclic Leibniz Rule

‣ 以下の３条件を満たす　　　と　　　　の組は多数存在

3

δQφn = ψ̄n

δQψn = i(∆φ)n + Fn

δQψ̄n = 0

δQFn = −i(∆ψ̄)n
Mlmn = Mlnm = Nnml = Nmnl∑

k

(∆klMkmn +∆kmMknl +∆knMklm) = 0

Mlmn =
1

6
(2δl,m−1δl,n−1 + δl,m+1δn−1 + δm−1δn+1 + 2δm+1δn+1)

∆mn =
1

2
(δm+1,n − δm−1,n)

3

δQφn = ψ̄n

δQψn = i(∆φ)n + Fn

δQψ̄n = 0

δQFn = −i(∆ψ̄)n
Mlmn = Mlnm = Nnml = Nmnl∑

k

(∆klMkmn +∆kmMknl +∆knMklm) = 0

Mlmn =
1

6
(2δl,m−1δl,n−1 + δl,m+1δn−1 + δm−1δn+1 + 2δm+1δn+1)

∆mn =
1

2
(δm+1,n − δm−1,n)

MK-Sakamoto-So (JHEP 2013)

‣ 離散（格子）並進不変性
‣ 局所性
‣ Leibniz Rule

‣ 以下の３条件を満たす　　　と　　　　の組は存在しない

3

δQφn = ψ̄n

δQψn = i(∆φ)n + Fn

δQψ̄n = 0

δQFn = −i(∆ψ̄)n
Mlmn = Mlnm = Nnml = Nmnl∑

k

(∆klMkmn +∆kmMknl +∆knMklm) = 0

Mlmn =
1

6
(2δl,m−1δl,n−1 + δl,m+1δn−1 + δm−1δn+1 + 2δm+1δn+1)

∆mn =
1

2
(δm+1,n − δm−1,n)

3

δQφn = ψ̄n

δQψn = i(∆φ)n + Fn

δQψ̄n = 0

δQFn = −i(∆ψ̄)n
Mlmn = Mlnm = Nnml = Nmnl∑
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(∆klMkmn +∆kmMknl +∆knMklm) = 0

Mlmn =
1

6
(2δl,m−1δl,n−1 + δl,m+1δn−1 + δm−1δn+1 + 2δm+1δn+1)

∆mn =
1

2
(δm+1,n − δm−1,n)

MK-Sakamoto-So (JHEP 2008)
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NILPOTENT SUSY を実現する

TAMING LATTICE SUSY WITH CLR

3

δQφn = ψ̄n

δQψn = i(∆φ)n + Fn

δQψ̄n = 0

δQFn = −i(∆ψ̄)n
Mlmn = Mlnm = Nnml = Nmnl∑

k

(∆klMkmn +∆kmMknl +∆knMklm) = 0

Mlmn =
1

6
(2δl,m−1δl,n−1 + δl,m+1δl,n−1 + δl,m−1δl,n+1 + 2δl,m+1δl,n+1)

∆mn =
1

2
(δm+1,n − δm−1,n)

∑

k

(∆klMkmn +∆kmMlkn +∆knMlmk) = 0

Cyclic Leibniz Rule

Δ̃(1/zw)M̃(z, w) + Δ̃(z)M̃(w,1/zw) + Δ̃(w)M̃(1/zw, z) = 0

‣ 正則関数に直すと

Δ̃(1) = 0 Δ̃′�(1) = 1 M̃(1,1) = 1
この関数方程式を

の条件の下で解く
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NILPOTENT SUSY を実現する
3

δQφn = ψ̄n

δQψn = i(∆φ)n + Fn

δQψ̄n = 0

δQFn = −i(∆ψ̄)n
Mlmn = Mlnm = Nnml = Nmnl∑

k

(∆klMkmn +∆kmMknl +∆knMklm) = 0

Mlmn =
1

6
(2δl,m−1δl,n−1 + δl,m+1δn−1 + δm−1δn+1 + 2δm+1δn+1)

∆mn =
1

2
(δm+1,n − δm−1,n)

‣ 座標表示に戻せば

3

δQφn = ψ̄n

δQψn = i(∆φ)n + Fn

δQψ̄n = 0

δQFn = −i(∆ψ̄)n
Mlmn = Mlnm = Nnml = Nmnl∑

k

(∆klMkmn +∆kmMknl +∆knMklm) = 0

Mlmn =
1

6
(2δl,m−1δl,n−1 + δl,m+1δl,n−1 + δl,m−1δl,n+1 + 2δl,m+1δl,n+1)

∆mn =
1

2
(δm+1,n − δm−1,n)
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‣ これを満たす解は、例えば

Δ̃(z) = 1
2 (z − z−1)

M̃(z, w) = 1
6 (2zw + zw−1 + z−1w + 2z−1w−1)
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NILPOTENT SUSY を実現する
‣ 対称差分の場合の一般解 Kadoh-Ukita (PTEP 2015)

TAMING LATTICE SUSY WITH CLR

Δ̃(z) = 1
2 (z − z−1)

B2(z, w) = 1
6 (2zw + zw−1 + z−1w + 2z−1w−1)

B1(z, w) = 1
6 (z + w + z−1 + w−1 + 2)

M̃(z, w) = P1(z, w)B1(z, w) + P2(z, w)B2(z, w)

Pi(z, w) は、{z, w, 1
zw

}についての任意の対称式

where

P1(1,1) + P2(1,1) = 1with
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NILPOTENT SUSY を実現する

‣ N=2 model（この模型）でやれたこと

格子上で Localization の方法が使える

MK-Sakamoto-So (JHEP 2013)

格子上で 1 nilpotent SUSY を実現

TAMING LATTICE SUSY WITH CLR

CLRを使う方法では運動項と各相互作用項は独立に不変
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NILPOTENT SUSY を実現する
‣ N=4 model では

格子上で 2 nilpotent SUSY を実現可能

格子上での Non-renormalization theorem

MK-Sakamoto-So (PTEP 2017)

TAMING LATTICE SUSY WITH CLR

“カイラル超場”の類似物が定義できるため
holomorphy の議論が可能

[注意]  格子上で普通のカイラル超場は上手く定義できない
カイラル超場の積はカイラル超場にならない



N=2 SYK MODEL
MK-Sakamoto-So (PTEP 2018)応用例として
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N=2 SUSY SYK MODEL Fu-Gaiotto-Maldacena-Sachdev (2016)
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N=2 SUSY SYK MODEL Fu-Gaiotto-Maldacena-Sachdev (2016)

Sachdev-Ye-Kitaev
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m
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q−2
2 Cj1j2···jqMn1n2···nq
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n1

ψj2
n2

· · ·ψjk−1
nk−1 b̄
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ψ
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nk+1 · · ·ψ
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M ≠ M̄

{ψi , ψj} = 0
{ψ̄i , ψ̄j} = 0
{ψi , ψ̄j} = δij

2

δQSkin = −ψ̄i
n(∆nm + ∆mn)b̄i
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Q̄ = iC̄ijkψ̄
iψ̄jψ̄k

H = {Q , Q̄}

2

δQSkin = −ψ̄i
n(∆nm + ∆mn)b̄i

m

∆nm + ∆mn = 0
δQSkin = 0

δQSint1 = i
q−2
2 Cj1j2···jqMn1n2···nq

q∑

k=2

b̄j1
n1

ψj2
n2

· · ·ψjk−1
nk−1 b̄

jk
nk

ψ
jk+1
nk+1 · · ·ψ

jq
nq

Mn1n2···nq = Mn2n1···nq

δQSint1 = 0

δQSint2 = i
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· · · ψ̄jq
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{ψ̄i , ψ̄j} = 0
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q−2
2 Cj1j2···jqMn1n2···nq

q∑

k=2

b̄j1
n1

ψj2
n2

· · ·ψjk−1
nk−1 b̄

jk
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ψ
jk+1
nk+1 · · ·ψ

jq
nq

Mn1n2···nq = Mn2n1···nq

δQSint1 = 0

δQSint2 = i
q−2
2 C̄j1j2···jqM̄kn2···nq∆kn1ψ̄

j1
n1

ψ̄j2
n2

· · · ψ̄jq
nq∑

{ni}の対称置換
M̄kn2···nq∆kn1 = 0

δQSint2 = 0
M ≠ M̄

{ψi , ψj} = 0
{ψ̄i , ψ̄j} = 0
{ψi , ψ̄j} = δij

Q = iCijkψ
iψjψk

Q̄ = iC̄ijkψ̄
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H = {Q , Q̄}

2

δQSkin = −ψ̄i
n(∆nm + ∆mn)b̄i

m

∆nm + ∆mn = 0
δQSkin = 0

δQSint1 = i
q−2
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ψj2
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nk−1 b̄
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ψ
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nk+1 · · ·ψ
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δQSint2 = i
q−2
2 C̄j1j2···jqM̄kn2···nq∆kn1ψ̄

j1
n1

ψ̄j2
n2

· · · ψ̄jq
nq∑

{ni}の対称置換
M̄kn2···nq∆kn1 = 0

δQSint2 = 0
M ≠ M̄

{ψi , ψj} = 0
{ψ̄i , ψ̄j} = 0
{ψi , ψ̄j} = δij

Q = iCijkψ
iψjψk

Q̄ = iC̄ijkψ̄
iψ̄jψ̄k

H = {Q , Q̄}
：完全反対称ランダム定数
最後に quenched average をとる

TAMING LATTICE SUSY WITH CLR
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N=2 SUSY SYK MODEL

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B(≠ 0)

[A ,Pµ] ∝ aµ
νPν

δAS = δBS = 0

δPµS = 0
δAδPµS = 0

δAδPµS = aµ
νδPνS

(δPµφ)n = −i∆µ
nmφm

δPµφ
a→0−→ −i∂µφ

∆µ

S(N) =
∑

{n(i)}

Mn(1)n(2)···n(N)φ
(1)
n(1)φ

(2)
n(2) · · ·φ

(N)
n(N)

{Qi , Qj} = 0

S =
∫

dt
{

ψ̄i∂tψ
i − b̄ibi + i

q−1
2 Cj1j2···jq b̄

j1ψj2 · · ·ψjq + i
q−1
2 C̄j1j2···jqb

j1ψ̄j2 · · · ψ̄jq

}

1

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B(≠ 0)

[A ,Pµ] ∝ aµ
νPν

δAS = δBS = 0

δPµS = 0
δAδPµS = 0

δAδPµS = aµ
νδPνS
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n(2) · · ·φ
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S =
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dt
{

ψ̄i∂tψ
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q−1
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1
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：完全反対称ランダム定数

 :奇数
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[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B(≠ 0)

[A ,Pµ] ∝ aµ
νPν
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‣ 　　を選んで不変性を課す
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· · ·ψjq
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2 C̄j1j2···jqM̄n1n2···nqb
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n1
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n−2 · · · ψ̄

jq
nq
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[A ,Pµ] ∝ B(≠ 0)
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νPν
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δPµS = 0

δAδPµS = 0
δAδPµS = aµ
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nmφm
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a→0−→ −i∂µφ
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S(N) =
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n(2) · · ·φ
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1

運動項

相互作用項１

相互作用項２

‣ 運動項

2

δQSkin = −ψ̄i
n(∆nm + ∆mn)b̄i

m

∆nm + ∆mn = 0
δQSkin = 0
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∆nm + ∆mn = 0
δQSkin = 0ととれば



TAMING LATTICE SUSY

N=2 SUSY SYK MODEL
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{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B(≠ 0)
[A ,Pµ] ∝ aµ

νPν

δAS = δBS = 0
δPµS = 0

δAδPµS = 0
δAδPµS = aµ

νδPνS

(δPµφ)n = −i∆µ
nmφm

δPµφ
a→0−→ −i∂µφ

∆µ

S(N) =
∑

{n(i)}

Mn(1)n(2)···n(N)φ
(1)
n(1)φ

(2)
n(2) · · ·φ

(N)
n(N)

{Qi , Qj} = 0

S =
∫

dt
{

ψ̄i∂tψ
i − b̄ibi + i

q−1
2 Cj1j2···jq b̄

j1ψj2 · · ·ψjq + i
q−1
2 C̄j1j2···jqb

j1ψ̄j2 · · · ψ̄jq

}

δQψi = b̄i

δQbi = ∂tψ̄
i

δQψ̄i = 0
δQb̄i = 0
δQ̄ψi = 0
δQ̄bi = 0
δQ̄ψ̄i = bi

δQ̄b̄i = ∂tψ
i

ψi(t) → ψi
n

bi(t) → bi
n

ψ̄i(t) → ψ̄i
n

b̄i(t) → b̄i
n

S = ψ̄i
n∆nmψi

m−b̄i
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n+i
q−1
2 Cj1j2···jqMn1n2···nq b̄

j1
n1

ψj2
n2

· · ·ψjq
nq+i

q−1
2 C̄j1j2···jqM̄n1n2···nqb
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ψ̄j2
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· · · ψ̄jq
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1

運動項

相互作用項１

相互作用項２

‣ 相互作用項１

2

δQSkin = −ψ̄i
n(∆nm + ∆mn)b̄i

m

∆nm + ∆mn = 0
δQSkin = 0

δQSint1 = i
q−2
2 Cj1j2···jqMn1n2···nq

q∑

k=2

b̄j1
n1

ψj2
n2

· · ·ψjk−1
nk−1 b̄

jk
nk

ψ
jk+1
nk+1 · · ·ψ

jq
nq

Mn1n2···nq = Mn2n1···nq

δQSint1 = 0
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δQSkin = −ψ̄i
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∆nm + ∆mn = 0
δQSkin = 0
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2 Cj1j2···jqMn1n2···nq
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n1

ψj2
n2

· · ·ψjk−1
nk−1 b̄

jk
nk

ψ
jk+1
nk+1 · · ·ψ

jq
nq

Mn1n2···nq = Mn2n1···nq

δQSint1 = 0

2

δQSkin = −ψ̄i
n(∆nm + ∆mn)b̄i

m

∆nm + ∆mn = 0
δQSkin = 0

δQSint1 = i
q−2
2 Cj1j2···jqMn1n2···nq

q∑

k=2

b̄j1
n1

ψj2
n2

· · ·ψjk−1
nk−1 b̄

jk
nk

ψ
jk+1
nk+1 · · ·ψ

jq
nq

Mn1n2···nq = Mn2n1···nq

δQSint1 = 0
完全対称

ととれば
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N=2 SUSY SYK MODEL

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B(≠ 0)
[A ,Pµ] ∝ aµ

νPν

δAS = δBS = 0
δPµS = 0

δAδPµS = 0
δAδPµS = aµ

νδPνS

(δPµφ)n = −i∆µ
nmφm

δPµφ
a→0−→ −i∂µφ

∆µ

S(N) =
∑

{n(i)}

Mn(1)n(2)···n(N)φ
(1)
n(1)φ

(2)
n(2) · · ·φ

(N)
n(N)

{Qi , Qj} = 0

S =
∫

dt
{

ψ̄i∂tψ
i − b̄ibi + i

q−1
2 Cj1j2···jq b̄

j1ψj2 · · ·ψjq + i
q−1
2 C̄j1j2···jqb

j1ψ̄j2 · · · ψ̄jq

}

δQψi = b̄i

δQbi = ∂tψ̄
i

δQψ̄i = 0
δQb̄i = 0
δQ̄ψi = 0
δQ̄bi = 0
δQ̄ψ̄i = bi

δQ̄b̄i = ∂tψ
i

ψi(t) → ψi
n

bi(t) → bi
n

ψ̄i(t) → ψ̄i
n

b̄i(t) → b̄i
n

S = ψ̄i
n∆nmψi

m−b̄i
nbi

n+i
q−1
2 Cj1j2···jqMn1n2···nq b̄

j1
n1

ψj2
n2

· · ·ψjq
nq+i

q−1
2 C̄j1j2···jqM̄n1n2···nqb

j1
n1

ψ̄j2
n−2 · · · ψ̄

jq
nq

1

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B(≠ 0)
[A ,Pµ] ∝ aµ

νPν

δAS = δBS = 0
δPµS = 0

δAδPµS = 0
δAδPµS = aµ

νδPνS

(δPµφ)n = −i∆µ
nmφm

δPµφ
a→0−→ −i∂µφ

∆µ

S(N) =
∑

{n(i)}

Mn(1)n(2)···n(N)φ
(1)
n(1)φ

(2)
n(2) · · ·φ

(N)
n(N)

{Qi , Qj} = 0

S =
∫

dt
{

ψ̄i∂tψ
i − b̄ibi + i

q−1
2 Cj1j2···jq b̄

j1ψj2 · · ·ψjq + i
q−1
2 C̄j1j2···jqb

j1ψ̄j2 · · · ψ̄jq

}

δQψi = b̄i

δQbi = ∂tψ̄
i

δQψ̄i = 0
δQb̄i = 0
δQ̄ψi = 0
δQ̄bi = 0
δQ̄ψ̄i = bi

δQ̄b̄i = ∂tψ
i

ψi(t) → ψi
n

bi(t) → bi
n

ψ̄i(t) → ψ̄i
n

b̄i(t) → b̄i
n

S = ψ̄i
n∆nmψi

m−b̄i
nbi

n+i
q−1
2 Cj1j2···jqMn1n2···nq b̄

j1
n1

ψj2
n2

· · ·ψjq
nq+i

q−1
2 C̄j1j2···jqM̄n1n2···nqb

j1
n1

ψ̄j2
n2

· · · ψ̄jq
nq

1

運動項

相互作用項１

相互作用項２

‣ 相互作用項２
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2

δQSkin = −ψ̄i
n(∆nm + ∆mn)b̄i

m

∆nm + ∆mn = 0
δQSkin = 0

δQSint1 = i
q−2
2 Cj1j2···jqMn1n2···nq

q∑

k=2

b̄j1
n1

ψj2
n2

· · ·ψjk−1
nk−1 b̄

jk
nk

ψ
jk+1
nk+1 · · ·ψ

jq
nq

Mn1n2···nq = Mn2n1···nq

δQSint1 = 0

δQSint2 = i
q−2
2 C̄j1j2···jqM̄kn2···nq∆kn1ψ̄

j1
n1

ψ̄j2
n2

· · · ψ̄jq
nq∑

{ni}の対称置換
M̄kn2···nq∆kn1 = 0

δQSint2 = 0

2

δQSkin = −ψ̄i
n(∆nm + ∆mn)b̄i

m

∆nm + ∆mn = 0
δQSkin = 0

δQSint1 = i
q−2
2 Cj1j2···jqMn1n2···nq

q∑

k=2

b̄j1
n1

ψj2
n2

· · ·ψjk−1
nk−1 b̄

jk
nk

ψ
jk+1
nk+1 · · ·ψ

jq
nq

Mn1n2···nq = Mn2n1···nq

δQSint1 = 0

δQSint2 = i
q−2
2 C̄j1j2···jqM̄kn2···nq∆kn1ψ̄

j1
n1

ψ̄j2
n2

· · · ψ̄jq
nq∑

{ni}の対称置換
M̄kn2···nq∆kn1 = 0

δQSint2 = 0

2

δQSkin = −ψ̄i
n(∆nm + ∆mn)b̄i

m

∆nm + ∆mn = 0
δQSkin = 0

δQSint1 = i
q−2
2 Cj1j2···jqMn1n2···nq

q∑

k=2

b̄j1
n1

ψj2
n2

· · ·ψjk−1
nk−1 b̄

jk
nk

ψ
jk+1
nk+1 · · ·ψ

jq
nq

Mn1n2···nq = Mn2n1···nq

δQSint1 = 0

δQSint2 = i
q−2
2 C̄j1j2···jqM̄kn2···nq∆kn1ψ̄

j1
n1

ψ̄j2
n2

· · · ψ̄jq
nq∑

{ni}の対称置換
M̄kn2···nq∆kn1 = 0

δQSint2 = 0
の対称置換

ととれば

2

δQSkin = −ψ̄i
n(∆nm + ∆mn)b̄i

m

∆nm + ∆mn = 0
δQSkin = 0

δQSint1 = i
q−2
2 Cj1j2···jqMn1n2···nq

q∑

k=2

b̄j1
n1

ψj2
n2

· · ·ψjk−1
nk−1 b̄

jk
nk

ψ
jk+1
nk+1 · · ·ψ

jq
nq

Mn1n2···nq = Mn2n1···nq

δQSint1 = 0

δQSint2 = i
q−2
2 C̄j1j2···jqM̄kn2···nq∆kn1ψ̄

j1
n1

ψ̄j2
n2

· · · ψ̄jq
nq∑

{ni}の対称置換
M̄kn2···nq∆kn1 = 0

δQSint2 = 0
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2

δQSkin = −ψ̄i
n(∆nm + ∆mn)b̄i
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∆nm + ∆mn = 0
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2 Cj1j2···jqMn1n2···nq

q∑

k=2

b̄j1
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ψj2
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· · ·ψjk−1
nk−1 b̄

jk
nk

ψ
jk+1
nk+1 · · ·ψ

jq
nq

Mn1n2···nq = Mn2n1···nq

δQSint1 = 0

完全対称

2

δQSkin = −ψ̄i
n(∆nm + ∆mn)b̄i

m

∆nm + ∆mn = 0
δQSkin = 0

2

δQSkin = −ψ̄i
n(∆nm + ∆mn)b̄i

m

∆nm + ∆mn = 0
δQSkin = 0

δQSint1 = i
q−2
2 Cj1j2···jqMn1n2···nq

q∑

k=2

b̄j1
n1

ψj2
n2

· · ·ψjk−1
nk−1 b̄

jk
nk

ψ
jk+1
nk+1 · · ·ψ

jq
nq

Mn1n2···nq = Mn2n1···nq

δQSint1 = 0

δQSint2 = i
q−2
2 C̄j1j2···jqM̄kn2···nq∆kn1ψ̄

j1
n1

ψ̄j2
n2

· · · ψ̄jq
nq∑

{ni}の対称置換
M̄kn2···nq∆kn1 = 0

δQSint2 = 0

2

δQSkin = −ψ̄i
n(∆nm + ∆mn)b̄i

m

∆nm + ∆mn = 0
δQSkin = 0

δQSint1 = i
q−2
2 Cj1j2···jqMn1n2···nq

q∑

k=2

b̄j1
n1

ψj2
n2

· · ·ψjk−1
nk−1 b̄

jk
nk

ψ
jk+1
nk+1 · · ·ψ

jq
nq

Mn1n2···nq = Mn2n1···nq

δQSint1 = 0

δQSint2 = i
q−2
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j1
n1
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n2

· · · ψ̄jq
nq∑

{ni}の対称置換
M̄kn2···nq∆kn1 = 0

δQSint2 = 0
の対称置換

Cyclic Leibniz Rule

対称差分

例えば同一点の積
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‣ Sign problem

{Q, Q̄} ∝ P

[A ,B]∓ ∝ Pµ

[A ,Pµ] ∝ B(≠ 0)
[A ,Pµ] ∝ aµ

νPν

δAS = δBS = 0
δPµS = 0

δAδPµS = 0
δAδPµS = aµ

νδPνS

(δPµφ)n = −i∆µ
nmφm

δPµφ
a→0−→ −i∂µφ

∆µ

S(N) =
∑

{n(i)}

Mn(1)n(2)···n(N)φ
(1)
n(1)φ

(2)
n(2) · · ·φ

(N)
n(N)

{Qi , Qj} = 0

S =
∫

dt
{

ψ̄i∂tψ
i − b̄ibi + i

q−1
2 Cj1j2···jq b̄

j1ψj2 · · ·ψjq + i
q−1
2 C̄j1j2···jqb

j1ψ̄j2 · · · ψ̄jq

}

δQψi = b̄i

δQbi = ∂tψ̄
i

δQψ̄i = 0
δQb̄i = 0
δQ̄ψi = 0

δQ̄bi = 0

δQ̄ψ̄i = bi

δQ̄b̄i = ∂tψ
i

ψi(t) → ψi
n

bi(t) → bi
n

ψ̄i(t) → ψ̄i
n

b̄i(t) → b̄i
n

S = ψ̄i
n∆nmψi

m−b̄i
nbi

n+i
q−1
2 Cj1j2···jqMn1n2···nq b̄

j1
n1

ψj2
n2

· · ·ψjq
nq+i

q−1
2 C̄j1j2···jqM̄n1n2···nqb

j1
n1

ψ̄j2
n2

· · · ψ̄jq
nq

δQψi
n = b̄i

n

δQbi
n = ∆nmψ̄i

m

δQψ̄i
n = 0

δQb̄i
n = 0
1

つまり　　はエルミートでない

連続極限では解消するはず

2

δQSkin = −ψ̄i
n(∆nm + ∆mn)b̄i

m

∆nm + ∆mn = 0
δQSkin = 0

δQSint1 = i
q−2
2 Cj1j2···jqMn1n2···nq

q∑

k=2

b̄j1
n1

ψj2
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· · ·ψjk−1
nk−1 b̄

jk
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ψ
jk+1
nk+1 · · ·ψ

jq
nq

Mn1n2···nq = Mn2n1···nq

δQSint1 = 0

δQSint2 = i
q−2
2 C̄j1j2···jqM̄kn2···nq∆kn1ψ̄
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n1

ψ̄j2
n2

· · · ψ̄jq
nq∑

{ni}の対称置換
M̄kn2···nq∆kn1 = 0

δQSint2 = 0
M∗ ≠ M̄

{ψi , ψj} = 0
{ψ̄i , ψ̄j} = 0
{ψi , ψ̄j} = δij

Q = iCijkψ
iψjψk

Q̄ = iC̄ijkψ̄
iψ̄jψ̄k

H = {Q , Q̄}

S =
∫

dt

{
1
2
φ̇2 + iψ̄ψ̇ +

1
2
F 2 + iFW (φ) + iψ̄W ′(φ)ψ

}

δQφ = ψ̄

δQψ = i∂tφ + F

δQψ̄ = 0
δQF = −i∂tψ̄

δQ̄φ = −ψ

δQ̄ψ = 0
δQ̄ψ̄ = −i∂tφ + F

δQ̄F = −i∂tψ

2

δQSkin = −ψ̄i
n(∆nm + ∆mn)b̄i

m

∆nm + ∆mn = 0
δQSkin = 0

δQSint1 = i
q−2
2 Cj1j2···jqMn1n2···nq

q∑
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b̄j1
n1

ψj2
n2

· · ·ψjk−1
nk−1 b̄

jk
nk

ψ
jk+1
nk+1 · · ·ψ

jq
nq

Mn1n2···nq = Mn2n1···nq

δQSint1 = 0

δQSint2 = i
q−2
2 C̄j1j2···jqM̄kn2···nq∆kn1ψ̄

j1
n1

ψ̄j2
n2

· · · ψ̄jq
nq∑

{ni}の対称置換
M̄kn2···nq∆kn1 = 0

δQSint2 = 0
M∗ ≠ M̄

{ψi , ψj} = 0
{ψ̄i , ψ̄j} = 0
{ψi , ψ̄j} = δij

Q = iCijkψ
iψjψk

Q̄ = iC̄ijkψ̄
iψ̄jψ̄k

H = {Q , Q̄}

S =
∫

dt

{
1
2
φ̇2 + iψ̄ψ̇ +

1
2
F 2 + iFW (φ) + iψ̄W ′(φ)ψ

}

δQφ = ψ̄

δQψ = i∂tφ + F

δQψ̄ = 0
δQF = −i∂tψ̄

δQ̄φ = −ψ

δQ̄ψ = 0
δQ̄ψ̄ = −i∂tφ + F

δQ̄F = −i∂tψ

O(a)差は　　　　以上
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SUMMARY

‣ CLRを用いて Nilpotent SUSY を実現
‣ N=2 model

1 nilpotent SUSYを実現
運動項と各相互作用項は独立に不変

Localization 適用可能
‣ N=4 model

2 nilpotent SUSYを実現
Non-renormalization theorem 成立

一般にもNilpotent SUSY があれば十分？

TAMING LATTICE SUSY WITH CLR
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‣ N=2 SUSY SYK model
1 nilpotent SUSYを実現
（たちの良い？）Sign problem

TAMING LATTICE SUSY WITH CLR

SUMMARY
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‣ N=2 quantum mechanics の数値解析

TAMING LATTICE SUSY WITH CLR

Kadoh-Kamei-So (PTEP 2019)

Catterall-Gregory model との比較

所謂 ”表面項” 付き定式化

Transfer matrix の方法を用いて、
Energy spectrum を求めた

DISCUSSION
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Fig. 3. Continuum limit of E1 for λ = 0.001. The solid lines represent the fit results and the dotted lines are
the perturbative results

Table 5. Energy eigenvalues obtained from the CLR action for λ = 1 at ma= 0.01.

n EB
n /m EF

n /m

0 0.000 000 0000(2)
1 1.682 687 275(2) 1.682 687 274 859(4)
2 4.365 387 624(8) 4.365 387 623 19(6)
3 7.622 118 41(4) 7.622 118 4119(5)
4 11.364 0034(2) 11.364 003 389(3)
5 15.527 3615(7) 15.527 361 44(2)
6 20.068 372(3) 20.068 372 02(9)
7 24.954 588(9) 24.954 5871(4)
8 30.160 73(3) 30.160 725(2)
9 35.666 38(9) 35.666 371(6)
10 41.4546(3) 41.454 59(2)

4.3.2. Strong coupling results
Table 5 shows the 10 smallest energy eigenvalues obtained from the CLR action for λ = 1 at a fixed
ma= 0.01. The central values are again those evaluated for K = 150 and the errors are estimated
from the largest difference among the results for K = 140, 150, . . . , 200. The energy spectra have
large quantum corrections compared with Fig. 2 for the weak coupling λ = 0.001. EB

n and EF
n

coincide with each other within the errors as well as the case of the weak coupling.
Figure 4 shows the five lowest energy eigenvalues against mafor λ = 1. We also show Fig. 5,

which focuses on E1 for λ = 1, for a comparison with Fig. 3. The obtained EF
n is again plotted as En

since EF
n = EB

n within the sufficiently small errors of O(10−8). The cut-off dependence of the CLR
action is milder than that of CG action as well as the weak coupling shown in Fig. 2.

Tables 6 and 7 show the fit results of En with a quadratic function (54). The same a0, which is E/m
in the continuum limit, is obtained between the CLR and CG actions. As a visible difference between
Figs. 2 and 4 is seen, the coefficients a1 and a2 are systematically larger than those for the weak
coupling, which are shown in Tables 3 and 4. In the strong coupling region, we can confirm that the
O(a) dependence of E1 obtained for the CLR action is still smaller than that of the CG action.
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ma

Fig. 4. The five lowest energy eigenstates against ma for λ = 1. The results of CLR and CG are shown as
circles and triangles, respectively. The solid lines represent the fit results shown in Tables 6 and 7.

ma

Fig. 5. Continuum limit of E1 for λ = 1.

Table 6. Fit results of En for the CLR action with λ = 1.

E1/m E2/m E3/m E4/m E5/m

a0 1.686 5004(6) 4.371 816(2) 7.630 953(5) 11.374 845(7) 15.539 78(1)
a1 −0.3907(3) −0.684(1) −0.985(2) −1.282(3) −1.575(4)
a2 0.94(2) 4.08(8) 10.2(2) 19.8(2) 33.3(3)

Table 7. Fit results of En for the CG action with λ = 1.

E1/m E2/m E3/m E4/m E5/m

a0 1.686 500(3) 4.371 81(1) 7.630 95(4) 11.374 83(8) 15.5398(1)
a1 −1.898(1) −6.422(6) −13.30(2) −22.43(3) −33.75(6)
a2 3.05(9) 12.6(4) 31(1) 58(5) 95(5)

4.4. SUSY WT identities
The CLR action has an exact SUSY parametrized by ϵ in Eq. (19) while the other ϵ̄ symmetry
is broken at finite lattice spacing for any interacting case. The correct mass spectra shown in the

15/26

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article-abstract/2019/6/063B

03/5522202 by U
niversity of T

okyo Library user on 30 A
ugust 2019

λ = 0.001

λ = 1

W(ϕ) = mϕ + λm2ϕ3
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DISCUSSION

‣ CLRを用いた作用は、improved action ?

TAMING LATTICE SUSY WITH CLR

‣ CLRの２次元以上への拡張？

‣ Nilpotent SUSY で十分？
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