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1. F5FIE - Lefschetz thimble

Witten (2010), Cristoforetti, Di Renzo, Scorzato (2012)
Fujii, Honda, Kato, Kikukawa, Komatsu, Sano (2013)
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Lefschetz thimble%
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Witten (2010), Cristoforetti, Di Renzo, Scorzato (2012)
Fujii, Honda, Kato, Kikukawa, Komatsu, Sano (2013)
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- Witten (2010), Cristoforetti, Di Renzo, Scorzato (2012)
LefSChetZ thlmble (] /3)[Fujii, Honda, Kato, Kikukawa, Komatsu, Sano (2013) ]
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| efschetz thimble (2 /3) [Witten (2010), Cristoforetti, Di Renzo, Scorzato (2012)

Fujii, Honda, Kato, Kikukawa, Komatsu, Sano (2013)
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. Witten (2010), Cristoforetti, Di Renzo, Scorzato (2012)
Lefschetz thimble (3/ 3) [Fujii, Honda, Kato, Kikukawa, Komatsu, Sano (2013) ]
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2. Generalized Lefschetz thimble (GLT) &

[ Alexandru, Basar, Bedaque (2016) ]
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Generalized Lefschetz thimble & (1/2)

[ Alexandru, Basar, Bedaque (2016) ]
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Generalized Lefschetz thimble & (2/2)

[ Alexandru, Basar, Bedaque (2016) ]
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%l : Gaussian
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multimodality
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3. Tempered Lefschetz thimble (TLT)&

[ Fukuma, Umeda (2017), Fukuma, NM, Umeda (2019) ]
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BHEM7ZILIV XL (1/2)

1) BAOEREEBN+MIEIS D K SIC, [ Fukuma, Umeda (2017) ]
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BHEM7ZILIU XL (2/2)

[ Fukuma, Umeda (2017) ]
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TLTEIC K TS IEHERHERE (1/2)

[ Fukuma, NM, Umeda (2019) ]
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TLTEICK T B IEMERHERE (2/2)

[ Fukuma, NM, Umeda (2019) ]
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comment : global sign mixture / residual sign
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4. Hubbard #EEADEFE

[ Fukuma, NM, Umeda (2019) ]
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TLTEIC & 1J 5 IEERHERE
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TLTEIC & 1J 5 IEERHERE

[mL =5 T = 0.5 Neont = 15,000, A = 11]

[ Fukuma, NM, Umeda (2019) ]
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TLTEIC & 1J 5 IEERHERE

[ B =5,T = 0.5 Neont = 15,000, A = 11]
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VUV T DMME (2/4)

[ Fukuma, NM, Umeda (2019) ]

D IFIEE [ RIS :

TN VT U

TYINU VT2 UIdWEHR., B EZ EMEICEHET
Buzﬂﬂ FUIU VT HD
YR L2 O — :
0°12§ w/ tempering l
01001~ 3//2Neols l
0.08) l |
0.06} ]
0.04: {l | {
117 S— P e
000;}}}
U0 2 4 6 8 10 a
2
BEDEHHET—K [DOF — 0.45]

0.30, 1
0.25 T .;‘{II
0200 T T 171 }f*
0.15/ ]
0.10 . W{_tenlpgrinlg

[ — estimated value
0.05 lo inter;/al

[ --pxactya ue ‘
00055 "4 "6 8 10a

|ei9[a‘|‘ | _
0.4} _ t
L. w/o tempering } ]
03* T 3/ V 2]Vconf t ’
0.2; 3 t 1
: i  multimodality ®7z&lc
01 — ARROEEHKE L
0-0;'r'r'."7'1'""0'1";'7'2'7""'7 """"""""""""
0 2 4 6 8 10 a
B multimodality D7z & (c
0.4 e EoIcfE WVERZE THETE
0.3 by e { 8
0.2F 7~ [~ T~ "1~
0'15  W/o tempering | |
[ -- exact value 1
0 2 4 6 8 10 a

[30/34]



FYINU VT DRNE (3/4)

[5# — 50, O4ts ] [ Fukuma, NM, Umeda (2019) ]
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TYINU VT DENE (4/4)

[ Fukuma, NM, Umeda (2019) ]
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e tempered Lefschetz thimbleis (TLTE) (&
ReEEEFEEIT DNAEEDODEWZILTY X sTH 2 [ Fukuma, Umeda (2017) ]

* TLT)ATId. HIFFBEDFMMMNIEL <fThhTWwdZ &
[-7»37@%ﬁﬁﬁ$@[ﬂ%b?b%zt
YT A I+ THB &

DY E S H TS 2 Z & D AEETEH S [ Fukuma, NM, Umeda (2019) ]
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e LDKREFMXRIFEF ETHubbard IR DETEZTV., HEEZIHFET S
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H@ EFEYTNILOFE (HubbardiZi 22 0)
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[CiE A9 % [ Fukuma, NM, Umeda (work in progress) ]
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global sign mixture / residual

—ImS(zT)
D730

arg det Jp
DI

0.006-
0.005:
0.004-
0.003"
0.002-
0.001"

0.000

0.005"
0.004
0.003
0.002
0.001
0.000

0.012°
0.010:
0.008:
0.006°
0.004:
0.002;
0.000

FINUVTHD

1.0

10 -05 00 05 1.0

-10 -05 00 05 1.0

sign

FINU T U
0.006:" . ‘ ‘
a=11
0.005:
0.004:
0.003:
0.002:

0.001:

0'0091.0 -05 00 0.5 10

0.008~
0.006-
0.004:
0.002:

0.000

0.014
0.012:
0.010
0.008"
0.006-
0.004:
0.002:

0'0091.0 -05 00 05 10




T E D FFl

For matrices A = (Ay,), B = (Byy), -+ +,C = (Cyy),

define operators A=) afA.yay, B=Y dafByyay , - -
oY) T,y

Then,

A A

Tr[eAeB ce eé] = det[1 + edeb ... eC] |

- It is sufficient to show that:
(1) For a matrix D defined by ¢4¢B — ¢A+B+3[ABl++ = D,

A A

we have ¢l — P

(2) Tre? = det[1 + e],

[19/28]
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proof of (1)

= Note that the linear map 4 — A preserves the commutation relations :

A, B] =Y al[A, Bl,ya, = [A,B].
r,y
Therefore,
A A A A A A /\ A
cAeB 6A+B+%[A,B]+ _ 6(A—|—B—|—%[A,B]—|—---) _ eD_

[20/28]



proof of the formula 2/2)

proof of (2) : Tre? = det[1 + e]

- Define the coherent states :{W) = 2 Y= () { az[P) = e () }

(W] = (02w V=t (d]al = (WDlq

Ve, P, independent Grassmann variables
0) :astate s.t. a,|0) =0,Vx

and with a, a:L.

- From the definitions, we can show that:
« TrO = [ [, (dibgdipy)e™ 2o Vs (F45| O1))
() = eXe Vet
= eAy) = ley)
Thus,

Tred = J 1L (dyprdipy)e™ X Vet <_@Z|6AW>
(= (—ileA) = e Zen Pty |

~ f Hx(d%zxd@bx)e_ Dy Yo (UteDayty — det[1 + GA] .

+ depends on whether

fermion operators.

(49), = 5, (1), 0

anti-commutes with themselves

|

@ has even/odd number of }

[21/28]




