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Starting point

Continuum theory

global symmetries

1

S
2d = 242

2D N = (2,2) SYM theory

bosons:
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(U (1)g transformation
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(SUSY transformation
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Derivatives on a curved backeround

aﬂ — VM spin connection: Wiy = W
1 (0

V= (0, + szb’%b)w = 0p — §wua2¢7

_ 1 _ g _

Vi =(0,— ngb%b)w =, + §Wu02¢-

Derivatives on a curved background + background U(1)y field B,

) )
8,& — (VM + §BMO'2)'§D — <8I~L + §(B,u - Wu)a2> @D,
1
2
Special backgeround or Topological twisting Seiberg 2011, 2012

by = w, wmp
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QUJ?Z — (VM + %.B'UJO'Q)@Z - (8”1 + (BM + CUM)0'2> @D,

(au + % (Bu ~ “)u)UZ) Y - 0y

- scalar

(aﬂ + %(BM + a)ﬂ)az) P - (6# + iwﬂaz)zlj - vector



Natural renaming in this background

w — (X7 77/2)T2 scalar @D — )‘u . vector

Continuum action

szd_— / /g { (Fia/v/3)” + (D) (D) + [M}Q

— QZE'LWAMDVX + ZAMDMU + AH [Q_Sa A ] Qﬂ [Qb wa]}
(EX

=" /\/9)
U(1)p symmetry U(1), symmetry
0A, =0, 6O =20D, O =—2i0D 01y = Oy,
5>\,u — itg)\ua 577 — —w??» 5X — _ZQX 5}\,u - —HEIL“/)\V.
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SUSY transformation of the action

(1) scalar SUSY transformations: €, = €,(x) E_ﬂ =( (CWV — —_15W7 C2mv gW)

Nz
1
0S = 52 / dz®\/g(0,,€*)J" () preserve for e, = const.

(J20) = 20T { B (AC)u + (D0 + canB” (Do) — 3 (AC" (6,1} )

(2) vector SUSY transformations: €, = 0 Eu = E_ﬂ (X)

_ 1 - e :
0S = 27 / d*z\/g (V*€) J,, (z) Dpreserve 1T €, 18 covariantly const.

(Juu (CC) = 2¢'Ir {;Ca;l/uwa [¢7 &] - Uébe;W%f — AVDM& — AMDV$ + guuAprqb})
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0 = iélé + iGQQ

(QA,L =\, QN =iD,0, (QAM = Ve N, QN = —i\/ge,, D" b,
) Qp=n,  Qn=Ip,¢), <Q¢3=2x, Qx— 5o, 9,

Qx =Y, QY =[o,x], Qn = —-2Y, = —3lo.),
| Q¢ =0 Q¢ =0

Continuum action in Q-exact form

S0 = g7 | CavaQTr{ {1166~ ig™ Db+ x (¥ = Z2Fia) |

Observation toward discretized theory

Bosonic fields on latiice >

scalar ¢(x) mmmp site variable + (I) assign bosons on the lattice corresponding

to their vector structure
vector A,(x) s link variable ——

field tensor F,LLV(X) ‘ face variable (2) keep Q_Symmetry
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Fields on lattice

Discretized action cf) Sugino 2003

S=5s+S5L+S5SFr=Q A

2019/9/10

v (f = s : representative point)

\ Usta Ast (Ast

ZO‘S“S T Z sty =(st) T+ Z ap=f

SES

(st)eL feF

)\st Ust)

(CQ(I)S = 07
Q(i)s =1MNs,

1 L @8) }’ QUst - i/\stUstv

\QYf = [y, x¢l,

Qns = [(I)s, (i)s]a

QAst =1 (Ustq)tUs_tl

Qxr =Y.

~

- (I)s + /\st/\st) ’

J

=p = —2T1'{Xf (Y — wfﬂ(Uf))}a (Uf = U+)
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Topological information is preserved on lattice

(1) The same localization technique with the continuum theory works also on lattice

non-trivial fixed point equations 1-loop contribution is exact

P Ust —Usy®y =0 7 $)2)#Gites) 5 (A(p))#(faces)
(Uf) — () ' )) (links) (A(¢))#(sites)
— H gb ; Qb ] X & Euler characteristic !
1<
(2) The U(1)g anomaly appears in the measure
H D, Do) HDUl H DYy) :U(1)g neutral U(1), symmetry
P — e*®, P e HD, A, — A,
:(HDns)(HDAz)(H Dxy) [n—ﬂ% R ’gx]
— — —1 ) ’ .

_ (D]?) ei(Ns—NL+NF)(N2—1)a
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Natural question : Can we take the continuum limit ?

YES' from power counting point of view
(I) Tree level continuum limit reproduces the continuum action:

S=S8s+S5L.+5r=0Q {ZaE + D e+ ) afEf}

sES (st)EL feEF

(a2 = vol(¥,)/NF oy =/ d'z\/g(x), €5t = . (xf — z{) A

As 1 v v
as= ) 5, M Ar, Br=7 Y alyehel = Arg" (xy).
k fEFs f f (St>€Lf )

(2) There is no Q, U(1), and gauge-invariant radiative correction which spoils the geometry.
p—4
(a 5 +C1pp2+czapg2+~-) /d2$\/§0p(£€) ‘ O ~ B or B?

9
tree 1-loop 2-loop

It is expected that the continuum theory will be obtained by simply taking a — 0.

We have to check it non-perturbatively.
(It gives a “definition” of the SUSY theory on curved background!)
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What should we check?
The U(1), symmetry and Q-symmetry are broken by discretization.

m) They must be restored in the continuum limit.

( These symmetries are related with each other in the continuum limit.
J = 20T {ear(ACa)uths }- |
T (@) = 2Tx { B (ACa)uf + (D ®)bu + car B (Dyd)th — 5 (ACa)“[6, 9]

QuJ (z) = qp ]! (z)
dJo =0

dJy =0 wep dJs =0
[t 1s sufficient to check the U(1), symmetry
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Model
(M,N)-polygon decomposition of S?2

parameter tuning

ds? = R?(d0? + cos?0dy?) (—m/2<60<m/2)

5 8w R?
a pr—
M(N —2) 14
T R? 7 3
Qs=1.M = Qg MN _pgy1. MN = 203 (2 — cos N~ ~cos W)
TR? ( 2n — 1 2n + 3 )
Qs—nM+i = —= (Cos T — COS T
M¥T Ma? N N
. J
AL 1)tk
Al=(n—1)M+i — Sll’l e Z Z %W
e sin £%K )
N? 2n — 1 2n + 1 MN M(N 1)+2
QU= MN/2+ (n—1)M+i = e coS I T — COS T / M(N-1)+
- \ site N x M/2
1 21 R? 2ol 2n+1 -
Ap=(n-)M+i = B (nnymi =~z |08 —Fg T —cos—— link | N x M/24+ M x (N —2)/2
_ 2w R? s
Qf=1, M(N-2)/2+2 = szll,M(N—2)/2+2 S— <1 —— N) face 2+ M X (N - 2)/2
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Anomaly-phase-quench method

vev in the continuum theory

g\ U(1) charge: (N? —1)xp
1 Y . 1 . :

O) = DBDF Qe °v~5f = /DBO@ —Sb

(O) Zq/ F Qe f Z, e

phase quench method in usually used in Monte Carlo method

——— U(1) charge: ZERO NOT A GOOD

(0) = Zi/pzé" QPE(D)ye APPROXIMATION
’ Observation | |
philosophy of the phase quench Pf(D) = |Pf(D)|e!at®

Ignore only the artificial phase 1.U <1>R phase QA
coming from the discretization 2.lattice artifact @

We should ighore only 6
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Compensator

Kamata-Misumi-Ohta-S.M. 2016

A :an operator with
QA=0 anomaly-phase-quench method

Al = —(N° = 1)xx (0) = (0e¥4)1 = Zi / DBO|Pf(D)|c
A — |A|6—’i9A

trace type Ne N2_1 determinant type
Ay = — Z( Ly (@ )"’)_ T A ! AZS(D 5,)" S
tr = 37 N AT (P det = —— etd,)” 2nc
NS a—1 Nc € Ng o—1
lzykson-Zuber type )
AT N7 -1
1 4\! 1 T ) -_‘-4_Xh
Az = N Z (ETT (zq)org(l)Ul(I)tip(l)Ul + M (Ui®py U] + ‘I’org(z))))
=1
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Trivial WT 1dentity for Q-symmetry

basic relation (for u = 0)

0= (QZ) = (S, + S¢) = (Sp) —

# (fermions)

2

m— (453) + 4 (A2 Y () = SN+ N (4

i

mu?=0.1 ——j
=0.05 —¢—

without compensator ===

mu?=0.005

1

f
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I[dentity 1 from U(1), symmetry

Site action
E 1 1 -
) ZS: &SQ Tr (Zns [¢s: ¢s]

Face action Q-exact

1
FZQfQTr(Xfo :FZQfTr (Yf2
90 90

$

f

S

1
— 5NF(J\IC2 —1)
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2 1 asf 2 12
<29020z5Tr( (05, ¢s]>> <mzf: 4fTI‘(Q(Uf) )> |

(a — 0)

0
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I[dentity 2 from U(1), symmetry

1 _ - 1 _ _
@QTI (—Z')\l(Ulet(l)Ul_l — Oy :—2 Z o; Tr (’Dlgblz)\l)\l(Ulqﬁt(l)Ull + Cbs(l)))
0
l exac | U(1), doublet
—— ) arQTr (—iBpx QU Z ayfrTr (—iYpQ(Uy) M
0

f

T
mu?=0.1 —+—

T T T T T
mu?=0.05
18 | T mu?=0.01 i
mu?=0.005
1.6 | _

14

2<Sg>+<2902a,1“r AN Uiy U + by ))>
- <SZL3> (a = 0) | l

08

0.6
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0 0.02 0.04 0.06 0.08 0.1 0.12
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We should check U(1), WT 1dentity

In the continuum theory

1
Jt =Ty {iEW)\,,n - Xx}
For a U(1), invariant operator 0(x),

(0w D3 () = (0) (57 % Trw) = V- Tr(w) ) ) = 0

problem 1

There are infinitely many ways to construct
composite operators on the lattice. ™~

problem 2
How to define Rotation and Divergence on lattice?
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Hint: exact U(1), current on the lattice

continuum cl) Ohta-san’s talk

5Scont —

1
2 92
lattice (65 = 66;,)

229 _ 3 _
8Siar = 53| D>, — O, |l (.U U " — &q)Ui®
le<,s0> le<sg, >

DIVERGENCE

229 Z Z )

lE< ,S0> le<sg, >

ERGENCE
( >y zz) tosber)

l€<so,> fEF, f=sol€L;

ROTATION _;%Tr (s (Ur = UFH) T (X paNYpa = Y] MK, )}

This correspondence will be a guiding principle to construct ¢
({4 01 ° ° . O\O
U(1)y current”, rotation and divergence on the lattice. o0 S
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Summary and Future Works

We explicitly discretize 2-sphere.

Q-symmetry is preserved as expected.

The relations expected from the U(1), symmetry seems to hold in the continuum limit.

U(1), WT identity, restoration of $? geometry = Kamata-Ohta-Misumi-S.M. to be appeared

Other discretization (fullerene-like discretization?)

N=(4,4) and N=(8,8) theory

Simulation of 4D N=4 SYM by hybrid method ¢ Hanada-sugino-s.M. 2012

Theory with matters

Connection to Dynamical triangulation? (supersymmetric dynamical triangulation?)
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