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Continuum theory
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Starting point 2D 𝑁 = (2,2) SYM theory 𝐴(, 𝜙, *𝜙bosons:

fermions:

global symmetries

𝑈 1 - transformation

𝑈 1 . transformation

SUSY transformation
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Derivatives on a curved background

spin connection: 𝜕( → ∇( 𝜔34 ≡ 𝜔

Special background or Topological twisting

𝐵( = 𝜔(
𝜕( +

𝑖
2
𝐵( − 𝜔( 𝜎4 𝜓 → 𝜕(𝜓

𝜕( +
𝑖
2
𝐵( + 𝜔( 𝜎4 *𝜓 → 𝜕( + 𝑖𝜔(𝜎4 *𝜓

: scalar
: vector

Derivatives on a curved background + background 𝑈 1 . field 𝐵(

Seiberg 2011, 2012
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Continuum action

Natural renaming in this background

: scalar : vector

𝑈 1 - symmetry 𝑈 1 . symmetry
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SUSY transformation of the action

(1) scalar SUSY transformations: ̅𝜖( = 0𝜖? = 𝜖?(𝑥)

preserve for 𝜖? = const.

(2) vector SUSY transformations: 𝜖? = 0 ̅𝜖( = ̅𝜖((𝑥)

preserve iff ̅𝜖( is covariantly const.



2019/9/10 島根大学松江キャンパス 6

Continuum action in Q-exact form

Observation toward discretized theory

Bosonic fields on lattice
scalar 𝜙(𝑥)
vector A((𝑥)

field tensor 𝐹(C(𝑥)

site variable

link variable

face variable

requirement
(1) assign bosons on the lattice corresponding

to their vector structure

(2) keep Q-symmetry
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Fields on lattice

Discretized action cf) Sugino 2003
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Topological information is preserved on lattice
(1) The same localization technique with the continuum theory works also on lattice

non-trivial fixed point equations

Euler characteristic !

1-loop contribution is exact

𝑍 ∼

(2) The 𝑈 1 - anomaly appears in the measure

�
�
D �F

�
ei(NS�NL+NF )(N2�1)�

: U(1)R neutralD �B = (
NS�

s=1

D�sD�̄s)(
NL�

l=1

DUl)(
NF�

f=1

DYf )

D �F = (
NS�

s=1

D�s)(
NL�

l=1

D�l)(
NF�

f=1

D�f )

𝑈 1 - symmetry
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Natural question : Can we take the continuum limit ?
YES! 

We have to check it non-perturbatively. 
(It gives a “definition” of the SUSY theory on curved background!)

from power counting point of view

(2) There is no Q, 𝑈 1 - and gauge-invariant radiative correction which spoils the geometry. 

It is expected that the continuum theory will be obtained by simply taking 𝑎 → 0.

✓
ap�4

g2
+ c1p
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d2x
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<latexit sha1_base64="4mzDHAsGfoDq16kE0cVk0mAqH6U="></latexit> tree 1-loop 2-loop
O ⇠ B or B2

<latexit sha1_base64="gfav4GOh/ZEyFXU31xV18XOJus0="></latexit>

(1) Tree level continuum limit reproduces the continuum action: 
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What should we check?
The 𝑈 1 . symmetry and G𝑄-symmetry are broken by discretization. 

They must be restored in the continuum limit.

fact These symmetries are related with each other in the continuum limit.

It is sufficient to check the 𝑈 1 . symmetry

dJQ = 0
<latexit sha1_base64="f5hL2nPISSl2kQRmrFe0KD6qy+I="></latexit>

dJQ̃ = 0
<latexit sha1_base64="B4EZVkTOjSOF3OBejB6bPIGM/Ic="></latexit>



Model
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1 2M
3・・・M-1

(M,N)-polygon decomposition of 𝑆4

MN/2 M(N-1)+1
M(N-1)+2

parameter tuning

𝑑𝑠4 = 𝑅4(𝑑𝜃4 + cos4 𝜃 𝑑𝜑4 ) (− ⁄𝜋 2 < 𝜃 < ⁄𝜋 2)



Anomaly-phase-quench method
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vev in the continuum theory

phase quench method in usually used in Monte Carlo method
U(1) charge: ZERO NOT A GOOD 

APPROXIMATION

U(1) charge: (N2 � 1)�h

philosophy of the phase quench

Ignore only the artificial phase 
coming from the discretization

Observation

1. U(1)R phase
2. lattice artifact

�A

�
We should ignore only θ

Pf(D) = |Pf(D)|ei�A+i�

島根大学松江キャンパス



Compensator
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A : an operator with 
QA = 0•

•

•

[A] = �(N2 � 1)�h

A � |A|e�i�A

anomaly-phase-quench method

=
1

Zq

�
D �BO|Pf(D)|ei�A

Kamata-Misumi-Ohta-S.M. 2016

trace type determinant type

Izykson-Zuber type

島根大学松江キャンパス



Trivial WT identity for 𝑄-symmetry
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basic relation (for 𝜇 = 0)

without compensator

ダメダメ
with trace compensator

com
pens

ator

超大事



Identity 1 from 𝑈 1 . symmetry
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Site action

Face action
𝑈 1 . doublet𝑄-exact

! 1

2
NF (N

2
c � 1) (a ! 0)

<latexit sha1_base64="SCd4B/A6/RT9tPx0El1QhOu42oY="></latexit>



Identity 2 from 𝑈 1 . symmetry
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𝑈 1 . doublet𝑄-exact

+

→ 𝑎 → 0



We should check 𝑈 1 . WT identity
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In the continuum theory

For a 𝑈 1 . invariant operator 𝒪(𝑥),

= 0
problem 1
There are infinitely many ways to construct 
composite operators on the lattice.

How to define Rotation and Divergence on lattice?
problem 2



Hint: exact 𝑈 1 - current on the lattice
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This correspondence will be a guiding principle to construct 
“𝑼 𝟏 𝑽 current”, rotation and divergence on the lattice.

cf) Ohta-san’s talk

ROTATION

DIVERGENCE

DIVERGENCE

on g
oing

…
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• We explicitly discretize 2-sphere. 

• Q-symmetry is preserved as expected.

• The relations expected from the 𝑈 1 . symmetry seems to hold in the continuum limit.

• 𝑈 1 . WT identity, restoration of 𝑆4 geometry

• Other discretization (fullerene-like discretization?)

• N=(4,4) and N=(8,8) theory

• Simulation of 4D N=4 SYM by hybrid method 

• Theory with matters 

• Connection to Dynamical triangulation? (supersymmetric dynamical triangulation?) 

Summary and Future Works

2019/9/10

cf) Hanada-Sugino-S.M. 2012

Kamata-Ohta-Misumi-S.M. to be appeared
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