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CPN-! sigma model

2D CPN-1 model is not only a toy model of QCD,
but also effectively describes gauge theory !

* Effective theory on vortex in U(N) + Higgs model is CPN-! Eo, etal(05)
* Effective theory on long strings in YM is CPN-I' Aharony, Komargodski(13)

* It is also notable that CP! describes spin chain systems Haidane(s3)

Lattice study on CPN-I model is of physical significance

( SU(N)

SU(N —1) x U(1)

o Lagrangian of CPN-l models cp¥-' -

S = oo [IDoP 16 =1 Dé=(d+ia)d. a=id-do
g

Cpl~ §?

* discretized on the lattice

S = —Nﬁ Z (Zn—hu y Zn)\n,,u + Z, Zn—|—,u5\n,,u — 2)

9 n,

complex ¢p-plane




CPN-! sigma modelon R x S!

* Global symmetry : PSU(N) flavor symmetry + Time reversal

+ ZN symmetry is not exact for periodic b. c. (cf. QCD)

( . Dot 1 SORDOOI <l 57 ASTO M \
- /ZN-twisted b.c. e

¢(r1, 22+ L) = Qd(r1,72) Q= diag. [1, 2™ AN 2NN

>

Exact Zn-symmetry  (intertwined of Zn flavor shift & center)

with ZN vacua Distribution of
P-loop for N=5
* Fractional instantons (Q=1/N, S=S/N)
BPSeq. Do+ixDop=0 cf.) N=2 — | .
BPS SOI. ¢ o (  © 277z/(NL)7 5 ) g = -1 | S, =—| i, = -1 li Bty =—1
\/1 + ’6 ‘ T Lee,Yi(97) Kraan, van Baal(97)

Eto, et.al. (04~) Bruckmann,et.al. (05~)

X It is shown to have resurgent structure (pert. vs non-pert. relation)

Dunne, Unsal(12) TM, Nitta, Sakai(14,15) Fujimori, et.al.(16~)
- J
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Hy + g°Hpert| ¥(2) = Ep(z)
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HBEETE ERLILE

Hy + g°Hpert| ¥(2) = Ep(z)
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HBEETE ERLILE

Ho + g°Hpert| ¥(z) = Ey(x)

EEiE (GEnaikE s IRE) (&
— B IC B EEREL L IEEER0 aq X g/

P(g°) =) agg™
q=0

-

> B(g°e™") = Re[B] £ iIm|[B]

oy A BAOBRORERICHIRELT
Im[B(g%)] ~ e « BEOREREFOERHIHE

CDEBRERLILHIDOARERES C ZIFRBFTSDBFTHRZRU !




EWﬁﬁEﬁd) U -Ij-_:/“I “/Z*Ei% Ecalle (81)

/ 1 1
¥ (Z) T SO(Z) — ; & g2
AR aczz0 > ®o=) nle "' g ez
q=0
IBEIRY FEIEEIRY

~— 7
S+(I)Q(Z) — S_(I)O(Z) — 2mie” ~©
MLILIZE L TEFREIOWTWS |

tIm r
t=1
S R
- Re

VY- VABELFE. LHALEGE?




ERABBROUY—J > R

A1 Z—HiER
/ ]‘ =
P(2)+e(z) = 5> BREM =D s g e
q=0
« BEAHTRAORBEIERHORLILHIORH = b5 > 2R

o(z0) = Bo+oe> TR 5 0(20) = Sudy(2) + o

* arg[z]=0 T TV AMMEBUINTAY o hifERE = A —T ARR

Sio(z;0) = S_p(z;0+5) § =2 A N—U AEH

« BODERIEDL S ZHRNEIEU DL

Sip(z;0)=8S_p(z;0+5) » S Po(z) —S_Pp(z) = 2mie™”
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J—HExX ¢ —zp=0

(Z= ol CNETERFER)

. 2,3 _3 2,3 _3
o =Ai(z) ~ e 3225}5 anz 2" + 063225i§ bz~ 2"
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SR —I 1 2 AKBEIE in twisted CPI

- CPI / \ )l/ I\ \/ [Fujimori, Kamata, TM, Nitta, Sakai(16)]

, 0 0
O 0@

( e =1 SUSY case \

U — m 1 — oo
"TP 2¢2 11 pp :I[> HWY =0
POEEIREIXRILF—

\_

H=—-g°(1+ ¢p) -V (9p)

ml

Witten Index # 0 J




SR Y —3 12 A& in twisted CPI

- CPI / \ E )l/ I\ — 7 \/ [Fujimori, Kamata, TM, Nitta, Sakai(16)]

5, 0 0
0 0P

H=—-g°(1+ ¢p) -V (9p)

K' e~ 1 near=-SUSY case

(0]0) (0]0)

VANSY 1V iy

de = e — 1 J ot

DI N

\_

~

_ R S o 2 0|6H|0)  (5v|6H|S
=y = s >E< 0) | BUBHIE) | s,

ERBET X)L £ —
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SR —I 1 2 AKBEIE in twisted CPI

[Fujimori, Kamata, TM, Nitta, Sakai(16)(17)]

- HEREBIRILF— de=c—n
E = EWge + EP§2 + O(5€3)

a .

S 2pm
EW) = g2 — mcothm2 = —m—|—g2 — ZQme_ 92
g =0
> )
coth 2 [Ei(25) + i (—22) o |
E® =¢2—m J J YLy —log =
J sinh? z 2 Y 5 g?

N - D

BHES LFEBE SN ENZET

..




SR —I 1 AEIE in twisted CPI

oth & Ei + Ei 9 ]
E(2)_92_m(? 29m ( ) : ( 9) _log = m
Slﬂh g_2 g
* ;:/{Eb%':l_j—_
o0 2 mn
B~ - (-0 (2) RLLAIERS g2 = 20
n=1
- BEREFS

I_I_Cl/)llﬂ:lgi?i— arg[g/\z] = +(0 —2p2 (’7 + log 2_m> }



SR —I 1 2 AKBEIE in twisted CPI

E(2):gz_mcoﬂhgﬂ2 El(é—?)—l-El (—29—";7“) _7_1Og2_m
sinh? ng 2 g?
- BEIFS 1t
00 —t
E(gQ) = g° + Qm/ dt—- 5— e e MNLUILFELED
= T EE#EOBRA

- BERTFS

o +1)7 — 1) '
EZ(,Q) = 2m/ dte™ ! (p ) + (p ) + 4mp2 <7 + log 2—? + Z—W)
0 g2+i0 g2




SR —I 1 2 AKBEIE in twisted CPI

coth &  Ei (2—?) + Fi (—2—";"’) 9 ]
2) 2 2 g m
B =y _msmh2ﬂ2 2 —fy—log?
* %,(Eb%_:% IL
o —t
6 W ——
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0 g2£i0 | M FE# FOFRS
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0 i 1)2 1 2 ] 9 :
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[T T[] pbionSRTOBEMNES  pbionD¥HMIHS

p{E D IE KinstantonXy = p-bion



SR —I 1 2 AKBEIE in twisted CPI

m | w; (2m - [ __2m ]
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SR —I 1 2 AKBEIE in twisted CPI

m | w; (2m - [ __2m ]
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SR —I 1 2 AKBEIE in twisted CPI

m | w; (2m - [ __2m ]
coth g2 E1(92)+El( 2)_ ~Jog 2
sinh? gﬂg 2 i g2

(2) 5 o0 ot Bender-WuiEIC £ % m KIBEIREL
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Resurgent structure in QM and QFT

SiDo(2) — S_Pp(2) ~ se” *SP,(2) 2=
Perturbative imaginary Non-perturbative
ambiguity effect

In a certain class of QFT as twisted CPN-1 models
QFT can be defined based on the structure.

MRElE, JAY/IN7 MEEROKRKNMNDOBETHERZLELU T IC,
LT DBEMMRENSDED.

Q| =



Anomaly matching for CP™-! models

Komargodski, Sharon, Thorngren, Zhou (17)

" Let us look into mixed "t Hooft anomaly between N

\ flavor SU(N)/Zp time reversal | y,

* Plan : gauge the flavor symmetry and do T transformation
- we first gauge SU(N), then find Z~n |-form symmetry should be gauged.

2l(4.8)) = [ DaDzexp |~ [ o (5100, + 0, - 1407+ V() + 5 [(a+ B)
/Zw[T - (A, B)| exp <—ik}/T : B) = Z.[(A, B)] exp (—ik‘/B) oi(2k—1) [ B \

For even N, it has a mixed 't Hooft anomaly
\ For odd N, we find global inconsistency between 8 = 0, 11 /

= It suggests spontaneous breaking of T



Zn-twisted CPN-! models at 8 =mon R x S!

Tanizaki, TM, Sakai (17)

Question: does this anomaly survive for compactified theory ?

mntroducing ZnN twisted boundary condition on S

~

=P we have an intertwined Zn 0-form shift symmetry (Zn)s

Z—= 5z

\ flavor rotation

& () — w)

ZN O-form transf.

e 0
e 0

T
.o 0

SOS—1 = 9

ZN 0-form shift symmetry (Z\)s = U(l) |-form gauge field B

o

_ 2, o[BD]exp (—i / B(1)> |

4 : N
Z.alT-BW] = 2, o[BW]exp (—i / BW / L_lda:2>
0

/

Mixed ‘t Hooft anomaly of (Zy); and T survives in compactified theory !



Main questions

foQuestion | : ZN (phase) transition for pbc

-

- 2nd-order phase transition expected in large-N .|
- it should be crossover for finite N since Ay

|<P>| ~ 0 for small g N |I<P>|# Ofor largef 0.4:

=N
(JOU'IOO

111l

We will check it directly in numerical study

r

¢ Question 2 : Continuity and fractional instantons for Zn-tbc

- Fractional instantons yield transition between classical N-vacua
- makes Zn stable, leading to volume indep. of vacuum structure

<P>|~0for small g ill |<P>|~0for large '

We will show quite suggestive results on fractional
instantons and adiabatic continuity




Setup of lattice simulation

cf.) Berg,Luscher(81), Campostrini,et.al.(92), Alles,et.al.(00), Flynn,et.al.(15), Abe,et.al.(18)

» Lattice formulation S=-N3) (Zu Zody + 20 Znspdng — 2)

n, i
Vector field @ is introduced: #» = Ml @2 =Skl j =0 N =1
on = RN 6h =S,

» s = —NpBo- Fy=—NB|Fys|cosf  updated just by updating &

Over heat-bath algorithm is adopted to update this 0

* Parameters and quantities
Nx =40-400, N:=8,12, p=0.1-4.0, N=3-20, Nsweep = 200000,400000
- Expectation values of Polyakov loop and its susceptibility

* Thermal entropy s= [(Nt)2(<Tw>-<T:>)

(1)ZN transition(pbc) (2)Zn continuity(tbc) (3)Thermal entropy



Polyakov-loop of
CPN-1 models on R x S!
with pbc.

N=3,5,10,20  (NxNt) = (200,8)  Nsweep = 200,000



Distribution plot of P-loop
Im[P] . N=3 ? | N=3

beta=0.1 o beta=1.1

A — ReP] ——
I<P>|~0 I<P>|#£0
Low-B : around the origin High-B ' moves to one of Zn vacua
— approximate ZN symmetry — /N breaking transition

Note that Zn symmetry is not exact for PBC



VEV of Polyakov loop |[<P>|

|<P>] N=3,5,10,20 Xqpr|y N=3510,20
T T Tesssteosstesssdinn 06F T T T 1 =
A, | 0.5
o6 Ji{ £ & —
‘ o 0.4
04} ool
B B—a N=5 7]
02} o—oN=3| — 0.3
’ N _ _
% 1 2 3 4’8 0.2 T/Tc

® |<P>| ~ 0 atlow B, then |<P>| undergoes crossover-like transition
® Peak of Polyakov-loop susceptibility y gets sharper with N

Crossover transition for finite N is checked,
which would be 2nd-order phase transition for large N limit



Volume dependence of y-peak

X<|P|> X/{|P|),max
Ns=200 N=20 ' ‘ ‘ & L et Rt e
.:‘ N:]O 0,58 p N:20
a1y ' @ * »
oy S te. ) N=10
Ns=120 : H s 2 8 == A | ‘
- u
) : .' 52 } kil ]
4 .A - ." " ‘
¢ L ™ ? .  §
- & 4 ‘ ’
o @ . - s P
s s g |
V(Ns)

Xmax = €+ aV?’ p=1:1st, 0<p<1: 2nd or crossover

Fukugita,et.al.(90)

® Volume dependence of the peak is not linear — not |st-order
® »for N=20 is larger than that for N=10 — 2nd-order in large N!?

it supports crossover transition for finite N (2nd-order in large-N)



Polyakov loop of
CPN-I models on R x S!
with Zn tbc.

N=3,5,1020  (Nx,Nt) = (200, 8), (400, 12) Nisweep=200000, 400000



Distribution plot of P-loop

Im[P]  N=3, p=0.1 N=3, p=1.6

"o-z ] -33A000 P-3l-betat . 1-Ns?00 -3 dar” | ieltai SUsD00P El bota. o MNe20D MRS dat”

0 - 0k
. . | Re[P] : .
-1 -0.5 0 0.5 1 -2 0.5 a Co 1
<P>|~0 <P>| -0
Low-P : around the origin — Intermediate-3 : Transition between

ZN symmetry at the action level N vacua — quantum ZN symmetry



Distribution plot of P-loop

Im[P]  N=3, p=0.1 N=3, p=1.8

"omz| -38AL00 P-3l-betall. ] -Ne?ONf oA dart "efzal 3880002 RI betal 3 45200 M8 dat

o Rm L
<P>| =0 <P>|#0
Low-P : around the origin — High-B : One of Z\ vacua selected

ZN symmetry at the action level — SSB of ZNn symmetry....!2



Distribution plot of P-loop

Im[P]  N=3, p=0.1 N=3, p=2.0

"=z -35A000 P-3l-baetat. 1 -Ns?00 -7 dar” I "dlai SUsN00 P Kl bela2 0 Me20D ML dal”

- lRem
<P>| =0 <P>|#0
Low-P : around the origin — High-B : One of Z\ vacua selected

ZN symmetry at the action level — SSB of ZNn symmetry....!2



Distribution plot of P-loop

Im[P]  N=3, p=0.1 N=3, p=2.4

"emz | -3GAS00 P-2-betall . 1-Ne?00N4 A dar” I W=z .33AC00 P-3l-hetaz A-Ne?nNn 4 -5 dar”

| Ram -
<P>| =0 <P>|#0
Low-P : around the origin — High-B : One of Z\ vacua selected

ZN symmetry at the action level — SSB of ZNn symmetry....!2



VEV of Polyakov loop |<P>|

I<P>| N=3 |<P>| N=5
2| : . : . 1 . :
i » ® l..“:.‘
* ¥
.'."“‘ ++*
‘0" e @
[}
% = ¢
] ‘ * 1
e o -
ﬁﬁ*u;;*x*}*“ i* ﬁ**_‘__;*#:.{* *+
@ o000 o®B® s b e s eens® |
Q 05 1 15 2 25 S'B Q 05 1 15 2 25 SIB

® Low B = |<P>|=0: distribution around origin
® Mid B — |<P>| highly fluctuates : distribution forms polygons
® High B — suddenly gets |[<P>|# 0 : but more stat. can form polygon

This peculiar P-loop could imply something special (Zn stability?).
WVe still need larger volume or more statistics to judge continuity.



VEV of Polyakov loop |<P>|
N=3 N=5

4 betal 2 Ms200 NS dat” + Lai =95000F Kl bels2.0 Me2CD NS dal” + Yy T|EOX PR actel B 00 oo
P Ates 205000 A Datal 0K S 200 RE AT
1.8 p=2.0 p=1.8 £=2.0
- - 0 . 4

-1

® Low B = |<P>|=0: distribution around origin
® Mid B — |<P>| highly fluctuates : distribution forms polygons
® High B — suddenly gets |<P>|# 0 : but more stat. can form polygon

This peculiar P-loop could imply something special (Zn stability?).
WVe still need larger volume or more statistics to judge continuity.



VEV of Polyakov loop |<P>|
[<P>| N=10 [<P>| N=20

-};+.*“".

P BEE XERX
ii-"'“"‘

:.).b‘ R x * o | :).b‘ i * o
&
7 ¢ ; 2.6
-
2.4 t E 0.4 t :

£ I R = ) B RCHE D v
DlIvessopoe® 0 Dlveovses® IB
4] 0.5 1 114 Z 24 ':iﬂ Q0 0.5 1 13y Z 2.0 3

® Low B = |<P>|=0: distribution around origin
® Mid B — |<P>| highly fluctuates : distribution forms polygons
® High B — suddenly gets |[<P>|# 0 : but more stat. can form polygon

This peculiar P-loop could imply something special (Zn stability?).
WVe still need larger volume or more statistics to judge continuity.



VEV of Polyakov loop |<P>|
N=10 N=20

-y '3
SIS SNSRI R

e =10

. ,
U NP A R Se S L R RNE S RS 2 8 L)
p=1.7

® Low B = |<P>|=0: distribution around origin
® Mid B — |<P>| highly fluctuates : distribution forms polygons
® High B — suddenly gets |<P>|# 0 : but more stat. can form polygon

This peculiar P-loop could imply something special (Zn stability?).
WVe still need larger volume or more statistics to judge continuity.



Polygon-shaped distributions of Polyakov loop (|<P>|~0)
appear more often with more statistics

ol SEK0L T He0] L0040 I £ 0 e PR Al SN R AR . ] TV SO P, A i In T v -
l 1
! N «
1 " 4 ‘ : A - 4 1

It may indicate Zn stability (continuity)....
Furthermore, *




Distribution plOt of P-lOOp (very high B, large volume)

Independent configurations for very high B (f=4.0) with large
volume include a quantum Zn symmetric case as below !

m[P] N=3, 8=4.0, (400x12) Hysteresis of arg[P]
Re[P] | "

.(')I 3 0 N3 1 5CUCC 1COCCY -5C20C 200000

<P>| ~ small Any of Zn vacuais not selected

Very high-p  quantum Zn symmetric case found with certain probability

it seems we need larger volume or more statistics for Zn continuity....



Fractional instantons
Pick up two of configurations and look into the x-dependence of arg[P]

- ) " 0 . L . 3P 43 P T Frg=y—— L N SRB = P |
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>X we are on the way of calculating topological charge density directly.
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Summary

* Lattice simulation of CPN-I model on R x S!
» ZN crossover transition is confirmed for pbc

* Thermal entropy agrees with the prediction for pbc

+ Characteristic § dependence of P-loop for tbc,

which inspires more study on adiabatic continuity

* A pivotal role of fractional instantons is implied for tbc




