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Graph and basic concepts

(A oraph = An object that vertices are connected by edges

Set of vertices Set of edges Source and Target

V=1{12-,ny} E = {elrle'“renE} e=(v,v)EE =v=s(e),v =t(e) y

edge
61

€4

91
@mverse ed @

62

. product of paths P, P,
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Classification of cycles

tail

Bumps backtracking

Important concepts on cycles

bum

(" reduced cycle

cycle without a bump

reduced G

not
reduced

\

2025/9/9

s

primitive cycle

primitive (%3

\.

C + B"

<

€3
not
primitive

Note: this is also primitive
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Matrices associated with a graph

Adjacency matrix

0011 1 (example)
B Z / 10 1 0 Double Triangle (DT)
A’U’U' = 5<U’UI>76 . (’U, v E V) Apr = 1 1 0 1 "
e€kp 10 1 0 o KN\
€5 @
Degree matrix
3 0 0 0 €2 e3
D = diag,y (deg(v)) Q=D -1 Do |02 00 o
0 0 3 0
0O 0 0 2
Edge adjacency matrix . H SN egl eil eeé] 84; eil
e |0 0 1 0 1|0 0 0 0 0
es |0 0 0 1 0[O0 0 0 0 0
1 if t(e) = s(e') and e/~! +£ e Y a1 0 0 0 0[O0 0 0 o0 1
W = 1 h( ) S( ) n #* . (e’e/ c ED) Wpr = 8?51 (1) (1) 8 8 8 8 8 8 1 (;
0 others e;'/0 0 0 0 01 0 0 0 0
"o 0o 0o 0 10 1 0o 0o o0
e;'/0 o0 0 00 0 1 0 0
es*J0 0 1.0 0[O0 1 0 0 0




The Ihara zeta functlon

" Thara zeta function

cf) Riemann zeta function 1 T length of the cycle
o Calg) = 11
C(S)_glps 1 _M

[C]:primitive reduced

- J

[hara zeta function is expressed as the reciprocal of a finite polynomial

Vertex expression har 1966

—1
CG(Q) = (1 — q2)_(nE—nv) det (I — gA + qu)
Edge expression me: 100
(a(q) = det(1 — qW)—l ]
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Is Thara zeta function a zeta function?

(&

((1) Euler product?

1
@)= 1] 1—g0cl

&

[C]:PR
((2) functional equation? "
—(ng—n -1
. If the graph is (t+1)-regular, Cc(q) = (1 — ¢*)~"==™v) det ((1 + tg*)1,,, — qA)
. Completed Thara zeta : &c(@) = (1—¢)"" 2 (1 - 2¢*) > Calq) = (1 — ¢*) > (1 — 12¢}) % det (1 + tg*)1,, — gA)
1
&a(-) = (=1)"¢&a(q)
q J
((3) Riemann’s hypothesis? N
If the graph is Ramanujan, non-trivial zeros of {.;(t~°) are only on Re(s) = ;—
(Ramanujan graph : (t+1)-regular and the eigenvalues of A except for t + 1 satisfies 1% < 4t )
proof
Ihara zeta function of (t+1)- regular graph
Co(q) = (1= ¢*)™ "% det (1 — tg*)1n, — gA) = (1= ¢*)" "# [[(ta® = Xa+ )W zeros : g = At = s
A
If 22 — 4t < 0, since s_ = s}, t ™S+ - t75- = t~S+75- = t72Re(s4) = ¢~1 -

2025/9/9 MEHLITZE 2 @ TIG A e R



Matrix weighted Ihara zeta function

preparation Ohta-S.M. 2022
- regular matrix X, (size K) on each edge e - cf) Mizuno, Sato 2003,2006
e X 4 = X—l e1 X, €a
e e /X1 p
e Xc = Xel.1 ---Xein for ¢ = e, e s )
. . . e
Matrix weighted Ihara zeta function Ohta-5.M. 2022 N -
: — C —1
Gl X)= ] det(1x —¢“1X¢)
CE[Pr]
4 I
matrix weighted adjacency matrices and the matrix weighted Ihara zeta function
X, () =e X, ift(e) =s(e’)and e~ #£e
A(X>vv’ — < > (WX>ee’ — e ( ) ( ) #
0 others 0 others

Co(q; X) = (1 — q2)_K(nE_nV) det(lKUN —qAx + q2Q)_1 . vertex expression

1 .
= det(ngnE — qWX) : edge expression

2025/9/9 BERLITFE 2 @ IR ABER 9
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FKM model

Arefeva 1993
Fundamental Kazakov-Migdal (FKM) model on a general graph ontas.m. 2023
fundamental scalars

_ 2811 T I T I (I=1,-,Np)
S = Z qu):r) P, — ¢ Z ((I)s(e) Ueq)t(e)l + (I)t(e) U;rq)s(e)f) !

!
veV ecE I >. £ <¢I
(I =1,--- ,Nf) CI)S(es(e) ({e t(e) K

cf) KM model on the graph xazakovmigdal 1992

Ohta-S.M. 2022 unitary matrix

SxM = Tr{ 0 Z P2 +qz ( ( +<I>t( )) (B)Ueq)t(e)U;f)} (COIOF NC)
The partition function after tunning the mass parameters: m% =1+ (degv + 1)q2
4 1
Ze =N [ T] V. Gala:U)
eEE
— 7.‘- NchnV (1_q2)Nch(?’LE—TLv))
- J

FKM model is described by the unitary matrix weighted graph zeta function

2025/9/9 BB IESE 2 @ W I 22 e K2 11



Effective action and the relation to the Wilson action

¢alq exp( 3 Z (TrUg+TrUC”))

Celll ] n=1

Sa@ —-n; 3 3L (TrUg+TrUg")

CE H_|_ n 1
4 1 )
y=N¢/N, q—0, y—o00, A= d : fixed (I : minimal length of the cycles)
N, ;
Se(U) = == Y (Tr Uo + Tr UC)
C' : minimal length
FKM model is a generalization of the usual lattice gauge theory

2025/9/9 BERITZE 2 @ IR EBER 2 12



Duality of the FKM model

functional equation of the U-lhara zeta function for a (t + 1)-regular graph

ng—nc)Ne
tq? (1 — q2)>( <)

1 — t2¢>2

Co(Lftq U) = (t?)™ ™ (‘ Co(a:U)

The FKM model on a regular graph is self-dual

“functional relation” for an irregular graph ©nesM. 2024

<Q = diag,(deg s(e) — 1))

For an arbitrary w,
¢a(1/wg; U) o det (1 —wg (Q—le —(1- Q—l)JU)) — exp ( S Z fonla <Tr Un + TrUT">

CG H+]n 1

a matrix weighted Bartholdi zeta function with (unfamiliar) weights

The FKM model on an irregular graph has also a dual expression.

2025/9/9 HEBHTZE 2 @ IR - i K2F 13



Result of numerical simulations

Regular graph

qg=w""°)
(1) Tetrahedron N . .
B md N functional relation: s < —s

ol e 4
“ = v
o i - > LA il -0 2 N\
’ internal energy @
@ s=50 () s = 511979 g E
Figure 12: The eigenvalue distribution of Uy, Uy, Us and UyUsUs in the FKM model on The shape does not depend on N,.
Ky at s = 5.0, the phase transition point of the GWW model (a), and at s = 5.11979, rd_ 2 s
the value of s closest to the peak of the pointed elbow of the specific heat in Fig. 11 3rd-order? o
(b).
20 Y 1 £
3
Ly : Irregular graph
=
o
D s ]
<
£ : .
= .
= @
o]
g : 2) Double Triangle
& 1024 . " . b
a2 e Figure 13: The specific heat of the FKM
+=16384 s
05 & model on K near the phase transition point
3% GWW . . X ) K ¥
critical strip . \ with varying N, = 4,8, 16,32 and fixing y = ) i
(unstable region) 5 A esui a ~< 3
w e oan 6384. P
25 50
s
N\
2
1.00
s
s
3
= .
o o :
< .
(9} . 128
= @ -1
g o050 . )
g @ ~-1638
0 o GWW approximation hd ®
% o | eeeeeeee- flip of GWW in s - 1 * °
0.25
° * dual approximation *. ®
° - ¢ * °
: S critical strip > .
f & (unstable region) % %
0.00 L 77
-10 ~5 0 5 10
S
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FKM model on the cycle graph

Ihara zeta function on the cycle graph

1 1
¢e,(q) = H 1 — ¢ICl - (1 — gn)2
[C]
After gauge fixing : U, =---=U, =1 (U, =U,a = g")

1
o= dU
Cn N/ [det(1 — aU)|?Ns
= N [ e S S (N = 9N

Unitary matrix model

m N,
S.q¢ = —N. E :VO‘ TI‘(Um—I—U_m)— DN Tr(U—I—UT)
m
m=1 y—=o00, a—=0, A\=1/ya GWW model

2025/9/9 HEWT 25 22 @R F B 16




GWW phase transition on the cycle graph

Effective action of the phase of the eigenvalues

0. — 0y

sin

Sesr|0] = — log

+ Ny Zlog (1 — 2q" cos 0; + q2")

Saddle point equation in N,. - o

0(z) — 6(y) ][90 . 0—0 2a:sin 6 1 o
= = ) = — 06 — Qi
][dy cot ( 2 _eodﬁ '0(8 ) cot 2 71 — 2acos 8 + a2 pl0) N, ; ( )

Eigenvalue density in large N.

cf) Watanabe-san’s talk
[;ﬂ(ﬂr?v rcosf — o ) == (partially) (de)confined

1 — 2o cos + a2
p(0) =

+o(6)

I . - , .
. 7 - 1- 2;2;29 T\ g s, (<) . deconfined
0 1—a)? 2y —
sin? 2 = ( @) 2y-1
2 4o (y—1)2

2025/9/9 MRS 2 @ iR ek |
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GWW phase transition on the cycle graph

Free energy

' L Fg, =~%log (1 - o?) (0 < a<a*)
Fro =— 1 log Ze =4 Fe. g <a) (. 1
Cn Nclinoo N? 06 £Cn {an = (27— 1)log(1 — a) + § loga + f(7) (a* <a<1) < 2’7—1>
Internal energy (f(v) = (v—1)*log (1 - %) =) <7_ g) log (1 - ;))

2 *
Eo =~12C¢ = log(1 — ) (Oj a < o) <61(7) = 2y (7 1)log <1— %) —29(2y— 1) log (1— %))
0y 27log(l —a) +e1(y) (a* <a<1)

Specific heat

specific heat

2 2 *
L PFg —2v*log(1 — a*) 0 < a<ar) sz—logq
Ce, = — 9z _2210g47(v—1) —
Ty — 1y

(" <a<1) ’

Specific heat Including the dual side ‘

Xn=3,y=10>s, =~ +0.98

3rd order GWW phase transition in both of large/small «

2025/9/9 MEBIE T 2 @ WiR A BER 18
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From unitary matrix to Young diagram

Character of the unitary group

XR(U) ETI‘UR

Duality of a class function
f(PUP™Y) = f(U)

> xer(U)xr(V)=6UVT —1)

F0) = Y elRpxn@) L elB) = [ dU F©)xaU

/ AU x (U)X (UT) = S

2025/9/9 HESIT7E & @ WG 2EBE K 2E 20



FKM on the cycle graph in terms of Young diagrams

Unitary matrix description

wo :/dU|f(U)|2 f(U) = eNr Xmmn 7 T

Fourier transformation Ny

FU) = N ERa T = 3 sp@)xr(U) o= @0

Young diagram discription

Zc,= Y |sr@)*= Y (dimy, R)*q"!"

RGYNC RGYNC




Effective action via Young diagram

Young diagram " “hosonic’ picture

R={\M>2X>-2> AN, >0}
Maya diagram " “fermionic’ picture

ni=XA—1%t nN1>ng>--->ny, > —N;

Density of the black dots in the Maya diagram " Mo ®CC®0®8000008000000

N
1 C

p(x) N i§:1ﬁ5(af ni/Nc)

Effective action of FKM on C,, in n;

Sl = —Zlog!ni—nﬂ —2210g ((n-—|—Nf))' —Qlogazm
i#j i v c/: P

1
= —N? <][ dxdx’ log |z — 2’| p(x)p(x")
0

-] ' 4o (v1082%0%) +2 (3 -+-2)og(1 + 5) (1 -+-0) g1 + ) ) (o)

2025/9/9 HESIT7E & @ WG 2EBE K 2E
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Strong/weak duality in Young diagram

- (n; + Ny)
S[n, o] = Zlog|nz—n3|—2210g —— f logOzZan
i#j i

dual variable of n;

o )

Nf—nc (N.f + ,ﬁ’Nc_i)!
(NC —|—’I~7,NC_7;)!

log |n; —nj| = log|n, i — N,

(N¢ +n;)!

o —loga? Zm = —log a2 Z'ﬁz + const.

= (Ne+ni +1)--- (Ny +n) = (=1)

J

g[ﬁ, Oé] — g[’f_?j, Oé_l] up to const.

2025/9/9 HERCIF A 2 @R 2 B K 23



Exact solution in large N, limit

Saddle point equation in N. - o

~ /
][dx/w:bg T+,
' —x x4+ 1

Solution
0<a<a* (confined)

() 1 (—1<z<a) 5
P\T) = s .
+ — T arctan <\/CQC:1J:/11_52) (a <x<b) . cigenvalues
— -1 os|
L P T
14+« 1l -« 2 i
a* <a <1 (deconfined)
_ 1 Cis+1 1 Cys+1
p(r) = — arctan > = | — —arctan
i \/01 —1Vl—s i C’% —1v1 — 52 eigenvalues
p(0)
O:(ny—l)oz+1 C _2y—-1+a /\\
YT 22y — o YT 2.2y — 1a S A L

2025/9/9 HERITFE 2 @ BTG “E R K2 24
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GWW phase transition in Young diagram

GWW phase transition takes place when the diagram touch to the bound

GWW phase transition in the bosonic picture
Young diagram: {("*01"™12™2 ...
confinement (mo +my o = Ne)
; deconfinement
0° 1 2 3?4 BEC
O(N ) states occupy E =0 in ]arge N cf) Hanada-Shimada-Wintergerst 2020
¢ ¢ Watanabe-san’s talk
2025/9/9 HESOIFE 2 @ WA IR 26




Conclusion

We rewrote the partition function of the FKM model on the cycle graph as
a random partition.

We reinterpreted the duality (functional equation) of the FKM model as the
duality of the shape of the Young diagram.

We determined the limiting shapes of the Young diagram in both phases
and identified the GWW phase transition as a phenomenon that Young
diagrams touch the boundary.

We interpreted the GWW phase transition as the Bose-Einstein
condensation.



