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グラフゼータ関数概観
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Graph and basic concepts
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A graph = An object that vertices are connected by edges
Set of vertices
𝑉 = 1,2,⋯ , 𝑛!

Set of edges
𝐸 = 𝑒", 𝑒#, ⋯ , 𝑒$!

Source and Target
𝑒 = 𝑣, 𝑣% ∈ 𝐸 ⟹ 𝑣 = 𝑠 𝑒 , 𝑣% = 𝑡(𝑒)

edge

𝑒̅!
inverse edge
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C

path

product of paths 𝑃!𝑃"

cycle



Classification of cycles
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Bumps

bump
Important concepts on cycles

primitive cycle
<latexit sha1_base64="N/Sh2inYmPLrituxRwh9o+1mT/U="></latexit>

C 6= Bn

primitive not
primitive

reduced cycle
cycle without a bump

reduced

not 
reduced

Note: this is also primitive

backtracking tail



Matrices associated with a graph
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Adjacency matrix
<latexit sha1_base64="vUSQ1cy11E8h4XhCOadIAQ/q9ZI="></latexit>

Avv0 =
X

e2ED

�hv,v0i,e . (v, v0 2 V )

<latexit sha1_base64="s2ExR/e0rxurhPxqqQDWd9RfXZo="></latexit>

ADT =

0

BB@

0 1 1 1
1 0 1 0
1 1 0 1
1 0 1 0

1

CCA
Double Triangle (DT)

Edge adjacency matrix
<latexit sha1_base64="qMh2Itt8ZGFAB4DbpV4EuP9Kva0="></latexit>

Wee0 ⌘
(
1 if t(e) = s(e0) and e0�1 6= e

0 others
. (e, e0 2 ED)

<latexit sha1_base64="02YWYgt4oVE/7nYRpYlkcnmj/2g="></latexit>

WDT =

e1 e2 e3 e4 e5 e�1
1 e�1

2 e�1
3 e�1

4 e�1
5

e1 0 1 0 0 0 0 0 0 0 0
e2 0 0 1 0 1 0 0 0 0 0
e3 0 0 0 1 0 0 0 0 0 0
e4 1 0 0 0 0 0 0 0 0 1
e5 1 0 0 0 0 0 0 0 1 0
e�1
1 0 1 0 0 0 0 0 0 1 1
e�1
2 0 0 0 0 0 1 0 0 0 0
e�1
3 0 0 0 0 1 0 1 0 0 0
e�1
4 0 0 0 0 0 0 0 1 0 0
e�1
5 0 0 1 0 0 0 1 0 0 0

(example)

<latexit sha1_base64="BuSlFNKPAD37CSJiAvGeoxDeGkc="></latexit>

DDT =

0

BB@

3 0 0 0
0 2 0 0
0 0 3 0
0 0 0 2

1

CCA

Degree matrix
<latexit sha1_base64="4844fe3uo9jkwpErQQUTdgf3ues="></latexit>

D ⌘ diagv2V (deg(v))
<latexit sha1_base64="CkQ2GWzYBtjp1wD8zrTXo2KJmKA="></latexit>

Q ⌘ D � 1



The Ihara zeta function
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<latexit sha1_base64="trHY7yVJwgFHl73sZh0l4WUzF6w="></latexit>

⇣G(q) ⌘
Y

[C]:primitive reduced

1

1� q|C|

Ihara zeta function

<latexit sha1_base64="EL9JitK/BC/46Mnf896EmGiMHvM="></latexit>

⇣G(q) = det(1� qW )�1

Hashimoto 1990, 
Bass 1992Edge expression

length of the cyclecf) Riemann zeta function
<latexit sha1_base64="c0B3dPChhY9vPHV4H7tH1NPKPmM="></latexit>

⇣(s) =
Y

p

1

1� p�s

Ihara 1966Vertex expression
Ihara zeta function is expressed as the reciprocal of a finite polynomial

<latexit sha1_base64="zgdMLNl7WoHq5umELBY6mVmhf1Q="></latexit>

⇣G(q) = (1� q2)�(nE�nV ) det
⇣
I � qA+ q2Q

⌘�1



Is Ihara zeta function a zeta function?
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(1) Euler product?
<latexit sha1_base64="+yCUC446vd+5maKzHGLDtN6fUVs="></latexit>

⇣G(q) ⌘
Y

[C]:PR

1

1� q|C|

(2) functional equation?
• If the graph is (t+1)-regular, 

<latexit sha1_base64="v+Jp90BUkLDA4wNlddmddjh+uBk="></latexit>

⇣G(q) = (1� q2)�(nE�nV ) det
�
(1 + tq2)1nV � qA

��1

• Completed Ihara zeta：
<latexit sha1_base64="skD8FsB8iMxWXthjFwN+qVggBUw="></latexit>

⇠G(q) ⌘ (1� q2)nE�nV
2 (1� t2q2)

nV
2 ⇣G(q) = (1� q2)

nV
2 (1� t2q2)

nV
2 det

�
(1 + tq2)1nV � qA

�
<latexit sha1_base64="dswR31cYokrZpazlpkrTZQOW+ag="></latexit>

⇠G(
1

tq
) = (�1)nV ⇠G(q)

(3) Riemann’s hypothesis?
If the graph is Ramanujan, non-trivial zeros of 𝜁!(𝑡"#) are only on 𝑅𝑒 𝑠 = $

%
（Ramanujan graph：(t+1)-regular and the eigenvalues of 𝐴 except for 𝑡 + 1 satisfies 𝜆" < 4𝑡）

proof

Ihara zeta function of (t+1)-regular graph:
<latexit sha1_base64="pyR8oNkNLb+Flv5UxGuqA2kyhf0="></latexit>

⇣G(q) = (1� q2)nV �nE det
�
(1� tq2)1nV � qA

�
= (1� q2)nV �nE

Y

�

(tq2 � �q + 1) zeros：𝑞 = !± !!#$%
&%

≡ 𝑡#'±

If 𝜆& − 4𝑡 < 0, since 𝑠# = 𝑠(∗ , 𝑡#'# ⋅ 𝑡#'$ = 𝑡#'##'$ = 𝑡#&*+ '# = 𝑡#,



Matrix weighted Ihara zeta function
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Ohta-S.M. 2022
• regular matrix 𝑋&（size 𝐾）on each edge 𝑒
• 𝑋&#$ = 𝑋&'"
• 𝑋( ≡ 𝑋&%$ ⋯𝑋&%& for 𝐶 = 𝑒)$⋯𝑒)&

!!

!"
!#

!$
!%

cf) Mizuno, Sato 2003,2006
preparation

Matrix weighted Ihara zeta function
<latexit sha1_base64="7PUdicasjGZAY1dwkjcqDZVZGOM="></latexit>

⇣G(q;X) ⌘
Y

C2[PR]

det
�
1K � q|C|XC

��1

Ohta-S.M. 2022

<latexit sha1_base64="EIfGUvA9o4w/t9cZoUkwTkf2Kc8="></latexit>

A(X)vv0 =

(
Xe hv, v0i = e

0 others

<latexit sha1_base64="FeI97NwAO1jnakCc51jxSZmCiw4="></latexit>

(WX)ee0 =

(
Xe if t(e) = s(e0) and e0�1 6= e

0 others

<latexit sha1_base64="kfRSf2z1q4/qx7dbxqabuRWY8lE="></latexit>

= det
�
12KnE � qWX

��1

: vertex expression

: edge expression

<latexit sha1_base64="tEvVVhGv+Gw1fEZt4aP0xXEWprc="></latexit>

⇣G(q;X) =
�
1� q2

��K(nE�nV )
det

�
1KvN � qAX + q2Q

��1

matrix weighted adjacency matrices and the matrix weighted Ihara zeta function



FKM模型とその性質
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FKM model
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<latexit sha1_base64="VBydTT/IQCS8cYGRtMKw13EijBo="></latexit>

S =
X

v2V

m2
v�

†I
v �vI � q

X

e2E

⇣
�† I

s(e)Ue�t(e)I + �† I
t(e)U

†
e�s(e)I

⌘

𝑒
𝑠(𝑒) 𝑡(𝑒)

Φ* &
+

𝑈&
Φ, &
-

Fundamental Kazakov-Migdal (FKM) model on a general graph Ohta-S.M. 2023

<latexit sha1_base64="A+NMuyOTr/9Lu/8EaQd0+73/jHY="></latexit>

SKM = Tr

(
m2

0

2

X

v2V

�2
v + q

X

e2E

⇣r
2

⇣
�2

s(e) + �2
t(e)

⌘
� �s(e)Ue�t(e)U

†
e

⌘)
cf) KM model on the graph Kazakov-Migdal 1992

Ohta-S.M. 2022

fundamental scalars
(𝐼 = 1,⋯ ,𝑁')

unitary matrix
(color 𝑁()

Arefeva 1993

The partition function after tunning the mass parameters: 

FKM model is described by the unitary matrix weighted graph zeta function

<latexit sha1_base64="r5Mcnb8hKvTcjm6RaF6GT1QjIDI="></latexit>

ZG = N
Z Y

e2E

dUe ⇣G(q;U)Nf

<latexit sha1_base64="LNj9XuItoOiGN4C1IepvTAJPJDs="></latexit>⇣
N = (2⇡)NfNcnV

�
1� q2

�NfNc(nE�nV )
⌘

<latexit sha1_base64="wdR1IJfj7RKaV+u91VwDrYTb/Xk="></latexit>

m2
v = 1 + (deg v + 1)q2



Effective action and the relation to the Wilson action
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<latexit sha1_base64="K1JoLzP2Ll4kFPbUfmLCZzrClgE="></latexit>

Se↵(U) = �Nf

X

C2[⇧+]

1X

n=1

qn

n

⇣
TrUn

C +TrU†n
C

⌘

<latexit sha1_base64="wKeJpWpqj/LbmSZfiDVc5UV/4Ac="></latexit>

⇣G(q;U) = exp

0

@
X

C2[⇧+]

1X

n=1

qn

n

⇣
TrUn

C +TrU †n
C

⌘
1

A

FKM model is a generalization of the usual lattice gauge theory

<latexit sha1_base64="zAEgYN6ETYDir0Dx96DGLMil54I="></latexit>

� ⌘ Nf/Nc

<latexit sha1_base64="5IIbWkm4YfzW3GEx+nPQFhSDwNo="></latexit>

q ! 0, � ! 1, � ⌘ 1

�ql
: fixed (𝑙 : minimal length of the cycles)

<latexit sha1_base64="P3f8zmChgb06AThtX07u964/nBg="></latexit>

Se↵(U) ! �Nc

�

X

C : minimal length

⇣
TrUC +TrU †

C

⌘



Duality of the FKM model
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functional equation of the U-Ihara zeta function for a (𝑡 + 1)-regular graph
<latexit sha1_base64="ChDReC7LhAZ1+ITFQwhfbFhn03E="></latexit>

⇣G(1/tq;U) = (tq2)nV Nc

✓
�tq2(1� q2)

1� t2q2

◆(nE�nC)Nc

⇣G(q;U)

Ohta-S.M. 2024

The FKM model on a regular graph is self-dual

The FKM model on an irregular graph has also a dual expression.

“functional relation” for an irregular graph Ohta-S.M. 2024 <latexit sha1_base64="aIO4yLr2twOobvOrxLqJOda6H48="></latexit>⇣
Q̃ ⌘ diage(deg s(e)� 1)

⌘

a matrix weighted Bartholdi zeta function with (unfamiliar) weights

For an arbitrary 𝜔,<latexit sha1_base64="WoEN2TwEDLQDDl9J4liDh5jTF10="></latexit>

⇣G(1/!q;U) / det
⇣
1� !q

⇣
Q̃�1WU � (1� Q̃�1)JU

⌘⌘�1
= exp

0

@
X

C2[⇧+]

1X

n=1

9fC,n(q)
⇣
TrUn

C +TrU †n
C

⌘
1

A
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Result of numerical simulations
Regular graph

Irregular graph

𝑞 = 𝜔"#
functional relation: 𝑠 ↔ −𝑠



サイクルグラフ上の
FKM模型の厳密解とGWW相転移

2025/9/9 離散研究会＠明治学院大学 15



FKM model on the cycle graph
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Ihara zeta function on the cycle graph

After gauge fixing : 𝑈# = ⋯ = 𝑈$ = 1 (𝑈" ≡ 𝑈, 𝛼 ≡ 𝑞$) 
<latexit sha1_base64="1RW9CRVT1qRZVRbIccbI7u0+gfg="></latexit>

ZCn = N
∫

dU
1

| det(1→ ωU)|2Nf

= N
∫

dUeNc
∑→

m=1
ωεm

m Tr(Um+U↑m)
<latexit sha1_base64="LIcMSkP5yuJkP1QKw50noM6v6OE="></latexit>

(Nf = ωNc)

Unitary matrix model
<latexit sha1_base64="5dqMnHW2znrulDOVpYMWpzI2NQc="></latexit>

Se! = →Nc

→∑

m=1

ωεm

m
Tr

(
Um + U↑m

)
<latexit sha1_base64="zeQR4pCUs4cu4beq5RBhKjgT6yU="></latexit>

ω → ↑ , ε → 0 , ϑ ↓ 1/ωε

<latexit sha1_base64="mEcMTQqEm1FR9nakOtz6Mkkx7l8="></latexit>

→Nc

ω
Tr

(
U + U†)

GWW model



GWW phase transition on the cycle graph
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Effective action of the phase of the eigenvalues
<latexit sha1_base64="VAO2/LCQUECuGSDEjQhjy8p1ufw="></latexit>

Se! [ω] = → log

∣∣∣∣sin
ωj → ωk

2

∣∣∣∣+Nf

∑

i

log
(
1→ 2qn cos ωi + q2n

)

Saddle point equation in 𝑁. → ∞

<latexit sha1_base64="coM47cpsfx0k/g5JHa2VoLgXeZU="></latexit>∫
→dy cot

(
ω(x)→ ω(y)

2

)
=

∫
→

ω0

→ω0

dω↑ ε(ω↑) cot

(
ω → ω↑

2

)
= ϑ

2ϖ sin ω

1→ 2ϖ cos ω + ϖ2

<latexit sha1_base64="ol/heqS7dCyvtlNNJCFSl1oP7JU="></latexit> 
⇢(✓) ⌘ 1

Nc

NcX

i=1

�(✓ � ✓i)

!

Eigenvalue density in large 𝑁.
<latexit sha1_base64="46IHxOmlxmSjeYTr42OVz9BGM+k="></latexit>

⇢(✓) =

8
>>>><

>>>>:

1

2⇡

✓
1 + 2�

↵ cos ✓ � ↵2

1� 2↵ cos ✓ + ↵2

◆
, (✓0 = ⇡)

2(� � 1)↵

⇡

cos ✓
2

1� 2↵ cos ✓ + ↵2

r
sin2

✓0
2

� sin2
✓

2
, (✓0 < ⇡)

<latexit sha1_base64="3wsE/ZAl3azxvjiaQUim9f7pkOw="></latexit>✓
sin2

✓0
2

=
(1� ↵)2

4↵

2� � 1

(� � 1)2

◆

(partially) (de)confined

deconfined

cf) Watanabe-san’s talk



GWW phase transition on the cycle graph
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Free energy
<latexit sha1_base64="pHBuSpIPA8bdYeb4p6LKtYvtOkM="></latexit>

=

(
F�
Cn

⌘ �2 log
�
1� ↵2

�
(0 < ↵  ↵⇤)

F+
Cn

⌘ (2� � 1) log(1� ↵) + 1
2 log↵+ f(�) (↵⇤ < ↵  1)

<latexit sha1_base64="9DFA8707wBzh3HLxH/Cv+Jwr164="></latexit>✓
↵⇤ =

1

2� � 1

◆
<latexit sha1_base64="Ffe+8BnpSlAk8jBoBBf+MFpVmro="></latexit>

FCn ⌘ � lim
Nc!1

1

N2
c

logZCn

Internal energy

Specific heat

<latexit sha1_base64="rRc1BXH0Er+26D4bs0ufftQZ7Pg="></latexit>(
e1(ω) → 2ω (ω ↑ 1) log

(
1↑ 1

ω

)
↑ 2ω(2ω ↑ 1) log

(
1↑ 1

2ω

))

<latexit sha1_base64="yD5VVL2e4qOd5P8DOGlZhxaS9SM="></latexit>(
f(ω) = (ω → 1)2 log

(
1→ 1

ω

)
→ 2

(
ω → 1

2

)2

log

(
1→ 1

2ω

))

<latexit sha1_base64="aVZbKWwZdh7wL8g5ZCQVo2m/GvA="></latexit>

ECn → ω
εFG

εω
=

{
2ω2 log(1↑ ϑ2) (0 < ϑ ↓ ϑ→)

2ω log(1↑ ϑ) + e1(ω) (ϑ→ < ϑ < 1)

<latexit sha1_base64="RmgleH28nhSvnc+NrU2SX4AWDzw="></latexit>

CCn → ↑ω2 ε
2FG

εω2
=






↑2ω2 log(1↑ ϑ2) (0 < ϑ ↓ ϑ→)

↑2ω2 log
4ω(ω ↑ 1)

(2ω ↑ 1)2
(ϑ→ < ϑ < 1)

specific heat
<latexit sha1_base64="ieNtdZubVFKpMQSjzY1iBMl+w/Y="></latexit>

s = � log q

Specific heat Including the dual side

※ 𝑛 = 3, 𝛾 = 10 ⇒ 𝑠∗ ≃ ±0.98
3rd order GWW phase transition in both of large/small 𝛼



ランダム分割から見た
サイクルグラフ上のFKM模型
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From unitary matrix to Young diagram
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Character of the unitary group

Duality of a class function
<latexit sha1_base64="mx8W7voeDyMzmtXHaWqFxwa1v64="></latexit>

f(PUP→1) = f(U)

<latexit sha1_base64="4bX8CAAFEDzz++rIEbXDUdo3KZ0="></latexit>

f(U) =
∑

R

c(R)ωR(U)

<latexit sha1_base64="Ppl+msRMBKrUFYmRth71OidSqBg="></latexit>

c(R) =

∫
dU f(U)ωR(U

†)

<latexit sha1_base64="6gHPDqGXZs7R9IBzAMnDFq4MVX4="></latexit>

ωR(U) → TrUR

<latexit sha1_base64="2uO6ELD0erTwNxKoO0DtPGSIe1M="></latexit> ∑

R→YN

ωR(U)ωR(V ) = ε(UV † → 1)

<latexit sha1_base64="/yrNdaCt/8q9NaCBEcVtUxx4OIE="></latexit>∫
dU ωR(U)ωR→(U †) = εRR→



FKM on the cycle graph in terms of Young diagrams
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<latexit sha1_base64="+qD8FlRRQ3QsnnVzJxi3H5Yufd0="></latexit>

ZCn =

∫
dU |f(U)|2

<latexit sha1_base64="W/5m9m47wCVcDIDGmKUVbB5s3f4="></latexit>

f(U) = eNf
∑→

m=1
1
mTrUm

Unitary matrix description

<latexit sha1_base64="N0om/yBt+Hcaocm2Tf7BSg4xZr0="></latexit>

f(U) = eNf
∑→

m=1
1
mTrUm

=
∑

R

sR(x)ωR(U)

Fourier transformation

<latexit sha1_base64="1Xg2yFly7qqf2RZBiB273btOfbQ="></latexit>

ZCn =
∑

R→YNc

|sR(x)|2 =
∑

R→YNc

(dimNf R)2qn|R|

Young diagram discription



Effective action via Young diagram
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Young diagram

Density of the black dots in the Maya diagram
<latexit sha1_base64="QhnZaUFl4KhyF1L1m7IEi+dErtE="></latexit>

ω̃(x) → 1

Nc

Nc∑

i=1

ε(x↑ ni/Nc)

Effective action of FKM on 𝐶$ in 𝑛)<latexit sha1_base64="WnSr1kEmcDP5oJzp52AkOXVjZpY="></latexit>

S̃[ωn] = →
∑

i →=j

log |ni → nj |→ 2
∑

i

log
(ni +Nf )!

(ni +Nc)!
→ 2 logε

∑

i

ni

= →N2
c

(
→
∫ 1

0
dxdx↑ log |x→ x↑| ϑ̃(x)ϑ̃(x↑)

→
∫ 1

0
dx

(
x log(ϖ2ε2) + 2

(
(ϖ + x) log(1 +

x

ϖ
)→ (1 + x) log(1 + x)

))
ϑ̃(x)

)

``bosonic’’ picture

Maya diagram
<latexit sha1_base64="2kY7h/AuHP0HUZSruzRyj6+Po9o="></latexit>

n1 > n2 > · · · > nNc > →Nc

``fermionic’’ picture



Strong/weak duality in Young diagram
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<latexit sha1_base64="RVv1gI+Mk/D2KTPIz6UTE/stpCY="></latexit>

(Nf + ni)!

(Nc + ni)!
= (Nc + ni + 1) · · · (Nf + ni) = (→1)Nf→nc

(Nf + ñNc→i)!

(Nc + ñNc→i)!

<latexit sha1_base64="//t7+dXTQhzTZVWoDzh0fGpMvdY="></latexit>

log |ni → nj | = log |ñNc→i → ñNc→j |

<latexit sha1_base64="+qAf96ET5DtwhtC6dUOkevvMSLE="></latexit>

→ logω2
∑

i

ni = → logω→2
∑

i

ñi + const.

<latexit sha1_base64="JSAZVtd3d6JhwivzhLD4c/H5Jz0="></latexit>

S̃[ωn,ε] = S̃[ω̃n,ε→1] up to const.

<latexit sha1_base64="MJ5MQNHYJ/Ckc0PnG0uOSGXpZew="></latexit>

S̃[ωn,ε] = →
∑

i →=j

log |ni → nj |→ 2
∑

i

log
(ni +Nf )!

(ni +Nc)!
→ logε2

∑

i

ni

dual variable of 𝑛)
<latexit sha1_base64="JY66r7iG9y27iqOOfJPge3XgxC4="></latexit>

ñi → ↑Nf ↑Nc ↑ nNc→i ↑ 1



Exact solution in large 𝑁! limit
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Saddle point equation in 𝑁. → ∞
<latexit sha1_base64="fsPgbQxA/+NSZTj9MCg3DtgCSyY="></latexit>

→
∫

dx→ ω̃(x→)

x→ → x
= log

(
x+ ε

x+ 1
ϑ

)

eigenvalues

<latexit sha1_base64="oo3FCCOQ0kooG6kua+wN+HuMft4="></latexit>

ω̃(x) =

{
1 (→1 ↑ x < a)
1
2 → 1

ω arctan
(

Cs+1→
C2↑1

→
1↑s2

)
(a ↑ x ↑ b)

Solution
0 < 𝛼 < 𝛼∗ (confined)

<latexit sha1_base64="HdBBfYz6fXNeZEFUeuytaaWxcds="></latexit>

a =
→2ωε

1 + ε
, b =

2ωε

1→ ε
, C ↑ ε+ ε→1

2

<latexit sha1_base64="YbTeMixXwL7rhuAjH7TgEbkeF2k="></latexit>

ω̃(x) =
1

ε
arctan

(
C1s+ 1√

C2
1 → 1

↑
1→ s2

)
→ 1

ε
arctan



 Cωs+ 1√
C2

ω → 1
↑
1→ s2





𝛼∗ < 𝛼 < 1

eigenvalues

(deconfined)

<latexit sha1_base64="viIshk2T9+KicGcq9vhh+xqNBJk="></latexit>

C1 → (2ω ↑ 1)ε+ 1

2
↓
2ω ↑ 1ε

, Cω → 2ω ↑ 1 + ε

2
↓
2ω ↑ 1ε



GWW相転移と
ボーズ・アインシュタイン凝縮
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GWW phase transition in Young diagram

2025/9/9 離散研究会＠明治学院大学 26

𝛼 < 𝛼∗ 𝛼 = 𝛼∗ 𝛼 > 𝛼∗

GWW phase transition takes place when the diagram touch to the bound

GWW phase transition in the bosonic picture

Young diagram: 
<latexit sha1_base64="ctgsN0BvBFScPu0ZFrtEBuGu9qY="></latexit>

{0m01m12m2 · · · }
<latexit sha1_base64="83rYwd1FMddBxq5+RLcgB+61OAY="></latexit>

(m0 +m1 + · · · = Nc)

05 1 2 3 41 3 12

𝑂(𝑁.) states occupy 𝐸 = 0 in large 𝑁.

confinement deconfinement

BEC
cf) Hanada-Shimada-Wintergerst 2020
Watanabe-san’s talk



Conclusion
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• We rewrote the partition function of the FKM model on the cycle graph as 
a random partition.

• We reinterpreted the duality (functional equation) of the FKM model as the 
duality of the shape of the Young diagram.

• We determined the limiting shapes of the Young diagram in both phases 
and identified the GWW phase transition as a phenomenon that Young 
diagrams touch the boundary.

• We interpreted the GWW phase transition as the Bose-Einstein 
condensation.


