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Three Main Ingredients to realize Exact SUSY on a Lattice

1. Dirac-Kahler Twisted SUSY (Marcus B-twist or Geometric Langlands twist)

4 )

N=D=2: Qu; = (1Q +YQu + ¥°Q) i
N=D=4: Qi = \/—(1Q+’Y”Qu+7”yqu+7”Qu+75Q)az

- solves Fermion doubling problem in terms of extended SUSY d.o.f.,
N=2,4 Twisted Fermion < Nf=2,4 Staggered (Dirac-Kahler) Fermion

-

X Yu X .

X 1#1:

- also provides a solution of Lattice Leibniz rule, as we will see..

4 . L D 1L h
c.f. SUSY inv. is up to total derivative: 64 8 = [d”x 8,1y = 0

Need to use Leibniz rule: 8u(fg) = (8,.f)g + f(8.9)
\_ S



Three Main Ingredients to realize Exact SUSY on a Lattice

2. Supercovariant formulation with Link (anti)commutators and Jacobi identities
* J. Wess and B. Zumino, Phys. Lett. B

Va=Dy —il'g(x2,04), [Va,{VB,Vc}] + cyclic =0 66(1977)361. 42.

* R. Grimm, M. Sohnius and J. Wess,
Nucl. Phys. B 133, 275 (1978).
@ @ * M. F. Sohnius, Nucl. Phys. B 136,
461 (1978). etc..

{ (VA)z+as,es [Va{VB, Velaztas+agtac,a + cyclic =0

provides manifest gauge covariance at every step of calculation.

3. Group and Algebraic structure with Non-(anti)commutative Grassmann

coordinates 84 and parameters £4 .



SUSY on a Lattice ?

- Motivated by non-perturbative study of SUSY theories, numerical calculations
of Duality and Gauge/Gravity correspondence, etc..
- Needs understandings of the SUSY preserving discrete spacetime through

super Lie Group and Algebra.

Continuum spacetime: On the Lattice: 9 difference op.
{Qa:QBY =450 > {QaQp}=fhpAu~ fiped
ailiy < ey ailie
Algebraic elements Algebraic elements Group element
of super Poincaré defining discrete spacetime

Looks absurd ! But it's possible with

Dirac-Kahler Twisted SUSY Algebra ;



A. D'Adda, I. Kanamori, N.

Part 1 Warming-up: N=D=2 TW|Sted SUSY Algebra Kawamoto and K. N, Nucl.Phys.

B707 (2005) 100-144

, . - " w,v =1,2: 2D Euclidean N
E{Qarfa Q/BJ} = 20" (")’“’)aﬁau} a,3 = 1,2 : spinor indices

1,7 = 1,2 : internal indices
K'Yl — 03, '72 — 01, '75 — ’7172/

Dirac-Kahler Twist " Q : Fermionic Scalar A

Qai = (1Q + y*Q, + ,75Q")0?’ cgu : Ferr.nlo.nlc Vector
_Q : Fermionic Pseudo Scalar

On the Lattice ?
{Qa QM} — ‘|‘7:A:|:;L
{Qa Q/.L} — —'iEp,VA:I:V

A4, : difference operators

{Qa Qﬂ} — _l_?’aﬂ

{Qa Qu} — _ieuuav :>




Discretization of Twisted SUSY Algeb

ra

{Q4,QB} = fapBAin | g, =(Q,Qu 0)

R.H.S.

= A1, ®(z) — ®(a-

(ALp®)(z) = £[®(z = ny) — $(2)]

Defined as “Shifted” Commutator with

A:I:u — (A:I:IL)ZL‘:I:TL“,ZL'

Lattice Leibniz rule for A4, J L

:”((I)(ag)\Il(a))) — (A::u(I)(m))\Il(a})

=F1

+P(xLtn,)(A-

:u,‘I’(w))

as well known




Discretization of Twisted SUSY Algebra

{QAa QB} — fZBA:” Qa = (Qa Qua é)

LES. (Qa®)(z) = Qa®(z) £ B(z+a4)Q4
Introduce “Shifted” (Anti-) Commutator with Link Supercharge:

T+ ay

@ Qa=(QA)ztax Q/A/ .

(@4, QB}®)(z) = {Qa, Qp}E() | Q<§
—®(zt+as+ap){Qa,QB} W\

{QA,QB}(P(x)¥(x)) = ({QAa,QB}P(x))¥(x)
+®(x+as +ap)({Qa,RQB}IY¥Y(x))




|_attice Leibniz rule condition

ConS|st.ency » as+ap
Requires: as+ap

_|_np, for A_|_p,
—Np for A_y,

Solution exists for Twisted SUSY

a-+ay = —+ny

a+t+ai+as+a=0

Twisted N=D=2
Lattice SUSY Algebra

{Cga Qu} — ‘|‘7:A—|—u
{Qa Qu} — _ieuVA—l/

a Symm. Choice
ATT2
a a

< >
—n +nq

a al
v—n2

o Asymm. Choice
+N2

a3
a=0

~




N=D=4 Twisted SUSY Algebra

D’Adda, Kawamoto, K.N. and Saito,
arXiv:2412.19666 [hep-lat] to appear in JHEP

[{Qo::v aﬁj} = 25ij(7u)aﬁ8u ]

= (Cc~1Qo)},

u, v =1~ 4 : 4D Euclidean
a,3 =1 ~ 4 : spinor indices
1,7 = 1 ~ 4 : internal indices

C =72v4:7}L = C71y,C

Y = Z[yH, 4]

= (1Q+Y*Qu+ " Qv+ Qu+7°Q)ia = s

-

{Qa QIL} — _Zau \

{Qpaa Qu,} — ‘|—7:5p0'p,1/31/
{Qpaa Qu} — _iepouyau

\_

{Q~7 éﬂf} — _7’8[1: /

Opopv = Opudov — Opviop

—

Y5 = Y1727374

{Qa QM} — _iAzl:u
{Qpaa Q/J,} — ‘|‘?:5pa;u/A:|:1/
{Qpaa Qu,} — —ZEpO'p,VA:I:V

{Q,Qu} = —idLy

On the Lattice ?



Twisted N=D=4

Lattice SUSY Algebra _attice Leibniz rule cond.

{Q,Qu} = —1A, a-+a, = 4+ny
{me Qu} — _I_i(spO'uVA—l/ <:| Apo + Ay = —lfspap,r/l’nv
{Qpos Qu} = —t€pouvAtu = ‘|‘|€pa'y,1/|’nu
{Q’ Qu} = —tA_y

Q
D
q

+
S
=
|

Q
+
Q
=
|
|
S
=

Symmetric choice

ny My M3 Ny n]y mMmy N3 N4
AT T
a2 —3 —3 3 +t3 a2y +3 —3 —3
P R g
LI O O T
ax | +3 —3 —3 3 Gtz +3 3
axe | +3 —3 +t3 —3 G| +3 +3 3 +3
S O S P g
a|—3 —3 —3 —3 G1|—3 +3 +3 +3
ap ~ (ﬂ:%,:l:%, ﬂ:%,:l:%), 24 = 16 <=3 # of vertices of 4D Hypercube

11



Guage Covariant extension to N=D=4 Twisted SYM

Introduce Bosonic & Fermionic Link variables

(Atp)atnye = FULp)otn, o
(QA)a:—I—aA,:I: — (VA)ZC—I-CLA,ZL‘

Gauge trans.

r+ay

(uzl:u), — Gaz:l:'n” (u:lzu) G;1 2 V/A/M
(Va) = Geia, (Va) G5 o L 0T,

Tr—ny €T :L'—I—nu

-

\_

A
¢ (u:I:u)a::I:n”,m — (e:I:z( ”izvﬂ))min”,ma
Vi (n=1~4): Twisted scalar (vector) fields

in SYM multiplet

12



Expected multiplet of N=D=4 Lattice SYM

e J.P. Yamron, Phys.Lett. B213 (1988) 325
_ twisted _ e C. Vafa, E. Witten, Nucl.Phys. B431 (1994) 3
Define SO(4) as the diagonal e N. Marcus, Nucl. Phys. B452 (1995) 331

Lorentz

subgroup of SO(4)Lorents®S0(4) rnternal

Untwisted A-type B-type
helicity |[(SU(2);,SU(2)g,S0(4);)| 4—(2,1) & (2,1) 4 —(2,1)(1,2)
+1 wp(2,2,1) (2,2) (2,2)
+3 A%(2,1,4) 2(1,1)@2(3,1) || (1,D)®(3,1)d(2,2)
0 ¢;(1,1,6) 3(1,1) & (3,1) 2(1,1) ¢ (2,2)
-3 X (1,2,4) 2(2,2) (1,1D)|® (1,3) & (2,2)
~1 w,(2,2,1) (2,2) (2,2)
v

e 2(1,1) --- W, F : 2 scalars
e (2,2) --- V, : 4-vector (twisted scalars)




N=D=4 SYM constraints on a Lattice

-

\_

{V9 Vu}a:—l—a,—l—amw —
{Vpo" Vﬂ}$+(1pa‘|‘auam _

{Vpaa Vu}zc—l—a,pg—k&“,a: —

{67 6#]’5{:—1—&—%&,,},3:

{Vv 6}.ct:—l—arntéi,,m

{V;u/a Vpa}ac—l—auy—l—a,pg,m

{V/.La VU}:L‘—|—CL”—|—6,,/,$

‘|‘7:(u—|—u)a:—|—nu,a:a
‘|‘7:5pauu(u—u)a:—n,,,aza
—|‘7:€p0'[u/ (u+u)a:-|-n,,,xa

_i(u—u)az—nu,ma

—t(W)atata,x
+i€p,1/pcr (W)£U+auv+apcrvw’

_iéuv (F)w—i—a“—l—&y,az ’

{others} 0, y
Lattice Leibniz rule condition becomes j>
gauge covariant condition on the lattice.

“Shifted” Anti-commutator

{Va Vu}a:—l—a—l—au,,m
= (V)CB-I-G;—I—au,:L'—I—a“(Vu):B—I—au,a:
‘I'(Vu)m—l—a—l—a,,,,a:—l—a(v)m—l—a,m

T+ a

14



Jacobi Identity analysis & Lattice multiplet

'V uiVyu, V}]a:+a,ﬂ+n,,,a; + (eyclic) = 0, trivially holds even for
gt shifted (anti)commutators

[Vuau—l—u]:c—l—au—l—nmm + [Vuau—l—u]a:—l—a,,—l—n“,az — Oa

Define fermionic link components

[VM’U+V]CU+au+nVa$ E _(pMV)CU—auuam

T 4+ no

(pa )\ua Puv:s Ap,a ﬁ) .

N=D=4 Twisted
Lattice Fermions

15



N=D=4 SUSY trans. laws
S Spo S
Uiy 0 —5,90';1,1/{\1/ +Au
u_'u +Ap +€po'”yAy 0
w 0 0 0
F _ —p _%epaaﬁpaﬁ —pP
P +%([U+A3M—A] + [Wa F]) _i[u—pau—o'] 0
Ppv +’i[u—|—,m Uiy +i6po'%)\[u—l—ln U_,\] — 'i(spa'y/\[u—]-,u: U_,| +%6p,ya6 [U_q, u—ﬁ]
) —30po v (U, U_»] + [W, F])
p 0 +%Epa'a,8[u+aa u—l—ﬁ] _% [u—H\a U_\] — [W, F])
Sp Sp
Uiy —Ppp 1—5;1#[’ SA (CP)CU—FG,CP,:L'
u_, +dppup —3€puapPai N
114 +X, X, = [VAa (P}a:—l—acp—l—aA,:c
F 0 0 ~ _
P 0 - HilU—p, F] Y = (uzl:[,ba W, F, py Aps Prvs Aps p)
Ap : iU p, U p)] —3€ppapUta Uy gl
_%6PI~L([u+)\a u—)\] + [Wa F])
Ppv ~i€povU-c, F] ~0popuw|Usio, F No Auxiliary fields
Ap +3€ppapU—oU_g] : +2 (U g U p]
_%apu([u—l—)\au—)\] - [Wa F])
P

_i[u-l-l)a F]

0

In the multiplet

16



Resulting SUSY Algebra closes only on-shell

-~

{s, Su}(‘P)w—l—a@,az = —I—’i[Ll+“, ‘P]az—l—nﬂ+a¢,m
{Spcra Su}(‘P)w—I—a@,w = ‘|‘i6p0'uu[u—m ‘P]az—fn,,ﬁ—a(p,a:
{3p0'7 §u}(99)ac—|—a<p,:r: = ‘|‘7:€p0'y1/[u—|—m ‘P]:c—|—n,,—|—a<p,:c

{s, g}(‘P)w-Fa(p,w = —i[W, 90]:c—|—a—|—&—|—a(p,a:
{suvs spoH(P)ztape = +i€uvpo|W, ‘P]m+a+&+a(p,m
{Sua gy}(‘P)aH—a o = —i(sw,[F, QO]m—a,—EH—a T

@ ©

\ {others}(@)etapa = 0 —
@ - (u:i:[.u VVa Fa P Aua puva Aua p)

Equalities hold up to egns. of motion:  [Utp, Au] — (W, 0] =
[u—ua i“] - [W’ p]

[u‘Hh p] — [U_p, Pu,u] + [F, 5\#] =

_ 1
[u—p,a p] + Eeuupa[u—H/s Ppo'] + [F9 AM]

=1 = = e

1 -
dpvpoU—p, A—g] + EEMVPU[VV’ Ppo] — €uvpoUip, Ag] = 0



| attice N=D=4 Dirac-Kahler Twisted SYM Action

4 . I
SIJYS:YD]\?LI — Z tr [_§[u+ua u—}—u]w,m—nu—n,,[u—ua u—u]x—nu—ny,m
H
1 1
+Z[u+ur’ u—p,]at,il: [u+V’ u—u]a:,:c _|_ Z[W’ F]:E,QB [m F:I.CL',:L‘
1
_§[u+ua W]:c,w—np—a—&[u—ua F]x—n,u—a—&,:c
_5[2’{—;“ W]zc,a:—l—np—a—&[u-i-m F]a:—I—n”—a—Ei,w
+'i()\u)m,:r:+a,u[u+m P]:I:+au,:n - iﬁm,w—l—&[m P]m+a,m + i(Au)m,m+ap[Fa :\u]:n%—a,u,:n
—":()\u)m,aH—a,,L U_v, PuV]m+awm T i(ﬁ)w,w—i—&[u—m j\u]a:—i—&,:c
2 ~ 7
—|‘§€pvpcr(Au)3:,a:+&u[u—|—m Ppor]g;+a#,x + gﬁyypcr(f)pv):c,az—l—auy (W, Ppcr]:c—i—aw,,:c
\_ /
For Symm. Choice
® |nteger sites O Half-Integer sites

R

(m1, ma, m3,my)  (m1+ 3, ma+ 5, m3 + 5,myg + 3)




Boson terms in the Action

UppU—p 7 1)
U_ U_
pall L
U
U vy pAUL, U, #u—FV v v
¢ > u « <5 <5

\_ Uiy _J etc..



REPLY to: F. Bruckmann, S. Catterall and

Remark 1. Gauge Covariant SUSY variations . dekok, phys. Rev. D 75, 045016 (2007)

~

-

Gauge cov. SUSY variation for ¢ :

‘SA(‘P)m—I—aLp,a: — (gA)a:—I—acp,x—l—ago—l—aA (SACP)QS—I—G,LP—I—CLA,CC

o T+apt+ay
64‘?‘_‘} = | GO
T+ ayp T
v ae ; . {VAagB}w-l—a,A—aB,a: =0

£A : Grassmann link 7 (€A wtaqs

@ parameters satisfying: R G;—FCLA (€A)ota sz Ga

Sl +dap] — Slep] =0 SUSY inv. of Action can be shown

for all the supercharges: 64 = (£s, €usus EuvSuvs €udps €3) @ p, v no sum

by utilizing cyclic permutation properties under Z tr and Jacobi identities.

\_ . oy




Remark 2: Staggered Structure of Twisted Fermions

Free part of (for simplicity N=D=2 case)

f
Z Tr [—’i[u-H“ )\u]w,w—a(p)w—aaw
T
S _i(ﬁ)m,w+&‘5u”[u—ﬂ’ AV]ZU"'E’J@]

~

j

1
@ Cai(T) = 2 ((P)m,m—l—a + 7;1,()\11,):1:—(1”,&: + ’75(5)3:,;1:4-&)

L — aq

.......... 1 Al ..........

8%}

L

_ifia () (75)&,6

Atp+ Ay

Atp— Ay
2

Z [—‘i@a(iﬁ)(’m)aﬂ ; (pi(x) <mmm 1st Diff. term w.r.t.

Double size lattice
= 2"¢ Diff. term

Coi(@) (v59u) i ] )

~ O(lat.const.)

N=2,4 Twisted Fermions 4 Nr= 2 4 Staggered Fermions

21



Nalve Continuum limit

(u:I:u):n:I:n”,ac — (eii(A“iiV”))w:I:n”,m
= (1% i(Au, T iVu) + ... )w:l:nu,a:

_)— 1
SN=D=4 5. _ / A tr IEFWFW + [Dyyy W][Dp, F] + [Py, Vil [Py, Vo]
1 1
_g[VM’ VV] [Vua VV] + [VIM W] [VM’ F] + Z[Wa F] [Wa F]

—tApu[Dus p] — tAu[Vi, p] — ip[W, p]
—?:/\p, [Dm Pu,u] + ’iAp,[Vm Pp,u]
+ip[Dpy Apl — 18[Viuy Apl + iAu[F, Ay

(2 ~ 7 ~ [
—QENVpo')\/J, [Dw Ppa'] - EeuupaA[J,[Vva Ppa] + geul!papuv[wa Ppcr]
/

coincides with B-type twisted N=D=4 SYM .



Short Summary of Link Formulation

e N=D=4 Twisted SYM on a Lattice is constructed with:

* Lattice SUSY Algebra for All Supercharges

 SUSY inv. Action w.r.t. All Supercharges
with Grassmann link parameter &4

e Why Twisted SUSY ?

- Dirac-Kahler (Simplicial) Structure of Fermions

Twisted Fermions <—> Staggered Fermions
(N-extended SUSY) (N-flavors)

*provides manifest gauge covariance via Lattice Leibniz rule

23



Group and Algebraic aspect of the formulation

We show that an Exponentiation of Bosonic super-covariant
derivatives V-

-, lead to Link (anti)commutator formulation.
—> Microscopic understanding of Lattice SUSY.

Begin with the super-covariant constraint in continuum spacetime.
-

~

m _ . (Va, VB, Vi)
= : locally gauge covariant
{VA7 VB} fABVZIZIJJ y g g N g_l(aj)(vA;vB;v:t,u) g(x)
where V4 and Vg : fermionic super-covariant derivatives (V,V,,V,,,V,,V)

Vip = 0,—il,

. bosonic super-covariant derivatives

_ » L . - W, :gauge fields
au Z(Wu — ZVM) + -V, :twisted scalars
\_

24



Group and Algebraic aspect of the formulation

Promote the Bosonic super-covariant derivative Vi, 1o
exponentiated Group element.

-

Va4, VB
ol { h

{VA?VB}

\

— _fiB eVt )

_ M +V _
_ +fAB€ ’u?

- f 5 : numerical coefficient

J

Why the r.h.s. are still local ?

Note that both hand sides still
locally gauge covariant :

eFVin _y g—l(l.) eTV+u G(x)

-t
( e:I:zI‘H

-

e‘zviﬂ contain contributions of -

:iFfj connecting x to x -

- 1, In @ gauge covariant manner

0, pulling back x £ n, to x by shift operation




Group and Algebraic aspect of the formulation

Thus, it is natural to try to separate these two contributions :

g FV4u, 0 I
© - (ui“)w’x:Fnue " Where
) (Z/{—I-,LL):c,a:—nu — €_V+“" e+8“ — e uHFJ €+8u
— e“W—%[@mFIH---j (u ' 10 Sum) |
: (Z/{_u)mj%“ — otVeu g O — =Ty ,—0n
= €_iF;_%[8’“F;]+”' (p : no sum)

\_

with Link gauge
covariance

)

(uiu)w,xqinu — g_l(z) (Z/{iu):v,x$nu G(x Fny)

6




Group and Algebraic aspect of the formulation

In terms of (u:tu)w’:l:nmw , the exponentiated algebra* can be re-expressed

as: o
{Va(@),Vp(@)} = —fip Uspzzn,c™,
= —fun e O (Z/{-i-u):c—i—nu,:ca
{Va(@),Vs(@)} = +fip U-p)oarn. "™,
= +fhpe™™ (U—p)z—n .

@ Try to redistribute e T to left hand sides

27



Group and Algebraic aspect of the formulation

/

et 49V 4 (z +ap) et Vp(z)

et POV (x4 aa) et OV a(r) = —fip Usp)ein,e

in a case where ays + ap = +n, is satisfied, or

€‘|—CLA'8 VA(ZU 4+ aB) €+aB-8 VB(.CIZ‘)

+et PO Vg(x +aa) et Va(z) = 4+ U—p)e—n, o

in a case where ay +ap = —n,, is satisfied.

/

@ express €749V 4(z) as (V) ztase,

et 9V (1) as (VB)HQBJE,




Group and Algebraic aspect of the formulation

4 N
{VA; vB}:c+aA+aB,zc — XB (Z/{—Fu)az—kn“,:f;; fOI’ aA + ap = +’n”,
{VAa VB}:E+aA+aB,CE — ‘I‘fﬁB (u—ﬂ)w—nu,fcv for as+ap = s

which are nothing but generic expressions of
N=D=4 SYM constraints on a Lattice:

{Va VM}:L'-I-a—I—au,w — ‘|"’:(u—l—u)w—|—nu,a¢a a—+ ay = +ny
{Voo, Vu}w+apa—|—au,:c = +idpoprU—v)z—ny,a apo + ay = —|8popv|ny
{Vpoa eM}.avH—apchraM,m = +7:GPO'IJJV(M+V)$+TZU,-’ES apo + Gy = +|€popuv|nv
N {69 6ua}ac—l—c";i,—l—é"r,u,ac' — _i(u—u)w—n“,wa a—+ay,=—ny )

NOTE: Once expressed by link(anti)commutators, the formulation
can be described by discrete lattice cites 29



More on Group and Algebraic aspect of the formulation

Before exponentiating the bosonic covariant derivative, the algebra:

{Va,Vg} = f45Vi,| isinvariant under scale transformation D:

1 1
< L L[D,w = Vi D.Vs] = Vs D.Vy] = vm,D

After the exponentiation, the above D is no longer a symmetry.

{Vﬂa VB} —
{VA: VB} —

However, if we introduce component-wise eigenvalues d4,dp :

@ [[D,VA] = daVa, [D,Vp] = dBVBJ

and consider a finite trans. of D: e (- -+ )e P 30

yAY




More on Group and Algebraic aspect of the formulation

We then obtain Weyl - ‘tHooft type algebra
@ which have special solutions: (under gauge fields switched off)

dgy+dg -V, _ D -V,., -D
€ e K = € € He y [8M7D] — dA 4+ dB,
edatdp p+Vop _ DtV g_Dj 0,,D] = —(ds+ dp)

f da,dp satisfy Lattice Leibniz rule @

4 N

(da +dp), = +(ny),, for e Vir,

(da+dg)y, = —(n,),, for e™V—r, [8Ma Ty = (’nu)p, = Ouy
e .

D serves as a position operator .

It looks as if the scale operator D splits to each direction of position operator,, . .



More on Group and Algebraic aspect of the formulation

To emphasize once again: after exponentiating the bosonic covariant derivative,

the scale transformation D is no longer a symmetry of i\( .

V ;V = —fh _V+“; %
i&7 { A B} ABe [[D,VA] — ;VA’ [D, %VB, [D,vi#] = Vi#,}

{VA:' VB} — ‘|‘fﬁB €+v_”p

But, the position operator a«,, satisfying:

{[%,VA] = (aa),Va, [2,,Ve] = (ap), Vs,

ap +ap = —Ny,
is a symmetry of i% provided the o o=Viu  —  oOvu o=V e
Lattice Leibniz rule conditions and
eV €+V_M — —Oup €+v_“ e:cy
Weyl - ‘tHooft algebra are satisfied.




More on Group and Algebraic aspect of the formulation

COMMENT 1: the non-commutativity relations:

Formulations with

Link (anti)commutators
2y, Va] = (aa)yVa, [2,,VE] = (a8)vVB, | which we have constructed

- imply that fermionic Link covariant derivative | (V)ata e = et 9V (z)

does NOT have non-commutativity in the sense of [ ., ptaa-o Valz)] = 0 }

- whereas also imply non-commutativity among €, and (non-link) 6 4 :
0 9,
;'2ﬂ+ — AV an 9 :"If‘.gf — T\ v9
[ Ty, 00‘4] (aa) 00, Ty, 04] (aa),0a 1

/
@ns with non(anti)commutative s@




More on Group and Algebraic aspect of the formulation

COMMENT 2: Remind that: (V4 Vgl = —fi eV
9, 0 3¢ (VA Vg) = 4f1 etV
Lvy 54 | — Alv oy 3 Ly, 9; — —\"A)v Oa. hrh AP ’
[ & .0014] (aa) 00, T, 04] (aa),0a }
stems from the exponentiation of V4, in the r.h.s. of i\( .
If we start from the ordinary anti-commutative relation: {fA fB} — 0
: —

we obtain
(fA)w—aA,a: = €_aA'8§A, with [ajy;é-A] = (

which satisfies

AV A4,€BYrt+as—apa =0 Thus, (€4)z+as,z Can serve as

(£4) Grassmann link parameters
: r+ap,r

— G;j_aA (EA)ztarzGe = (EA)wtaqq | ©Nsuring SUSY inv. of the Actign.




Short Summary of Group and Algebraic aspects

e Promotion of super-covariant derivatives V4, to Group element
provides Link (anti)commutator formulation and (U+p)z+n,,x -

—> Microscopic understanding of Lattice super Yang-Mills.

e After the promotion, it looks as if the scale operator D splits to

each direction of position operator x .

—> Provides algebraic understanding of Grassmann link parameter 4

) Expectation of Large Symmetry including spacetime structure

behind the formulation. As large as N=D=4 superconformal ?
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Part 2: Non(anti)commutative superspace

Consider Qa, 04, £4 with non(anti)commutativities (NAC):

K.N., arXiv:2502.16410 [hep-th]

{gAaeB} — {gBagA} — bAB)

~

{Qa.QB} = Pap, Q% = Qf
{04,05y = aap, 0% =
{4,686} = cap, & =
{€4,04} ={¢B,0B} =0 |

—

NAC in
vector sector

~

J

and define:
X =84Qa+EBQB, Y =04Q4+0QB, (A,B :nosum)
we then have: - ~
. a = —aapPap,
X, | X,Y|| = ~Y + 38X,
X | - ! b B = 4bapPap,
[Y, [Y, X = aX —I—BY, 5 vO= —caApPaR. ) ,




Non(anti)commutative superspace

which induces Infinite dimensional Lie Algebra:

- N
4 a = —aapPas,
Ximn = o B X [,m,n=20,1,2,... B = +bapPas,
o =AY, Lmon=0,1,2,... —canlap.
imn = o B™XY],  Lm,n=0,1,2,..,
Ximns Yo' '] = 21t mbm! ntn?
[Xl,m,m Zl’,.m’,n’: — Xl+l’,m+m’+1,n+n’ + E+I’;m+m’,n+n’+1
Yimm: Zvor ] = = Xisvr41,mam/ ntn’ — Yi4l mtm! +1,n4n»
\_ X=&4Qa+EQRB, Y =04Q4a+0Qp, (A,B:nosum)
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Non(anti)commutative superspace

Multiplication of superspace group elements becomes highly non-linear:

ete’ = exp

F(o, 8,7) (G(Of)X + G(y)Y + %[X, Y})} , closed form BCH with

F(a,B,7) =

log(ch 4ozch\/ ——Sh 4ozsh\/ ’y+\/ch 4CECh\/ ——Sh 4ozsh\/ 1)
Sh\/;l{l;i Ch 4oach\/ sh 4oash1/

s a
Lo/ o /1 a = —aapPap;
2o chy/ 2y chy/ 27 .
Glo) = F——, G(y) = F——, B = +bapPap,
shy/1a shy/ 17 v = —capPap.

- /
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Non(anti)commutative superspace

However, if we consider a problem setting corresponding to Lattice SUSY:

4 w compatible with
{QA; QB} — o e—znABPAB’ {9A7 HB} = —iaap e—l—ZnABPAB’ .04 = —auf
{Qa,QB} = i vinanpap 0408} = tiaap e~masPap | [#.05] = —anp.

3 ; .
nAB {others} = 0, {RAB :lat. const.

\ . @4B :mag. of NAC

the non-linear terms turn to be governed by a ratio factor rq, = aap/nap -
In a particular example, if we consider N=D=4 case:

X = gQ + quu + %&WQ}W + EM@M + EQ’

1 - .
Y = 0Q+60,Q,+ §9WQW +0,Q,+0Q, (p,v =1~ 4:summed up)

and take: tan+/rq = /rq , then XY exp[X+Y+§[X,Y]} < EXACT.




Summary & Discussions

N=D=4 Twisted SYM on a Lattice is constructed via Link formulation.

o |attice SUSY Algebra and SUSY inv. for All Supercharges

Group and Algebraic aspects of the formulation have been revealed,

which provides microscopic understanding of Lattice SUSY.

* Gauge Link variables (U+,)z+n,,« Naturally obtained by exp SUSY algebra

* Position operators x,, appeared as symm. generators of exp SUSY algebra

—> Realization of “Algebra defines spacetime.”

Non(anti)commutative superspace provides positive implications.
Further studies are necessary for Quantum and Numerical aspects.

Expectation of Larger Symmetry behind the formulation.
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