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HEWFE = RAMEBEEHRIITKROHHL

Za—JILRYRT— = (RESNSHEEF

N—tTrOy EE RILYIII
[Rosenblatt 1958] [Ackley, Hinton, Sejnowski 1985]

[Rumelhart, McClelland 1986]

Zily: PEEE{LIEE
ZE-Z21=-yrOD=1—F )LV T—DIE
%‘BV)DéFﬁﬁﬂé Jﬂuf"é%) [Cybenko 1989] [Roux, Bengio 2008]
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[Hammad, 27 /7 JHEP 06(2024)176,

N VR T A—<—TC JHEP 03 (2024) 114]
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Quantum matter : ground state?

Ground state wave function for N qubits W (s, S5, =+, Sy)

Question: minimize its energy E for a given Hamiltonian H,

281,“'8N,S’1,"',8§V wT(Slla T 753\/')H8’1,---8§V,31,---,st(Sla e 7SN)

231,...31\, ¢T(317 T 78N)¢(817 e 78N)

RERIRR

W(Sl’sb ) — tr[A(S1)A(Sz)...] |S1> |S2> |S3> |S4>

E =

- Matrix product states

- Tensor network states B

A A
W(Sla 825 rer) = Z anAmslszAns3s4 m

| 510 152) [53) | 54)



Neural network states

- Boltzmann machine states | hy) | hy) | s) | hy)

[Carleo Troyer "17],
[Nomura, Darmawan, Yamaji, Imada "17], ..

1/)(81, e )SN) = Zexp Zaqsa + ZbAhA + Z JaASahA
a A a,A

ha

] |51) 153) 153) 54)

- Deep Boltzmann machine states
[Carleo, Nomura, Imada 18], ..

|lw) = lim e ™ | any) = e A=A

T— 00

- Feedfoward network states
[Saito 18], ..

wis sy = ) fo| D Wysi+b,
i J




NN is a better ansatz

Neural states may beat conventional ones.

)

: : . 102
Ex) 2-dimensional Energy with
antiferromagnetic RBM states

Heisenberg model
[Carleo, Troyer "17]

103}

104

1 2 4 8 16 32
# of hidden units

Relations among them:
1) Boltzmann machine states are tensor network states
[Chen, Cheng, Xie, Wang, Xiang 18]

2) Tensor states are deep Boltzmann
[Gao, Duan "17] [Huang, Moore 17]

3) Tensor states are feedforward with “product pooling”
[Cohen, Shashua 18]

32



Neural network field theory

Wide limit of NN gives Gaussian process

3-layer perceptron: [Niel 1994], [Williams 1997]
Deep NN: [Lee, Bahri, Novak, Schoenholz, Pennington, Sohl-Dickstein 2018]

Suppose “Bayesian NN” :
- Weights are random i.i.d
- Infinite width of NN

output

.//¢\‘. =» The central limit theorem applies.
input =» Output correlators are Gaussian.
t

(z(t1)x(t2)x(t3)x(ta))
= (z(t1)z(t2))(w(t3)w(ta)) + (x(t1)x(t3))(x(t2)x(ts)) + (w(t1)w(La)) (x(t2)x(t3))




Neural network field theory
“Neural Network Field Theory (NNFT)”

[Halverson, Maiti, Stoner 2008.08601 [cs.LG]]
[Halverson 2112.04527 [hep-th]]
[Demirtas, Halverson, Maiti, Schwartz, Stoner 2307.03223 [hep-th]]

Outputs of a NN can produce quantum harmonic oscillator

cos (b, T + ¢p)
Z " /b2 —I—k/m ( output

| 04/ ‘\b
br, NP(b)=U( ,A),
< L cn ~ Pc) =U(— 7T,7T).
V
input

/ H (an)dan P(by)db, P(cy,)dcy) x(1)x(To) t

B A cos(b(t1 — 12))
_/_Adb b2 +k/m




Neural network field theory
“Neural Network Field Theory (NNFT)”

[Halverson, Maiti, Stoner 2008.08601 [cs.LG]]
[Halverson 2112.04527 [hep-th]]
[Demirtas, Halverson, Maiti, Schwartz, Stoner 2307.03223 [hep-th]]

Outputs of a NN can produce quantum harmonic oscillator

Z \/b2 c0s (bn7 + cn) output

NN Characteristics: ‘4‘\\‘

- Cosine activation w/ a normalization
- Large N units at the second layer ,
.. input

- i.i.d. parameter samples 4

=» Central limit theorem is used



Universal Approx. of Path Integral

Universal approximation of NN

[Cybenko 1989],[Hornik, Stinchcombe, White 1989]
[Hornik 1991],[Leshno, Lin, Pinkus, Schocken 1993]

Theorem: Infinitely wide NN can approximate any function

t
@ _output o(t) = anf(t+ cn)

S

t t




Universal Approx. of Path Integral
Step 1) Universally approximate the paths

[Hirono, Maeda, Totsuka-Yoshinaka, KH 2403.11420]

Arbitrary path in path integral ‘ Universal

X approximation
theorem

N
=) wpReLU(t — tp_1) +b
fin n=1

output

% l\k

t

ini




Universal Approx. of Path Integral

Step 2) Statistical sum over NN parameters
[Hirono, Maeda, Totsuka-Yoshinaka, KH 2403.11420]

Path integral measure H dzn, = (AN T dwn

Path integral weight exp [+9]

N Ty + T T T
g — /dt,CZIJ.’,U Z [nan nAtn1:|

sl s (e Yo ]
n=1

- RelU activation w/ time division bias
NN Characteristics: - Large N units at the second layer
- Noi.i.d. parameter samples




Universal Approx. of Path Integral

Ex. Free particle, Harmonic oscillator
[Hirono, Maeda, Totsuka-Yoshinaka, KH 2403.11420]

Path integral (z™|z™) = (At)N 1 /exp [ ] H AW, — Wp=) wy
k=1
Path integral weight exp [%S]
| m/At N=1 5 pfin _ ,ini IN—l 2
Free particle : s = / t—x = = (Wn)? + ( e Wk)

Harmonic oscillator:

2
k At N—-1 fin _ ,.ini N-1
S = /dt (7;%;2 - 53;2) == ( (Wa)? + ("’” Atx -> Wi
1 k=1

k=1



Universal Approx. of Path Integral
Ex. QFT

[Hirono, Maeda, Totsuka-Yoshinaka, KH 2403.11420]

Quantum mechanics Quantum field theory
In multi dimensions on a lattice

qbn,lm (t)

z(t) y(t) z(t)

output
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Motivation: gauge sym in NN
Symmetries = redundancy = trainability

NN symmetry : Invariance of loss function L(w;) under
a transformation on weights w;

L(w;) = L(w; + 0;(w))

Learning dynamics may

depend on symmetries.
[Amari] [Amari Ozeki Karakida
Yoshida Okada]

[Badrinarayanan Mishra Cipolla]
[Neyshabur Salakhutdinov Srebro]
[Ziyin 2023] ...




Motivation: gauge sym in NN
AdS/DL : NN = Physical spacetime?

General Anti de Sitter
spacetime spacetime
Quantum | @& :
gravity
in (d+1)-dim. .
‘tHooft 93 . \
Susskind 94 ‘ H Swingle "10
Maldacena 97
Quantum ‘;(
mechanics <: >(
in d-dim. Carleo,
Troyer “17 ‘\/(
Neural network

Tensor network



Our group papers include

“Machine-learning emergent spacetime from linear response in future tabletop quantum gravity experiments” 2411.16052 w/ K.Matsuo,
M. Murata, G.Ogiwara (Saitama Tech), D.Takeda (Kyoto)

“Spacetime-emergent ring toward tabletop quantum gravity experiments” 2211.13863 w/ D.Takeda, K.Tanaka, S.Yonezawa (Kyoto)
“Deriving dilaton potential in improved holographic QCD from chiral condensate” 2209.04638 w/ K.Ohashi (Keio), T.Sumimoto (Osaka u)
“Deriving dilaton potential in improved holographic QCD from meson spectrum” 2108.08091 w/ K.Ohashi (Keio), T.Sumimoto (Osaka u)
“Neural ODE and Holographic QCD” 2006.00712 w/ H.Y.Hu, Y.Z.You (UCSD)

“Deep Learning and AdS/QCD” 2005.02636 w/ T. Akutagawa, T. Sumimoto (Osaka u)

“Deep Boltzmann Machine and AdS/CFT” 1903.04951

“Deep Learning and Holographic QCD” 1809.10536 w/ S. Sugishita (Kentucky), A. Tanaka, A. Tomiya (RIKEN)

“Deep Learning and AdS/CFT” 1802.08313 w/ S. Sugishita (Kentucky), A. Tanaka, A. Tomiya (RIKEN)

AdS/DL method explored by many friends:

Yi-Zhuang You, Zhao Yang, and Xiao-Liang Qi. Physical Review B, 97(4):045153, 2018.

Romain Vasseur, Andrew C Potter, Yi-Zhuang You, and Andreas WW Ludwig. Physical Review B, 100(13):134203, 2019.

Jing Tan and Chong-Bin Chen. International Journal of Modern Physics D, 28(12):1950153, 2019.

Hong-Ye Hu, Shuo-Hui Li, Lei Wang, and Yi-Zhuang You. Physical Review Research, 2(2):023369, 2020.

Yu-Kun Yan, Shao-Feng Wu, Xian-Hui Ge, and Yu Tian. Physical Review D, 102(10):101902, 2020.

Jonathan Lam and Yi-Zhuang You. Physical Review Research, 3(4):043199, 2021.

Mugeon Song, Maverick SH Oh, Yongjun Ahn, and Keun-Young Kim. Chinese Physics C, 45(7):073111, 2021.

Emad Yaraie, Hossein Ghaffarnejad, and Mohammad Farsam. Iranian Journal of Astrophysics and Astronomy, 10(4):335, 2023.
Kai Li, Yi Ling, Peng Liu, and Meng-He Wu. Physical Review D, 107(6):066021, 2023.

Byoungjoon Ahn, Hyun-Sik Jeong, Keun-Young Kim, and Kwan Yun. Journal of High Energy Physics, 2024(3):1-30, 2024.

Mahdi Mansouri, Kazem Bitaghsir Fadafan, and Xun Chen. arXiv preprint arXiv:2406.06285.

Rong-Gen Cai, Song He, Li Li, Hong-An Zeng. arXiv preprint arXiv:2406.12772. And many more...

Other Al bulk reconstruction includes:

Xun Chen and Mei Huang. Physical Review D, 109(5):L051902, 2024.

Ou-Yang Luo, Xun Chen, Fu-Peng Li, Xiao-Hua Li, and Kai Zhou. arXiv preprint arXiv:2408.03784.

Xun Chen and Mei Huang. arXiv preprint arXiv:2405.06179.

Byoungjoon Ahn, Hyun-Sik Jeong, Keun-Young Kim, and Kwan Yun. arXiv preprint arXiv:2406.07395.

Zhuo-Fan Gu, Yu-Kun Yan, and Shao-Feng Wu. arXiv preprint arXiv:2401.09946.

Yago Bea, Raul Jimenez, David Mateos, Shuheng Liu, Pavlos Protopapas, Pedro Taranc on”Alvarez, and Pablo Tejerina-P erez. arXiv preprint

arXiv:2403.14763. And many more...



Candidates for diffeo in NN

1. Permutation symmetry

X .@‘ f(z) = wip(wnz + 51)

Multi-Layer +wap(Wax + b2) + b

Perceptron

NN symmetry : swapping of neurons

w1 <= W2, W1 HQIJQ, bl Hbg

Note : this Z, sym enhances at singularity
[Amari Ozeki Karakida Yoshida Okada 2016]



Candidates for diffeo in NN

2. Rescaling symmetry

Ji = wz‘j%{\(@jkﬂi‘k + [;j) + b;

RelU activation RQLAU(Z')
@(z) = ReLU(x) /

>
L

NN symmetry : For any fixed 7, rescale

W5 = QW;j, u?jk —> Oé_l”lzjjk, bj —> Od_lbj
due to RelU scaling property
ReLU(a 'z) = a 'ReLU(2)



Candidates for diffeo in NN

3. Self-attention in transformers

Self
attention

hi = Z ReLU ((xw(Q))i(xw(k));) (zw?)),
j=1
r € R™*? :set of data x; € Rd(z’ =1,2,---,n)

w(D-(k).(v) ¢ Rdxd . query, key and value weights

NN sym 1:rescaling w'® — o @@ o@aF)g) =1
NN sym 2 : Internal sym
w' w4, w* s w® AT A e SL(d,R)




Diffeos in neural ODEs

Neural ODEs = continuous ver. of NN
[Hirono, Sannai, KH 2402.02362]

©(t) = F(t, x(t))

Training : train F'(t, x) such that
the relation (z(0),2(T")) reproduces
given set of data {(z;,xr)}.

Discretizing it gives a residual NN :

x(t+0t) = x(t) + F(t,x(t))ot

48



Diffeos in neural ODEs

Diffeos in ADM-like decomposition in neural ODE
[Hirono, Sannai, KH 2402.02362]

s (@ . (©
0 T t 0 T t
Original frame  Spatial diffeo Time reparam.

z(t) — x(t) +e(t,z(t)) t—t+ f(t)

49



Diffeos in neural ODEs

Linear neural ODE can be solved
[Hirono, Sannai, KH 2402.02362]

Linear neural ODE : @(t) = w(t)x(t) + b(¢t)
Explicit solution of the ODE
2(T) = elo @ 5(0) 4 ( / e w<t”>dt”b(t’)dt’> eJo wtdt”
“Wilson loop” ’
Spatial diffeo x(t) — z(t) — g(t)x(t) is a weight transf.
w(t) — w(t) + g(t), bt) — eIBD=9E=0)p(y)
“Gauge field” “Higgs field”

Time reparam. ¢+ t+ f(¢) is a weight transf.

d

w(t) = w(t) = (1), bE) o b(t) — (b F(1)




Diffeos in neural ODEs

Rescaling = a spatial diffeo
[Hirono, Sannai, KH 2402.02362]

x(t) z(t + At) z(t + 2At)
o——O @
W (t) Wt + At)

Spatial diffeo : Integrated weight transforms as Wilson line
W(t) — e IO (1)edE+AY
W (t 4+ At) — e IETADTY (1)e9(E+2A0)
which reproduces the rescaling symmetry

~ 1 ~
Wi =7 OW;5, Wik = O Wik
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=NeEE (RKHE)

HENE PO R RS AL

“Prover Agent: An Agent-based Framework for Formal Mathematical Proofs”
[ ICML workshop paper 2025, ArXiv:2506.19923 Baba, Liu, Kurita, Sannai]

85 1

AlIZT—> > b T
KRR EEBETILLE B
SFAAX IEE BT e

Pass Rate (%)
~] ~
(] W

N
W

—fe—Prover Agent (Ours)

DeepSeek-Prover-V2 |

Kimina-Prover-Preview-Distill

STP 1

Leanabell-Prover-GD-RL
88— Goedel-Prover-SFT

—a=— BFS-Prover
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