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O
.
Back ground 0-1

String theory : candidate of Quantum gravity
↓ non-perturbative
·Matrix model

.

(IKKT matrix mode)
[Ishibashi -Kawai-KitazawaTsuchiya 197)

Solution of E .O .M . is given by"Matrix" .

-> N . C . geometry with some matrix rep.

We have to find some connection

between "Matrix geometry"& commutative geo.
11

"Poisson alg.A method is "Matrix regularization Hoppe , Madore (

generalization of Berezin -Toeplity Quantization



0-2
DMatrix regularization (Hoppe 89, Madore 92)(

T
N
,
N2 , Ns, ...: increasing seg of positive integers

h(N) : 1 lim Nh(N) / < v converge.
NE

(M , w) : Symplectic mid.

Tm : (
Y
(M) -> ANYNo Hermitian<Matiu(k)

S.t . o limITulf)11 < v ~
k+A

· lim1/ Tr(fg) -Tolf)Tr(f) /l = 0 v
k+

·Il(N) [Th(f) ,Tr(g)]-Th(Ef,g3) /l =orL·lim2Nh(NTr(Tr(f)) =SM
Except for B-T guantization, only afew examples are known.



0-3

Def) Quantization -
A : Poisson alg . (A ,., 3 , 3)

TCM : R-module in R-algM (RisC or ([t])
8. A -T linear

,
with 18) -> K

for Vf
, g-A,

[G(f)
, 91g)] = it 819f, g3) + th+ 3

L
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1
.
Intro. Motivation

1-1 Semisimple Lie alg is solution of Mass-def . IKKT

& Matrix model (M .M . ) of of-solution

9 : Semisimple Lie alg
basis :

[Xi , X;] = fiXm
, trXiXj = c Sij

Sij : = -fifim : Killing metric.
(Non-degenerate for semisimple (

S =-gigke to [Xi ,XR][XXe] + gift-XiX;
-> E .O . M .

[X : [Xi , X;]] = - Xi
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Trop. The above basis is a solution.

Proof).
[xi

,
[Xi

,Xj]]= figie <Xe , XR]
=f gie fr Xm
-Fifiggiegmn Fern Xm

From TrXiXj = cSij , fijk is fully anti-sym
=InRegigmn Xm
=f figmu X m

=- fingmn Xm = - X;
/
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SO(n , b-n) type metric

(3) = diag(I,
gm0 = (* -x,) =(

↓ Change of variables

Xt:= OuXc
mass-deformed
-

S = SIKKT = tr( [Xm,X3+ *X*Xu)
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Ihm . [Arnlind-Hoppe 109] T

mass-def-IKKT M . M. with 1 = (+1i + ) , -1, ... - 1)
--

has solution
Y d-n

Xu= GtXr.
L semisimple

where Xr is basis of of whose Killing
L (n , d-n) type metric

of is solution of IKKT.

&
Pois&. What is classical physics of my ? son-Lie
algebra"
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1-2
. Fuzzy S2 , R3 (Madre , Hoppe

~ As a Hint of such classical physics-

Consider In (2) case

(4,32, (3) ER3 with An(2) Poisson str.

Exa , (p3 = i +abcyc - Kirillov-Kostant (a
*
) -> Poisson alg.

Asus = (KE], , 5 . 3) : Poissonite alg.
f Asn(2) : Polynomial on IR3

f = fo + falla + EfabDaDp+...

fai - An : completely sym.

VR: R-dim Vect
.
Sp.

Sp : Asuzs -> gl(Vk) : linear
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VR: R-dim Vect
.
Sp.

Sp : Asuzs -> gl(Vk) : linear

xA = Xa...)amEn((1)= JarJarm (m<+)S
O

JESym(m)
(m>to

where Ji li= 1-3) is An(2) basis

(Ji , jj] = zijk Jm (Spin 25+ 1 = t rep .)

En(xi) = GJi

Not S"yet /Quantization of R3)(
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& SU(2) has a guadratic Casimir

Def)
. Casimir Polynomial Kirillor-Kostant&
: d-dim Lie alg . [i ,Xj] = figXRf
Ang := (([x] , · , 5 , 3) &xi

, xj3 = frXR
x= (x , . . ., xd) Lie-Poisson alg.

&x is a Casimir poly
. [x , fx)= 0

i = 1, 2, ..., d
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For Asu12) fgababy is the Casimir

Gr(fix)= gab JaJh : Casimir op .

= (**= 1) Ab

-> If we fix high)=
thenlim Sab Gal=
k=0

fixed
[G(a),Gp] =En(Said))-> o commutative
b

(&+b)t-> 0 limit

gab Paxy = X2 : 92
en (2) rep is quantization of $2



1-9

a Polynomial on $2

i) a formulation : spherical harmonics
↑

I don't know how to generalize this.

ii) function on $2

([x] : functions on
3

I((:= 5 90()(ak((a) - x2)(9xxE D(x]]

I(c) is an ideal. Eg of S2

i.e .) [/c) < KE] , module
v f c [(c) , Vgx) -> ((x] = fx9x)[[()
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I((:= 5 90()(ak((a) - x2)(9xxE D(x]]
11
v

((x]/[(c) : functions on $2
↓

[fj = (f +h(f = C(x] , he I(x)

[f] + [9] := [f +g]
[f3 · [g] : = [f .g] & well-defined
5(f3 , <833 := [Ef,93]

Variety
2
is given by ([/1/

-> generalize this picture.



2 M .
R

.
for [x] with of 2= 1

See , ed I basis of 1 [ei, ej] = figer's

pr : af -> glive) : irreducible rep.

empei) , [ein, en fine

Th = alg generated by heim, ..;en

Notation
-

enm : eim)=- erms

In = 44: im
, IRHIP = Eu: ir ,a, be b

We can make a basis of Te by EIm := em



D"Weak" M . R.
(4[x]

,
5,3)

2 -2

·. -
Def)

. En : Any ->Te linear Sit
.

for <F=Xi,Kim

Gu(xF) = ei... im)=...m
↓ S (m[Hu)

O (m >nu)

Def . Sp: Poisson alg-> gl(VR) is Quantization

[8't) , Sp19)] = hGr([f,g3) + E ? ([@IEI),Awith 5- 0 when climkers . We say Er is
"Weak M . R .

" &

We can prove the above En is "Weak M .
R.



3. M . R . for Agg/Ilc) 3-1

3-0 . Preparation
DCasimir (2-th degree) Cr

For Semisimple Lie alg
There exists [VM : Ir

. rep . sp. of ) S.t.

dimva -> 1 /Crims) ->*
M->y 11 M+

1 IdSVM)
Assume

& has series of Ir. rep .
SVM3 S

.t.

E-th degue Casimir
Cri =N (ve) Ibm ,

lim IX(V))=
dimVa
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Prop. (ix) -> Any is Casimir poly of degt ↑
i .e . Exi ,C] = 0 (i=nd)

L
=> Eu(Ch(x) is Casimir op.

We denote (iP(em) : = GulC(x) - the

We fix hmm) by 1 <" (e)1 = /t*Ml = const.

CR(en) = XR:



& Gribner basis 3 -3

We introduce a monomial order.
xh = x ,

y
...x
,
P = x, ...Bu

Def)
. graded lexicographic ordering
def

<B => [degec= Mi+. - - + n [degx= B ,+ -- - +B

Il

"multi degree
=Bi,Pi : diBi

, deg"= deg
ex) multdeg(y3) > mult deg (((2)

multdeg (xy) > mult deg(y?
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~Why Grobner basis?

Consider([x , 37 &

I : the ideal generated bySil, w1)
What is the remainder of f = xPy+xy*+y
-

f= (x+1)(- 1) +x(1) t 2x + 1- If ?

f = (x+y)(xy- 1) + 1 . ((y -1) + x+y+ 1
un -u If ?

Not unique !
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.

5

Eact. Fix a mono-order on ([X , ...,X]·
1
. Every ideal has a unique reduced
Grobner basis -> Is element is expanded
==291, "; Emb by this basis

2 . fe, .(d]

f = h + r

he I , r-I Y is uniquely determined
Sit. no monomial in r is divisible by 9:
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. 8 : Ag/[( -> Ugg/I(((X)) 3- 6

V/I

⑨ : d-dim Lie alg . [li
,ej] = filer (i . j = 1 ~dc)

R-th Casimir Cri = 1B(VM) Idea, lim (ii) = a
dimvA

Any := (([x]
, ·, < , 3) [x , x; ) = fig Cn

Step1

Vaits : Univ enveloping alg.
figXR

[ [Gzh) XFm3/XiX
:
-XiXi - Ex,Xi))ijed↑

X In= Xi, Xin Xi : noncom variables

Er : Any-> Rag [h]
I does not appear↓ in

i...Kip- Gr Pliki)=iruiXiok =X
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Er : Any-> Rag [h]
to does not appear↓

i...ip + Gr(iib)_Xins11

= - XE

Prop [Gr(f), Ev(9)]=gr(t,93) + O(42)

especially [Gr(i),Gulf)] = to Er(3 , +3)
- Casimian poly -> Casimir op .



Sep2 Casimir poly . (E-th) 3-8
Exi
, f(x)) = 0 f= k-th homogeneous poly

Auf/[() = (SoL]/IkS
,

i

,
9
, 3) is given by

· F(c) = \[gi(f: / git ( [22]

· [f()] =(f +h) he I] fi() is a Casimir]
#f] + [q]:= [f+g] , [f] · [9] := [f .g]
& If]

, <g]3 := [Sf, g3]



Auf/[() = (SoL]/Ils
,

i

,
9
, 3) 3-9

· [(c) = &[fif: / gitK[32]
,
firs is a Casimir)

Ho[/IC(X) Casimin Op.

where IC(X)= 55a:(c) b : (x))-
~ Casimir poly .

8 : Ag/I(c) -> Mogit]/IC(X)
[f] = [H] + Gu/([f]) =(Gu(r)]

T-= Any-> Haf

Ihm,

[Gv/([f]), Su/([93)]=Egyts,<>3) +O(t)



3- 2 . ((x/I( -> gelve) 3 - 10

Let's choose special [I() : ↓
R-th deg Casimir

[2) := [5
.

f: 9:( /fix=-X
, gilAgY->

-&

fi(X) : = Grifi)w eigenvalue

I(((X) = 159: (x)(x) brix)} < Hogth]
TDaf)

.

YI
.
M : HogEnyIk()

- gelve)

↓=XiXinlgt] PuXi]) = e. ..e = e
Why well-defined ?

[f]= (g] -> f = y+h(h + I(x(x))) = [k()) <

h(em = 0 -> Pif]) = Pg] ( Kerm



gpre 3-1/

KEY Hage(v) ge (v)
↑

Casimin Ci(>) casimir Su(ibH)

Ihm
,Pre = P ,mo S/I is Weak M .R

.

[GP(f])
, gre((q)] =t Sure/[f] , <933)

+ h x Plelus)

Projection Rm : g)(v) [ti -> g((vey [h]

M = E ne Mr Mr(gl(Vr)
OK

RuM = E E Mr
.

Ok= Nu Pre: -> ge(Ve)
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,
M 3-12

KEYHayge(v) ge (v)
casimin (i) casimir Su(ibH)
-

Def)
. 8/

,
M

: Ag/Il -> gelve)
/I

,v
:= Rue Gra = RiProG↓

Ihm. SAM is a weak M .
R.

38x
.

u([+3),9a/m)(q3)] = 792f,1933)+

Ihm,

8*/ ,u([f]
· [8]) = 8A/M(2f3)8A/z,u((93) + GP



3 - 3 Example

ex) su (3)
3-13

[Ti
, Tj3 = fish Th , Th = i

Gell-Mann matrix
↓

x = (x-- -x8) , Si . Djh = fi Do
(
=

(x) =-gabC(a)) -> S
((x) = 11258 -653- .... )
↓ leading term

1) I(() = [03, ii) I (l) = <C(x) -X2)
-> RS -> 97



iii) [ (()= < (30D -XX case 3-14

(3(x) - 23 =: fix) -> I (C) is generated

· Ausy, is a set of fun on fixs = 0.
· Grobner G = (C3(x - x3Y

-(x = <,>32g + xc
↓ f= rf + hy

Vf = x2 + +(3) + .... devide by fi

as an example VM = #3
-> Mu = 1 (GeMann+
Reterms-
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4 - 14. Reducible rep. ex) su(3)

↓m. [Kirillor-Kostant - Sourian] (cpt case ( [a,b] :Dynkin idx

G : compact connected Lie group X = aw , + bW2

X : dominant integral highest weight !
↑ I

fund. weight
o The Coadjoint orbit 0x** exists. I (X ,,12 , X3)

· The irred
. rep Un < grom , quantization

.
Vx : (9 , b) rep.

· M.FXzEXs#N

&
C
.
f
.) On is determined by Ox = Sucsy+-
all casimir op.

Xi = Xc # /3

Traditionally understanding Ox = CD'

Ox- V
.guantize

How can we interprete our results from
this pt of view ?



D Red rep. 4 -2

vemV ,

Pa :- projection

: c -> End (V) : irreducible rep.

Su: · base ta P((i) =: ema

=thhD ... I tim ViEIR

[Pu(li) · Pull; )] = fi Pultr)
[em

,
er] = En eja

not depend on
"a"

& Casimir Op . (k-+h) ↓

By Cajema) =t() Ida = XP

we fix each tra
-> Everything extends to the case of red rep.



Singular foliation ? 4 - 3

LR3
Au(2) case : -

~Sucuse
-Sa

su (3) case : xznxg IRS

~ s"2nd Casimir

S~ sus4+2 3rdCasimir
19

KP2(X ,
=Xc)



5. Summary

Des Egl(ve)
↑=()= 904

/I
,
M

rep S

Kay Hage(v)gl(V)
↑

Casimin Ci(>) casimir Su(ibH)

f(x) = h(x) +V()E Da)

[f(x)] = [ra]
- GU/([]) #E [AeM

= zaIY = [AI[XI] E lIKNu
I

Not only reducible rep



Future Works

· lim2Nh(NGTr(Tr(f)) = SufW is unknown

·Singularities in DPYIK)
· Singular Foliation ?

"

· Classical limit
.

Inverse problem
.

· IKKT matrix model

Thank you for your attention !


