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• 興味 

• 計算物理、統計物理、固体物理、データ科学、量子コンピューティング 

• モンテカルロ、テンソルネットワーク、最適化、機械学習 

• オープンソースソフトウェア開発・公開 

• 趣味 

• 学生のプログラムのデバッグ 

• オープンソースソフトウェアのインストール
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Ｔｏｄａｙ's　Ａｇｅｎｄａ

• 量子多体系計算とテンソルネットワーク 

• テンソルネットワークの基礎 

• 縮約と繰り込み群 

• サンプリングとテンソルネットワーク 

• テンソルネットワークから見た量子計算 

• テンソルネットワークによる関数表現と 

機械学習
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量子多体系計算とテンソルネットワーク



量子系の波動関数

• 量子状態 

•  スピン系 

• ハミルトニアン →  の行列 

• 波動関数の係数 →  の長さのベクトル (or  本足のテンソル) 

•  が大きくなると行列の次元、波動関数のサイズは指数関数的に増加 

• 量子多体系に共通する困難

N
2N × 2N

2N N
N
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古典統計物理

• イジング (Ising) 模型 

• 物理量の期待値の計算(例: 磁化) 

• 単純立方格子(一辺の長さ 5) 

•  スピン数 125 → 2125 ≈ 1038 の和 

• 期待値の計算にかかる時間 

• 1038 ÷ (1018/sec) ≈ 3兆年
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テンソルとテンソルのダイアグラム表記

• テンソル: 多次元的な数字の並び (=多次元配列) 

• ベクトル 

• 行列 

• 3階テンソル 

• 階テンソル → 本の足 

• スカラー（数字) → 足なし

n n
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テンソルの縮約

• テンソルの縮約 (contraction) 

• 共通する足について和を取る 

• 2階テンソル同士の縮約 → 結果は2階テンソル 

• 行列積 

• 一般のテンソルの縮約も同様に表現できる
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＝ A BC

Graphical representations for tensor network

＝ A BC
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C

Contraction of a network

Matrix product

＝ A BC

Generalization to tensors

（縮約）
= Calculation of a lot of multiplications
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C

D ＝



Ising分配関数からテンソルネットワークへ

•局所Boltzmann因子は 2x2 の行列で表される。この行列を分解し、各サイトのスピンを足

し上げると局所テンソルができる 

• 正方格子の各サイトに 

 

 

 

 

を置くと、共有ボンドの添字を足し合わせたものが分配関数になる
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様々なテンソルネットワーク表現

• 量子多体系の量子状態： 

• F. Verstraete, J. I. Cirac,  arXiv, cond‐mat/0407066 (2004) 

• G. Vidal, Phys. Rev. Lett. 101, 110501 (2008) 

• R. Orús, Ann. Phys. 349, 117 (2014) 

• 統計力学模型の分配関数： 

• M. Levin and C. P. Nave, Phys. Rev. Lett. 99, 120601 (2007) 

• G. Evenbly and G. Vidal, Phys. Rev. Lett. 115, 180405 (2015) 

• 量子回路 

• F. Arute, et al., Nature 574, 505 (2019) 

• Y. Liu , et al., SC '21 Proceedings, 3 (2021) 

• データ科学・機械学習 

• E. Stoudenmire and D. J. Schwab, NIPS 29, 4799 (2016) 

• Z.-F. Gao et al., Phys. Rev. Research 2, 023300 (2020) 

• Gourianov et al., Nat. Comput. Sci. 2, 30 (2022)
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(a)

小さいテンソルに分解

(b) (c)
TPS(PEPS)

ZE-FENG GAO et al. PHYSICAL REVIEW RESEARCH 2, 023300 (2020)

FIG. 1. (a) Graphical representation of the weight matrix W in a
fully connected layer. The blue circles represent neurons, e.g., pixels.
The solid line connecting an input neuron xi with output neuron
y j represents the weight element Wji. (b) MPO factorization of the
weight matrix W . The local operators w(k) are represented by filled
circles. The hollow circles denote the input and output indices, il and
jl , respectively. Given ik and jk , w(k)[ jk, ik] is a matrix.

different kernels are used to extract different features. A
graphical representation of W is shown in Fig. 1(a).

Usually, the number of elements or neurons, Nx and Ny, are
very large, and thus there are a huge number of parameters
to be determined in a fully connected layer [9]. The convo-
lutional layer reduces the variational parameters by grouping
the input elements into many partially overlapped kernels, and
one output element is connected to one kernel. The number of
variational parameters in a convolutional layer is determined
by the number of kernels and the size of each kernel. It could
be much less than that in a fully connected layer. However, the
total number of parameters in all the convolutional layers can
still be very large in a deep neural network which contains
many convolutional layers [10]. To train and store these
parameters raises a big challenge in this field. First, it is time
consuming to train and optimize these parameters, and may
even increase the probability of overfitting. This would limit
the generalization power of deep neural networks. Second,
it needs a big memory space to store these parameters. This
would limit its applications where the space of hard disk is
strongly confined; for example, on mobile terminals.

There are similar situations in the context of quantum in-
formation and condensed-matter physics. In a quantum many-
body system, the Hamiltonian or any other physical operator
can be expressed as a higher-order tensor in the space spanned
by the local basis states [33]. To represent exactly a quantum
many-body system, the total number of parameters that need
to be introduced can be extremely huge, and should in prin-
ciple grow exponentially with the system size (or the size of
each “image” in the language of neural network). The matrix
product operator (MPO) was originally proposed in physics to
characterize the short-range entanglement in one-dimensional
quantum systems [34,35], and is now a commonly used
approach to represent effectively a higher-order tensor or
Hamiltonian with short-range interactions. Mathematically, it
is simply a tensor-train approximation [36,37] that is used to
factorize a higher-order tensor into a sequential product of
the so-called local tensors. Using the MPO representation, the
number of variational parameters needed is greatly reduced

since the number of parameters contained in an MPO just
grows linearly with the system size. Nevertheless, it turns
out that to provide an efficient and faithful representation
of the systems with short-range interactions whose entangle-
ment entropies are upper bounded [38,39] or, equivalently,
the systems with finite excitation gaps in the ground states.
The application of MPOs in condensed-matter physics and
quantum information science has achieved great successes
[40,41] in the past decade.

In this paper, we propose to solve the parameter problem in
neural networks by employing the MPO representation, which
is illustrated in Fig. 1(b) and expressed in Eq. (5). The starting
point is the observation that the linear transformations in a
commonly used deep neural network have a number of similar
features as the quantum operators, which may allow us to
simplify their representations. In a fully connected layer, for
example, it is well known that the rank of the weight matrix
is strongly restricted [42–44] due to short-range correlations
or entanglements among the input pixels. This suggests that
we can safely use a lower-rank matrix to represent this layer
without affecting its prediction power. In a convolutional
layer, the correlations of images are embedded in the kernels,
whose sizes are generally very small in comparison with the
whole image size. This implies that the “extracted features”
from this convolution can be obtained from very local clusters.
In both cases, a dense weight matrix is not absolutely neces-
sary to perform a faithful linear transformation. This peculiar
feature of linear transformations results from the fact that the
information hidden in a data set is just short-range correlated.
Thus, to accurately reveal the intrinsic features of a data set,
it is sufficient to use a simplified representation that catches
more accurately the key features of local correlations. This
motivates us to adopt MPOs to represent linear transformation
matrices in deep neural networks.

There have been several applications of tensor network
structures in neural networks [37,45–50]. Our approach dif-
fers from them by the following aspects: (1) It is physically
motivated, emphasizes more on the local structure of the
relevant information, and helps to understand the success of
deep neural networks. (2) It works in the framework of neural
networks, in the sense that the multiple-layer structure and
activation functions are still retained and the parameters are
entirely optimized through algorithms developed in neural
networks. (3) It is a one-dimensional representation, and is
flexible to represent the linear transformations including both
the fully connected layers and the entire convolutional layers.
(4) It is also used to characterize the complexity of image data
sets. (5) A systematic study has been done. These issues will
become clear in the following sections.

The rest of the paper is structured as follows. In Sec. II,
we present the way the linear layers can be represented by
MPO and the training algorithm of the resulting network. In
Sec. III, we apply our method systematically to five main
neural networks, including FC2, LeNet-5, VGG, ResNet, and
DenseNet on two widely used data sets, namely, MNIST and
CIFAR-10. Experiments on more data sets can be found in
Sec. II. A in the Supplemental Material (SM) [51]. Finally, in
Sec. IV, we discuss the relation with previous efforts and the
possibility to construct a framework of neural networks based
on the matrix product representations in the future. In the SM
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single-qubit gates chosen randomly from X Y W{ , , } on all qubits, 
followed by two-qubit gates on pairs of qubits. The sequences of gates 
which form the ‘supremacy circuits’ are designed to minimize the circuit 
depth required to create a highly entangled state, which is needed for 
computational complexity and classical hardness.

Although we cannot compute FXEB in the supremacy regime, we can 
estimate it using three variations to reduce the complexity of the circuits. 
In ‘patch circuits’, we remove a slice of two-qubit gates (a small fraction 
of the total number of two-qubit gates), splitting the circuit into two 
spatially isolated, non-interacting patches of qubits. We then compute 
the total fidelity as the product of the patch fidelities, each of which can 
be easily calculated. In ‘elided circuits’, we remove only a fraction of the 
initial two-qubit gates along the slice, allowing for entanglement 
between patches, which more closely mimics the full experiment while 
still maintaining simulation feasibility. Finally, we can also run full 
‘verification circuits’, with the same gate counts as our supremacy cir-
cuits, but with a different pattern for the sequence of two-qubit gates, 
which is much easier to simulate classically (see also Supplementary 
Information). Comparison between these three variations allows us to 
track the system fidelity as we approach the supremacy regime.

We first check that the patch and elided versions of the verification 
circuits produce the same fidelity as the full verification circuits up to 
53 qubits, as shown in Fig. 4a. For each data point, we typically collect 
Ns = 5 × 106 total samples over ten circuit instances, where instances 
differ only in the choices of single-qubit gates in each cycle. We also 
show predicted FXEB values, computed by multiplying the no-error prob-
abilities of single- and two-qubit gates and measurement (see also Sup-
plementary Information). The predicted, patch and elided fidelities all 
show good agreement with the fidelities of the corresponding full cir-
cuits, despite the vast differences in computational complexity and 
entanglement. This gives us confidence that elided circuits can be used 
to accurately estimate the fidelity of more-complex circuits.

The largest circuits for which the fidelity can still be directly verified 
have 53 qubits and a simplified gate arrangement. Performing random 
circuit sampling on these at 0.8% fidelity takes one million cores 130 
seconds, corresponding to a million-fold speedup of the quantum pro-
cessor relative to a single core.

We proceed now to benchmark our computationally most difficult 
circuits, which are simply a rearrangement of the two-qubit gates. In 
Fig. 4b, we show the measured FXEB for 53-qubit patch and elided ver-
sions of the full supremacy circuits with increasing depth. For the larg-
est circuit with 53 qubits and 20 cycles, we collected Ns = 30 × 106 samples 
over ten circuit instances, obtaining F = (2.24 ±0.21) × 10XEB

−3  for the 
elided circuits. With 5σ confidence, we assert that the average fidelity 

of running these circuits on the quantum processor is greater than at 
least 0.1%. We expect that the full data for Fig. 4b should have similar 
fidelities, but since the simulation times (red numbers) take too long to 
check, we have archived the data (see ‘Data availability’ section). The 
data is thus in the quantum supremacy regime.

The classical computational cost
We simulate the quantum circuits used in the experiment on classical 
computers for two purposes: (1) verifying our quantum processor and 
benchmarking methods by computing FXEB where possible using sim-
plifiable circuits (Fig. 4a), and (2) estimating FXEB as well as the classical 
cost of sampling our hardest circuits (Fig. 4b). Up to 43 qubits, we use 
a Schrödinger algorithm, which simulates the evolution of the full quan-
tum state; the Jülich supercomputer (with 100,000 cores, 250 terabytes) 
runs the largest cases. Above this size, there is not enough random access 
memory (RAM) to store the quantum state42. For larger qubit numbers, 
we use a hybrid Schrödinger–Feynman algorithm43 running on Google 
data centres to compute the amplitudes of individual bitstrings. This 
algorithm breaks the circuit up into two patches of qubits and efficiently 
simulates each patch using a Schrödinger method, before connecting 
them using an approach reminiscent of the Feynman path-integral. 
Although it is more memory-efficient, the Schrödinger–Feynman algo-
rithm becomes exponentially more computationally expensive with 
increasing circuit depth owing to the exponential growth of paths with 
the number of gates connecting the patches.

To estimate the classical computational cost of the supremacy circuits 
(grey numbers in Fig. 4b), we ran portions of the quantum circuit simu-
lation on both the Summit supercomputer as well as on Google clusters 
and extrapolated to the full cost. In this extrapolation, we account for 
the computation cost of sampling by scaling the verification cost with 
FXEB, for example43,44, a 0.1% fidelity decreases the cost by about 1,000. 
On the Summit supercomputer, which is currently the most powerful 
in the world, we used a method inspired by Feynman path-integrals that 
is most efficient at low depth44–47. At m = 20 the tensors do not reason-
ably fit into node memory, so we can only measure runtimes up to m = 14, 
for which we estimate that sampling three million bitstrings with 1% 
fidelity would require a year.

On Google Cloud servers, we estimate that performing the same task 
for m = 20 with 0.1% fidelity using the Schrödinger–Feynman algorithm 
would cost 50 trillion core-hours and consume one petawatt hour of 
energy. To put this in perspective, it took 600 seconds to sample the 
circuit on the quantum processor three million times, where sampling 
time is limited by control hardware communications; in fact, the net 
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Fig. 3 | Control operations for the quantum supremacy circuits. a, Example 
quantum circuit instance used in our experiment. Every cycle includes a layer 
each of single- and two-qubit gates. The single-qubit gates are chosen randomly 
from X Y W{ , , }, where  W X Y= ( + )/ 2  and gates do not repeat sequentially. 
The sequence of two-qubit gates is chosen according to a tiling pattern, 
coupling each qubit sequentially to its four nearest-neighbour qubits. The 

couplers are divided into four subsets (ABCD), each of which is executed 
simultaneously across the entire array corresponding to shaded colours. Here 
we show an intractable sequence (repeat ABCDCDAB); we also use different 
coupler subsets along with a simplifiable sequence (repeat EFGHEFGH, not 
shown) that can be simulated on a classical computer. b, Waveform of control 
signals for single- and two-qubit gates.
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correlations, it is still highly correlated in space because the fine grid 
dependence is repeated.

Truncating the Schmidt decomposition in equation (2) approxi-
mates ui in an orthonormal time-dependent basis that evolves with 
the fluid flow to optimally capture spatially correlated structures. 
This is in contrast to classical scientific computing techniques 
(implemented through, for example, finite-difference or spectral 
methods) where the bases are structure-agnostic; that is, they are 
chosen a priori and disregard any structure in the solution.

We first apply the decomposition in equation (2) to DNS solu-
tions of the INSE (equation (7)) for the TDJ shown in the top row of 
Fig. 2a. The TDJ comprises a central jet flow along the x direction, 
and Kelvin–Helmholtz instabilities in the boundary layer of the jet 
eventually cause it to collapse (see equations (9)–(15) for the initial 
flow conditions). We decompose each velocity component accord-
ing to equation (2), which is an exact representation if d(n) = Γ2D(n) 
with (for details, see Supplementary Section 2)

Γ
2D(n) = min(4n, 4N−n). (4)

Figure 1b shows the Schmidt numbers d99(n, t) such that equation 
(2) represents the DNS solutions for the velocity fields with 99% 

accuracy in the L2 norm (more details on the Schmidt coefficients 
are provided in Supplementary Section 1). We find that d99(n, t) are 
well below their maximal values Γ2D(n) for n > 1. More specifically, 
we define χ

99

= max d

99

(n, t) as the maximal value of d99 for all n 
and time steps. We obtain χ99 = 25, and the interscale correlations 
captured by equation (2) with d(n) = min

(
Γ

2D(n), 25
)
 are shown 

by the blue-shaded area M in Fig. 1b. d99(n, t) is entirely contained 
within this blue area. Note that the Schmidt numbers are shown on 
a logarithmic scale in Fig. 1b, and thus the area M is much smaller 
than the area D corresponding to DNS.

We obtain qualitatively similar results for the DNS solutions 
to the TGV in 3D, where vortex stretching causes a single, large, 
ordered fluctuation to collapse into a turbulent flurry of small-scale 
structures (see the top row in Fig. 3a for visualization and equation 
(16) in the Methods for the initial flow conditions). In three spatial 
dimensions, the representation in equation (2) is exact if d(n) equals 
(Supplementary Section 2)

Γ
3D(n) = min (8n, 8N−n). (5)

The Schmidt numbers d99(n, t) resulting in a 99% accurate represen-
tation of the DNS solutions are shown in Fig. 1c. We find χ99 = 207, 
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Fig. 2 | 2D temporally developing jet. Dynamical simulation of the INSE in 2D for a planar jet streaming along x with Re!=!1,000, as defined in the Set-up 
of numerical experiments section in the Methods. a, Snapshots of the vorticity and velocity fields taken at t/T0!=!0.25, 0.75, 1.25, 1.75 (left to right). 
Red corresponds to positive vorticity (counter-clockwise flow) and blue to negative vorticity (clockwise). The top row corresponds to DNS results on 
a quadratic 210!×!210 grid (cf. Fig. 1a). Rows 2–4 are MPS results with different maximal bond dimensions χ. The bottom three rows are for URDNS on 
quadratic grids, as indicated. b, Reynolds stress τ12 (equation (14)) between the streamwise and cross-stream directions as a function of time and y 
coordinate. Red (blue) corresponds to positive (negative) stress.
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テンソルネットワークの基礎



特異値分解 (Singular Value Decomposition)
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計算機実験 — 行列の対角化
特異値分解

一般の非正方行列の場合
特異値分解 (SVD: Singular Value Decomposition)

任意のm× n実行列 Aは
A = UΛV T

の形に (一意に)分解できる (k = min(m,n))

U : (m× k)行列 (列ベクトルは互いに正規直交)
V : (n× k)行列 (列ベクトルは互いに正規直交)
Λ = diag(λ1,λ2, · · · ,λk) (λ1 ≥ λ2 ≥ · · · ≥ λk ≥ 0) 特異値
ベクトル表示 (行列をランク 1の行列で分解)

A =
k∑

i=1

λiuiv
T
i

 の時:  だが , k < m, n UTU = VTV = Ek UUT ≠ En VVT ≠ En



行列の低ランク近似
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計算機実験 — 行列の対角化
特異値分解

行列の低ランク近似
ランク r (r < k)の行列のうち、行列 Aを「最も良く近似」する Ãを選ぶ
「最も良く近似」= フロベニウスノルム ||A− Ã||F を最小化

||X||2F ≡
∑

ij

x2
ij

特異値のうち大きなものから r個とり、残りを零とした
Λ̃ = diag(λ1, · · · ,λr, 0, · · · , 0)

を使い
Ã = U Λ̃V T

を作れば良い (Eckart-Youngの定理)



特異値分解による画像圧縮

• グレースケール画像(597 x 744)を行列とみなして低ランク近似
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特異値の分布



MPS (Matrix Product State - 行列積状態)

• 一次元的につながったテンソルネットワーク 

• 応用数理分野では「Tensor Train」と呼ばれる 

•  本足のテンソル（ベクトル）を行列の積で表現 

• MPSから外に出ている足を「物理的な足」と呼ぶ 

• テンソルの間を繋ぐ足を「仮想的な足」と呼ぶ 

• 仮想的な足について縮約をとると、元のテンソルと同じ形に戻る

N

15

MPS



行列積状態への変換

•任意のテンソル（ベクトル）は特異値分解を繰り返すことで厳密なMPS表現に常に変換できる 

• ボンド次元は場所に依存 → 最大のボンド次元 = O(aN/2)
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低ランク近似

•ゼロの特異値が現れた場合には、それに対応する行や列は捨ててよい 

• テンソルネットワークによるテンソルの圧縮表現 

•十分に小さな特異値を捨てることで、元のテンソルを精度良く近似可能 

• テンソルネットワークによるテンソルの低ランク近似 

• 指数関数的なデータ量を，多項式程度まで大幅に圧縮できる 

• (どこまで効率的に近似可能かどうかは、表そうとしている「状態」の性質(=エンタングルメントの強

さ)による)

17

最大ボンド次元 = aN/2=

最大ボンド次元 = χ



MPS のゲージ冗長性

•MPS は一意ではない 

• ゲージ自由度がある 

•  という行列を挿入しても，MPS の縮約結果は変わらないGG−1
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MPSのカノニカル形式（正準形）

•ゲージ自由度 G を使って MPS を「正準化」できる 

• 左カノニカル形式 

• 右カノニカル形式 

• GはSVD（または対角化）を使って求められる

19
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Review: U. Schollwöck, Annals of Physics 326, 96 (2011)



混合カノニカル形式

•混合カノニカル形式 

• 左・右カノニカル条件 

• 左側と右側の境界は SVD を使って動かせる

20

境界にある対角行列は 

Schmidt係数に対応する

= =

Review: U. Schollwöck, Annals. of Physics 326, 96 (2011)



Vidalカノニカル形式

•MPSの別のカノニカル形式（Vidalカノニカル形式） 

•右・左・境界カノニカル条件

21

Schmidt係数に対応する対

角行列

G. Vidal, Phys. Rev. Lett. 91, 147902 (2003)

仮想インデックスは

Schmidt 基底に対応

= = =



カノニカル形式のMPSにおける期待値

• カノニカル条件のもとでは期待値の評価が非常に簡単になる 

• 混合カノニカル形式でも同様に簡単な図式が得られる

22
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縮約と繰り込み群



テンソルネットワークの縮約

•効率的な縮約？ 

• 縮約順序が性能を大きく左右する 

• 悪い順序: 巨大な中間テンソルの発生 

• 良い順序: 木幅を小さく維持 

• 例: 行列積における縮約順序の重要性 

• ABC = (AB)C = A(BC)？ 

• A = 2 x 1000, B = 1000 x 2, C = 2 x 1000 

• (AB)Cの場合 

• ＡＢ: 2 x 1,000 x 2, (AB)C: 2 x 2 x 1,000, 合計 8,000 

• A(BC)の場合 

• 途中で 1000 x 1000 の巨大行列が出現 

• ＢC: 1,000 x 2 x 1,000, A(BC): 2 x 1,000 x 1,000, 合計 4,000,000 

• 最終結果は一致するにもかかわらず、順序の違いで計算コストに「500倍」の差が生じる

24



テンソルネットワークの「スライシング」

• スライシング(Slicing) 

• テンソルネットワークの中のボンドの部分集合について 

• それらのボンド変数をある値に固定する 

• 固定されたボンドはテンソルネットワークから消える 

• 固定された値の全ての組み合わせについて 

• 独立に取り足し合わせる 

• スライシングの利点 

• メモリコストを減らすことが可能 

• それぞれの組み合わせに関する縮約は(並列コンピュータ上で)並列に計算可能 

• 例:

25



Tensor network methods in statistical physics

• “Renormalization" (or “Lagrangian") approach 

• coarse graining of tensor network representation of the partition function 

• transfer matrix, tensor network renormalization (TRG), higher-order tensor 

network renormalization (HOTRG), etc 

• “Variational" (or “Hamiltonian") approach 

• tensor-network approximation of strongly correlated many-body quantum 

states 

• DMRG, PEPS, MERA, etc 

• “Exact" contraction of tensor network can not be done in two and higher 

dimensions 

• low-rank approximation based on eigenvalue/singular value decomposition 

• accuracy of approximation is controlled by “bond dimension":  ( or )D χ

26
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TEBD アルゴリズム

• Time Evolving Block Decimation (TEBD) 

• カノニカル形式のMPSを使って，局所的に高精度な変換を行う 

• 時間発展演算子が直接かかる2つのテンソル（＋その間の対角行列)だけが変化する

27
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TEBD algorithm
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Tensor renormalization group

• Low-rank approximation based on SVD 

• Improvement of accuracy by considering the “environment" effects or 

removing local correlations 

• second order renormalization (SRG), mean-'eld SRG, etc 

• tensor network renormalization (TNR), loop TNR, Gilt, etc 

• computational cost increases signi'cantly

29

computational cost: 


memory cost: 

O(D5)
O(D3)

Levin & Nave (2007)



Levin-Nave tensor renormalization group

•  square lattice case ( )8 × 8 N = 64

30
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Levin-Nave tensor renormalization group

•  square lattice case ( )8 × 8 N = 64
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More advanced tensor-network methods

• Improving accuracy 

• including environment effect 

• SRG (2009), CTMRG (1996, 2009) 

• removing local correlations 

• TNR (2015), loop TNR (2017), Gilt (2018) 

• computational cost increases signi'cantly 

• improve accuracy without increasing complexity 

• BTRG (2022) 

• Reducing complexity 

• TRG using few-leg tensors 

• ATRG (2020), Triad RG(2019), CATN (2020) 

•Generalization to higher-dimensions 

• HOTRG (2012), ATRG (2020), CATN (2020) 

•Fermions 

• Grassmann tensor network (2010, 2021)

32
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FIG. 6. (a) Details of the projective truncation made at the
first step of the TNR iteration; here two copies of a projec-
tor Pu, which is composed of a product isometric and unitary
tensors, are applied to a 2× 2 block of A tensors. (b) Defini-
tion of four index tensor B. (c) Projector Pu is formed from
isometries vL, vR and disentangler u [and their conjugates].
(d) Details of the projective truncation made at the second
step of the TNR iteration. (e) Definition of matrix D. (f)
Details of the projective truncation made at the third step of
the TNR iteration. (g) Definition of new four-index tensor
A′, copies of which comprise the coarse-grained square-lattice
tensor network. (h) Delineation of the different dimensions
{χu,χv,χw,χy} of indices on tensors {u, vL, vR, yL, yR, w}.

networks with an open boundary or a defect line, can be
handled using similar methods as those developed in the
context of MERA28–32, and are discussed separately in
Ref.33]. We also assume that G is invariant under com-
plex conjugation plus reflection on the horizontal axis,
as discussed further in Appendix D. Again, this assump-
tion is not strictly necessary, but is useful in simplifying
the TNR algorithm. In the case that G represents a Eu-
clidean path integral of a quantum Hamiltonian H the
presence of this symmetry follows from H being Hermi-
tian, while in the case that G represents the partition
function of a classical system the symmetry is present if
the underlying 2D classical statistical model has an axis
with which it is invariant under spatial reflection. We
now describe the coarse-graining steps involved in an it-
eration of the binary TNR scheme, which maps network
G to the coarser network G′ whose linear dimension has
been reduced by a factor of 2, before discussing the op-
timization of the tensors involved and other algorithmic

components in more detail.
The first step of the iteration is to apply a particular

gauge change on the horizontal indices on every second
row of tensors in G, as discussed in Appendix D. Here
the gauge change is chosen such that it is equivalent to
flipping top-bottom indices of tensors A and taking the
complex conjugation, as such we denote the transformed
tensors A†. That such a gauge transformation exists fol-
lows from the assumed reflection symmetry. Next, Fig.5
depicts the remaining steps in transforming network G
into the coarser network G′. In Fig.5(a), a projective
truncation is enacted on 2× 2 blocks of tensors A [where
two of the tensors are have undergone the aforementioned
change of gauge as A†], the details of which are shown
in Fig.6(a). The projector Pu used at this step is rep-
resented as a product of two isometries vL and vR and
a unitary tensor u [and their conjugates] as shown in
Fig.6(c). The unitary tensors u, which we call disentan-
glers, act on two neighboring indices such that, if we re-
gard each index of the network as hosting a χ-dimensional
complex vector space Vχ, they describe a mapping be-
tween vector spaces,

u : Vχ ⊗ Vχ → Vχ ⊗ Vχ. (23)

By virtue of being unitary, the disentanglers satisfy
u†u = I⊗2 where I is the identity operator on Vχ. Con-
ceptually, the role of disentanglers is to remove short-
range correlations that would otherwise be missed, as dis-
cussed in greater detail in Ref.1, and they constitute the
key difference between TNR and previous tensor renor-
malization schemes. Isometries vL and vR each map two
indices in the network, one horizontal and one vertical,
to a new index of some chosen dimension χ′ ≤ χ2,

vL : Vχ′ → Vχ ⊗ Vχ, vR : Vχ′ → Vχ ⊗ Vχ, (24)

where the new index has been regarded as hosting a χ′-
dimensional complex vector space Vχ′ . By definition,

isometries satisfy v†LvL = v†RvR = I′, with I′ the iden-
tity operator on Vχ′ . After the coarse-graining step of
Fig.5(a), it is useful to define a new four index tensor B,
which is defined from the block of A tensors and from u,
vL and vR, as depicted in Fig.6(b).
After the projective truncation implemented by pro-

jector Pu is enacted on all 2 × 2 blocks of tensors, pairs
of disentanglers from neighboring blocks can annihilate
to identity, see Fig.5(b), leaving a network of B tensors
interspersed with groups of isometries vL and vR. Next,
as depicted in Fig.5(b) and further detailed in Fig.6(d-
e), a projective truncation is made on B tensors. Two
projectors PL and PR are used at this step, acting on the
left or right indices of B tensor respectively, each formed
as a product of isometries, PL ≡ yLy

†
L and PR ≡ yRy

†
R.

Isometries yL and yR, which satisfy y†LyL = y†RyR = I′,
each map two indices to a single index also assumed to
be of dimension χ′,

yL : Vχ′ → Vχ′ ⊗ Vχ′ , yR : Vχ′ → Vχ′ ⊗ Vχ′ . (25)

G. Evenbly (2015)



サンプリングとテンソルネットワーク



MPSからの状態のサンプリング

• 次元空間でのサンプリングは難しい 

•  

• タワーサンプリング: メモリコスト , 計算量  

•いったん（近似）MPS 表現が得られれば周辺分布を使って状態を逐次にサンプルできる 

• 周辺分布: 

• 条件付き分布:

2n

P(s1, s2, ⋯, sn) = |⟨s1s2⋯sn |Ψ⟩ |2 /⟨Ψ |Ψ⟩
∼ O(2n) ∼ O(2n)

34

P(s1) = ∑
s2,⋯,sn

P(s1, s2, ⋯, sn)

P(sk |s1, ⋯, sk−1) =
∑sk+1,⋯,sn

P(s1, s2, ⋯, sn)
∑sk,⋯,sn

P(s1, s2, ⋯, sn)



測定後の状態

•結果  が得られたら、状態を射影して正規化する 

•右カノニカル形式では、条件付き確率と更新が局所的に書ける 

• 測定後の残りの状態も再びMPSになる 

• これを ｋ=1, ..., N まで繰り返すと、1本のビット列が得られる

sk

35

残りの状態は再び MPS

逐次サンプル→更新→次へ



Markov-chain Monte Carlo

• Various update algorithms 

• local, cluster, worm, event-chain, hybrid (HMC), etc 

• extended ensemble methods 

• Pros 

• consistent in long-time limit (if balance condition and ergodicity are 

satis'ed) 

• computational cost increases only linearly (in many cases) 

• trivial parallelization 

• Cons 

• slow convergence of statistical error (  ) 

• effective number of samples decreases as auto-correlation increases 

• negative sign for frustrated quantum magnets, fermions, real-time dynamics

∼ 1/ M

36

σ2 = 2σ2
0τint
M



Tensor network renormalization group

•Many variants 

• tensor renormalization group (TRG) by Levin and Nave (2007) 

• higher-order tensor renormalization group (HOTRG) by Xie et al (2012) 

• tensor network renormalization (TNR) by Evenbly and Vidal (2015) 

• anisotropic tensor renormalization group (ATRG) by Adachi et al (2020) 

• bond-weighted tensor renormalization group (BTRG) by Adachi et al (2022) 

• Pros 

• (super-?)exponentially accurate for large bond dimension  

• Cons 

• systematic error (bias) due to 'nite bond dimension  

• reduction of systematic error (for larger ) is often monotonic 

• computational cost increases rapidly as  

• few methods for higher dimensions

D

D
D
Dα
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縮約のデザインとサンプリング

•近似縮約のバイアスと計算量のコントロール 

• 縮約順序の最適化 

• 同じTNでも順序で計算量が激変 

• グラフ理論・ヒューリスティクスで探索 

• HPC/GPU上での並列化設計 

• Tensor-Network Monte Carlo （TNMC） 

• 低ランク近似 → 低次元へのプロジェクタの挿入 

• 「最適」のプロジェクタを入れる代わりに「確率的にサンプリング」 

• MCMCにより、低ランク近似による系統誤差を完全に消去

38
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Low-rank approximation in tensor network methods

• Low-rank approximation based on SVD 

• choose largest d singular values 

• Projector formulation 

• choose the best projector to d dimensions 

• equivalent to low-rank approximation using SVD

39
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Core idea of tensor-network MCMC

• Random projectors 

• instead of choosing the “best" projector, all possible projectors are sampled 

according to some weights, such that on average (Ferris 2015) 

•Use Markov chain Monte Carlo to control variance 

• as, in random sampling and importance sampling, statistical error diverges 

exponentially as system size increases 

•Use different projector con'gurations in different positions 

• to remove systematic errors from correlation

40

⟨WR(θ)W∗
L(θ)⟩θ =

nc

∑
θ=1

WR(θ)W∗
L(θ)p(θ) = Ir



Markov chain Monte Carlo approach

•Determine projector candidates from SVD during the conventional 

(deterministic) TRG 

• projectors becomes independent with each other and can be sampled 

independently 

• (exact) tensor network representation of partition function 

• Sample projectors  using Markov-chain Monte Carlo 

• propose new  according to  

• Metropolis update with  

• update of weights is  and includes matmul only 

• SVDs are required during initialization stage only 

• Physical quantities 

{θi}
θi p(θi)

P = min(1,g(θ1, θ2, ⋯, θ′ i, ⋯, θn)/g(θ1, θ2, ⋯, θi, ⋯, θn))
O(log N )

41

p(θ1, θ2, ⋯, θn) = p(θ1)p(θ2)⋯p(θn)

Z = ∑
{θi}

g(θ1, θ2, ⋯, θn)p(θ1, θ2, ⋯, θn) = ∑
{θi}

g(θ1, θ2, ⋯θn)p(θ1)p(θ2)⋯p(θn)



Comparison with Levin-Nave TRG + impurity tensor

• Square-lattice Ising model ( ) 

• Exact results (transfer matrix): dark blue 

• TensorMC: d=6 (red symbols) 

• Levin-Nave TRG: d=2 (purple), 4 (green), 6 (cyan),..., 16 (black)

L = 16
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Comparison with Metropolis algorithm

• Square-lattice Ising model 

• asymptotic variance is smaller by orders of magnitude 

• asymptotic variance decreases exponentially as 

 increases 

• energy (purple), speci'c heat (green), 

d
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Ising model in imaginary external 'eld

• Square lattice Ising model 

• pure imaginary external 'eld 

• non-positive Boltzmann weight ( : total magnetization) 

• Standard Markov chain Monte Carlo suffers from severe negative sign 

problem 

m

2

accumulate in certain regions or curves of the complex plane, with their positive local density 
η(z) which changes by changing the temperature; if at a critical value Tc, the zeros accumulate 
and pinch a positive value of the real axis, this is what may mark the onset of a phase transition.

As we are going to discuss extensively through the rest of the paper, the pattern of zeros of 
grand-canonical partition functions can be generally quite interesting and this study alone is a 
source of many stimulating physical and mathematical questions. If the study of the patterns 
of Yang–Lee zeros is then the !rst topic of this paper, the Yang–Lee model (and its zeros!) is 
our second main topic. In order to introduce such a model and present the work of this paper 
in its proper perspective, we need to talk about the pattern of zeros of just one particular sta-
tistical system: the Ising model. In [3] Yang and Lee showed that for ferromagnetic Ising-like 
models, independently on the dimensionality and regularity of the lattice and also largely 
independently on the nature of the couplings, the zeros of the Ising model lie on the unit cir-
cle5 in the complex plane of the variable z = e−2βh (where β = 1/(kT) and h is the external 
magnetic !eld): posing z = eiθ, they have the following structure (see !gure 1):

 • for T > Tc the zeros are placed along a ‘C’, namely a symmetric arc around θ = π whose 
edges are at ±θ0(T); 

 • at T = Tc these edges move to the real axis and pinch it; 
 • for T < Tc the zeros densely cover the entire circle.

Kortman and Grif!ths [9] were the !rst to notice that the density of the Yang–Lee zeros of 
the Ising model nearby the edges ±θ0(T) gives rise to a problem which has its own interest 
since such a density presents an anomalous behaviour with a scaling law ruled by a critical 
exponent σ

η(θ, T) ∼ |θ − θ0(T)|σ , T > Tc . (1)

Such a behavior is closely analogous to the usual critical phenomena (although in this case 
triggered by a purely imaginary magnetic !eld ih) and therefore Fisher [10] posed the question 
about its effective quantum !eld theory and argued that, in suf!ciently high dimension d, this 
consists of a φ3 Landau–Ginzburg theory for the scalar !eld φ(x) with euclidean action given by

A =

∫
ddx
[

1
2
(∂φ)2 + i(h − h0)φ+ igφ3

]
. (2)

Figure 1. Distribution of the Yang–Lee zeros for the Ising model in the complex plane 
of the fugacity z.

5 This circle-theorem was later extended by many authors to ferromagnetic Ising model of arbitrarily high spin and 
with many-body spin interactions [4–8].

G Mussardo et alJ. Phys. A: Math. Theor. 50 (2017) 484003
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Yang-Lee zeros on complex plane of fugacity z
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Ising model in imaginary external 'eld

•Our proposed method also has negative signs for small  

•  results are almost similar to the standard method 

• NB: negative signs can appear for small  even if the original model is free 
from negative sign 

• However, average sign is improved drastically as we increase 

d
d = 2

d

d
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Summary of Tensor MCMC

•Markov chain Monte Carlo in tensor network representation 

• reducing statistical error using approximate  

tensor network contraction 

• removing systematic bias by sampling singular  

vectors (projectors) using MCMC 

→ avoid divergence of statistical error, negative signs, and systematic bias 

• Computational complexity of one Monte Carlo update 

•  

• matmul only (no SVD) during MCMC sampling → ideal for modern GPGPU or 

HPC 

• Combination with various advanced sampling techniques (to reduce ） 

• Applications: 

• higher dimensions: HOTRG (2012), ATRG (2020) 

• quantum spin models, fermions, quantum circuits, etc

O(dαN log N )

τint
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σ2 = 2σ2
0τint
M

arXiv:2412.02974



テンソルネットワークから見た量子計算



量子回路

• 量子回路 = 量子ビットに演算するゲート操作の回路図 

• 量子ビット(qubit) 

•  と  の重ね合わせの状態をとる 

• -qubitの量子回路 →  個の  スピン 

• ヒルベルト空間の次元:  

• 量子計算 = 重ね合わせ + 並列性 ＋ 干渉 + 測定による収縮

|0⟩ |1⟩
N N S = 1/2

2N
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Arute, F., Arya, K., Babbush, R. et al. Nature 574, 505 (2019)



量子回路シミュレータ

•任意の量子回路はテンソルネットワークとして表現可能 

• 全てのボンド次元は2 (qubitの場合) 

• 1量子ビットゲート → 2脚テンソル、2量子ビットゲート → 4脚テンソル 

• 多制御量子ゲート（CCCXなど) → ボンド次元2のMPO (行列積演算子) 

• 出力ビット列の確率・振幅＝TN縮約の結果 

• 利点 

• 縮約の順序を変えても、最終結果は変わらない 

• 縮約順序には自由度がある → 工夫次第で計算コストを削減できる可能性がある 

• 課題 

• 「縮約順序の最適化」と「中間テンソルのサイズ」がボトルネック

4910 >一国 •
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Schrödinger シミュレーション

• 波動関数の係数（状態の重ね合わせ係数）をベクトルとして保持する 

•  量子ビット → サイズ  の複素ベクトル 

• 量子ゲート →  ユニタリ行列 (ただし通常は非常に疎) 

• ゲート操作 → 行列ベクトル積 

•シミュレーションコスト 

•  量子ビット,  ゲート 

• メモリコスト:        → 9 PB (単精度複素数) 

• 計算量:     → 1 EFLOP 

• テンソル表現で疎行列を効率的に扱える

n 2n

2n × 2n

n m
O(exp n) n = 50

O(m exp n) n = 50, m = 1000
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Feynman シミュレーション

• すべての「経路」からの寄与を足し合わせる 

• 量子力学の経路積分に対応 

• Hadamard のような分岐ゲートを通るたびに、異なる経路へ分岐する 

• 各経路の寄与（重み）は行列要素の積で与えられる 

•シミュレーションコスト 

•  qubits,  個の分岐ゲート 

• 経路数:  

• メモリコスト:   (何を測るかに依存) 

• 計算量: 

n m
O(exp m)

O(n)
O(n exp m)
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Feynman サンプリング

•別名 Quantum Monte Carlo 

• 各分岐において，行列要素に比例した確率で次状態を確率的に選ぶ 

•シミュレーションコスト 

•  qubits,  個の分岐ゲート 

• 1サンプルあたりの計算量:  

• 総計算量:  x (サンプル数) 

•符号問題 

• 行列要素が負（あるいは複素数）のときどうするか？ 

• 行列要素の絶対値を「重み」として使う 

• 符号（または位相）は別に保持する 

• 符号が混ざると強い相殺が起きる 

• 回路が深くなると，ほとんどランダムサンプリングになってしまう 

• 必要サンプル数: 

n m
O(m)

O(m)

O(exp m)
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量子回路の経路サンプリング

• 状態遷移図 

• 干渉によって多くの状態が消える→ 負符号（複素位相）問題
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よりモダンな手法

• テンソルネットワークに基づく方法 

• ＭＰＳ (TEBD) 

• 一次元的な回路・エンタングルメントが小さい場合に強い 

• 長距離相互作用がある場合、回路が深い場合は破綻する 

• （狭義の）テンソルネットワーク法 

• 量子回路全体をテンソルネットワークと見立て、縮約を行う 

• 縮約順序が性能を大きく左右する 

• 幅が狭い回路・浅い回路で有効 

• スタビライザー表現に基づく方法 

• Cliffordシミュレータ 

• 非常に高速 

• 限られた種類の回路(=Clifford回路)しか扱えない → Clifford+Tシミュレータ
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Tensor Network Decoder for Error Correction

•Decoding stabilizer code, such as surface codes 

• Noise model information can improve performance 

• Bayesian inference of noise model 

• Using syndrome measurement results only 

• syndrome measurement + TN likelihood 

calculation + Bayesian inference + 

Monte Carlo sampling 

• TNs can improve decoding and noise 

characterization for fault-tolerant 

quantum computing (FTQC)
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FIG. 1: Rotated surface code with d = 5. The number
of physical qubits and stabilizer generators is 25 and 24,
respectively. This figure only shows the physical qubits
but not the qubits for syndrome measurements.

encoded code states are defined by the stabilizer states,
and the code space is the Hilbert space restricted by the
stabilizers. The code states |ÂÍ and code space C are
defined as the

|ÂÍ œ C ≈∆ ’gi œ Sg, gi |ÂÍ = |ÂÍ . (4)

If the number of stabilizer generators is n≠k, the dimen-
sion of the restricted Hibert space of the stabilizer code
is 2k. Therefore, the code states can represent k logical
qubits, which encode the original k-qubit states.

To correct the error, we have to get some information
from codes. We focus on the parity change in the eigen-
values of stabilizer generators so as not to destroy the
quantum states after measurements. Such parity check
measurements are called syndrome measurements. The
syndrome measurements are executed using one ancilla
qubit for each stabilizer generator. The decoding process
of the stabilizer code is as follows:

1. Error detection: Obtain the results of the syndrome
measurement of the stabilizer generators.

2. Error estimation: Based on the results, the decod-
ing algorithm calculated by a classical computer is
used to estimate where the error occurred.

3. Error correction: Based on the estimated errors,
correct the error by operating to erase the errors or
update the Pauli frame [40].

B. Surface code

The surface code, a type of stabilizer code, is a leading
candidate for QEC in future FTQC due to its high per-
formance. One type of surface code is represented like
Fig. 1 [41]. Its stabilizer generators can be written by
only the product of X or Z. In Fig. 1, the blue area rep-
resents the product of X, and the white area represents
the product of Z. Let the lattice be L ◊ W , and its code
distance is d = min(L, W ), which means the code can
detect the d ≠ 1 errors. The number of qubits is LW to

(a)

(b)

(c)

FIG. 2: (a) TN representation of projectors
�±g = (I ± g)/2. (b) TN representation of d = 5 initial
code state |0ÍL. It can be made from |0Í¢25 by
operating the X stabilizer projectors. It is because
|0Í¢25 is already stabilized by the products of Z. (c) A
conceptual picture of the TN diagram of the likelihood
p(m|–) calculation of d = 3 surface code.

represent the code and LW ≠ 1 for ancilla qubits used in
syndrome measurements. Their stabilizer generators are
represented by the product of two or four Pauli opera-
tors, and the physical qubit on which they act is spatially
localized. Consequently, the surface code can be imple-
mented with qubits arranged in a two-dimensional grid,
where operations are performed on adjacent qubits. That
is why we can simulate them using the TN e�ciently.

C. Tensor network simulation of surface code

The TN simulation is one of the most valuable and
powerful numerical methods [42]. It is the method
for e�ciently compressing the Hilbert space of quan-
tum systems. To represent the state of quantum many-
body systems, tensors, which are multidimensional ar-
rays, are used and connected by contraction in the TN.
By using the representative class of TNs, PEPS [43] and
MPS-MPO [44], the surface code can be simulated e�-
ciently [20].

To simulate the surface code, TN representation of the
projector onto the eigenspace of ±1 eigenvalue of stabi-
lizer generators is needed. It can be written as (I ± g)/2
for each stabilizer generator g, and it is represented by the
tensors with bond dimension two as shown in Fig. 2(a).
When we label the horizontal leg indices by –, the TN
represent the product of I for – = 0, X or Z for – = 1,
and zero otherwise. All legs have bond dimension 2, so
the representation is very e�cient.

By using the projectors �±g = (I ± g)/2 for g œ Sg,

Kobori and Todo (2025)



量子回路への埋め込み：利点と制約

• 発想 

• テンソルネットワークが表す量子状態や線形写像を、 

「量子回路＋測定」として実装する 

• 量子回路による量子計算 

• 状態準備→測定→サンプル生成（ビット列) 

• 量子回路は、確率的にビット列を吐き出す「サンプリングマシン」と見なせる 

• 「ユニタリ制約」 

• 一般のテンソルネットワーク 

• 非ユニタリな行列を含むため、単純な変換では量子回路に埋め込めない
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サンプル生成を量子回路＋測定で

高速に実行可能 

（古典計算のボトルネック回避）

量子ゲートは「ユニタリ」 

一方、一般のテンソルはユニ

タリとは限らない
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MPSの厳密な対数深さ状態準備

• (ｂ): 先行研究 

• 極分解であらわれる繰り込み部分 P をブ

ロック長 ｑ が無限の場合で近似 

• 深さ  

• (c): 新手法 

• 有限 q による繰り込み部分 P の誤差を修

正する写像 C を導入 

• C をブロックエンコーディングにより確率

的に埋め込む。ポストセレクションの成功率

は L 無限の極限でも有限にとどまる  

• 深さ 

∼ O(χ4 log(L /ϵ))

∼ O(χ2 log L + χ4)
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Block q sites into one tensor A(q) Polar-decompose it

O(χ2) O(χ4 logL)

O(χ4)

O(χ2 logL+ χ4)

ω

L sites

produces such states routinely

• 長さ L、ボンド次元  のMPSを、量子コンピュータ上にで

きるだけ浅い回路で準備する

χ

K. Murota, et al, arXiv:2606.24475



テンソルネットワークによる関数表現と機械学習



滑らかな関数の離散化

59

離散化
0 1 2 … N-1

離散化された関数値のテーブル はN成分ベクトルyi

関数の情報圧縮？



関数のテンソル化

60

0 1 2 … N-1

インデックス i の二進数表示

グリッド上の関数 = 本脚のテンソル2M M



二進数表記と長さスケール

61

の  ビット二進数表記：x ∈ [0,1) M

0 1 2 3 154 8 16

各ビットは “長さスケール”に対応している

番目のビットの変化 = 長さ  の変化m
1

2m+1



関数のテンソルネットワーク近似

62

長さスケールを意識したテンソルネットワーク = MPS

Quantized/Quantics Tensor Train (QTT) 

I. V. Oseledets, Dokl. Math.  80, 653 (2009).

B. N. Khoromskij, Constr. Approx. 34, 257 (2011).

I. V. Oseledets, Constr. Approx. 37, 1 (2013)

の情報を に圧縮N = 2M O(M = log2 N)
指数関数的な圧縮の可能性



QTT表現の例 1：指数関数

63

二進数表記

指数関数：

インデックス毎
の指数関数の積

= 量子系の積状態

指数関数 = ボンド次元 1のQTT



QTT表現での微分

64

微分：

微分の差分近似：
（中心差分）

QTTでの効率的な微分計算？ *周期境界条件



QTT表現での微分：行列積演算子

65

QTT行列積演算子
（MPO）

*ボンド次元=3

で微分が計算可能
O(M = log2 N)



偏微分方程式のシミュレーション

• 場のテンソルネットワーク表現 

• 流れの場、密度の場 

• 同次多項式表現(quantics tensor 

train (QTT) representation) 

• 長い空間スケールと短い空間スケール 

の分離(低ランク近似) 

• 乱流のように無数の長さスケールが混 

合場合に有効 

• テンソルネットワークで圧縮したままで 

シミュレーションを実行 

• テンソルネットワークを使うことで、乱 

流を正しく捉えたまま、効率的なシミュ 

レーションが可能
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correlations, it is still highly correlated in space because the fine grid 
dependence is repeated.

Truncating the Schmidt decomposition in equation (2) approxi-
mates ui in an orthonormal time-dependent basis that evolves with 
the fluid flow to optimally capture spatially correlated structures. 
This is in contrast to classical scientific computing techniques 
(implemented through, for example, finite-difference or spectral 
methods) where the bases are structure-agnostic; that is, they are 
chosen a priori and disregard any structure in the solution.

We first apply the decomposition in equation (2) to DNS solu-
tions of the INSE (equation (7)) for the TDJ shown in the top row of 
Fig. 2a. The TDJ comprises a central jet flow along the x direction, 
and Kelvin–Helmholtz instabilities in the boundary layer of the jet 
eventually cause it to collapse (see equations (9)–(15) for the initial 
flow conditions). We decompose each velocity component accord-
ing to equation (2), which is an exact representation if d(n) = Γ2D(n) 
with (for details, see Supplementary Section 2)

Γ
�%(O) = NJO(�O
 �/−O)� 	�


Figure 1b shows the Schmidt numbers d99(n, t) such that equation 
(2) represents the DNS solutions for the velocity fields with 99% 

accuracy in the L2 norm (more details on the Schmidt coefficients 
are provided in Supplementary Section 1). We find that d99(n, t) are 
well below their maximal values Γ2D(n) for n > 1. More specifically, 
we define ȕ

��

= NBY E

��

(O
 U) as the maximal value of d99 for all n 
and time steps. We obtain χ99 = 25, and the interscale correlations 
captured by equation (2) with E(O) = NJO

(
Γ

�%(O)
 ��
)
 are shown 

by the blue-shaded area M in Fig. 1b. d99(n, t) is entirely contained 
within this blue area. Note that the Schmidt numbers are shown on 
a logarithmic scale in Fig. 1b, and thus the area M is much smaller 
than the area D corresponding to DNS.

We obtain qualitatively similar results for the DNS solutions 
to the TGV in 3D, where vortex stretching causes a single, large, 
ordered fluctuation to collapse into a turbulent flurry of small-scale 
structures (see the top row in Fig. 3a for visualization and equation 
(16) in the Methods for the initial flow conditions). In three spatial 
dimensions, the representation in equation (2) is exact if d(n) equals 
(Supplementary Section 2)

Γ
�%(O) = NJO (�O
 �/−O)� 	�


The Schmidt numbers d99(n, t) resulting in a 99% accurate represen-
tation of the DNS solutions are shown in Fig. 1c. We find χ99 = 207, 
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Fig. 2 | 2D temporally developing jet. Dynamical simulation of the INSE in 2D for a planar jet streaming along x with Re!=!1,000, as defined in the Set-up 
of numerical experiments section in the Methods. a, Snapshots of the vorticity and velocity fields taken at t/T0!=!0.25, 0.75, 1.25, 1.75 (left to right). 
Red corresponds to positive vorticity (counter-clockwise flow) and blue to negative vorticity (clockwise). The top row corresponds to DNS results on 
a quadratic 210!×!210 grid (cf. Fig. 1a). Rows 2–4 are MPS results with different maximal bond dimensions χ. The bottom three rows are for URDNS on 
quadratic grids, as indicated. b, Reynolds stress τ12 (equation (14)) between the streamwise and cross-stream directions as a function of time and y 
coordinate. Red (blue) corresponds to positive (negative) stress.
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Quantum-inspired TN Option Pricing

• Accelerating option pricing with tensor networks 

• Traditional Monte Carlo:  

• Challenges: 

• Millions of simulation paths 

• Expensive Greek calculations 

• Repeated evaluations during risk analysis 

•Our tensor-network based approach 

• Chebyshev interpolation 

• Tensor cross interpolation 

• Analytical differentiation 

•Quantum-Inspired Risk Analysis 

• Asian barrier option 

• Multiple market parameters 

• Greeks and sensitivities 

• TNs provides reusable surrogate model, enabling fast evaluation of 

prices and Greeks across many market scenarios

V = 𝔼[ fpay(S)]
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{f(xj)}
{cj}

⃗c ⋅ ⃗T (x)

Sakurai, Okubo, Todo (in preparation)

F(1) F(2) F(d )⋯
χ1 χd−1χ2

Np NpNp

1 1 1



教師あり学習と教師なし学習

68

教師あり(supervised) 教師なし(unsupervised)

入力からラベルを予測（識別） データ分布そのものを学ぶ



機械学習における行列圧縮

• 行列の情報を蓄えるためのデータ量を大幅に圧縮できる 

• テンソルの行列積分解と同様 

• 行列の演算コストの低下 

• 大きな行列を直接かける代わりに、小さいテンソルを順番に 

かけることでコストが低下 

• 訓練・予測時間の低減 

•無駄な自由度の削減による最適化（訓練）の効率アップ 

• テンソルネットワーク近似で性能が変わらないことは、元の表現には「無駄」が多いことを示唆 

• 過学習の抑制、汎化性能の向上も期待できる
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ZE-FENG GAO et al. PHYSICAL REVIEW RESEARCH 2, 023300 (2020)

FIG. 1. (a) Graphical representation of the weight matrix W in a
fully connected layer. The blue circles represent neurons, e.g., pixels.
The solid line connecting an input neuron xi with output neuron
y j represents the weight element Wji. (b) MPO factorization of the
weight matrix W . The local operators w(k) are represented by filled
circles. The hollow circles denote the input and output indices, il and
jl , respectively. Given ik and jk , w(k)[ jk, ik] is a matrix.

different kernels are used to extract different features. A
graphical representation of W is shown in Fig. 1(a).

Usually, the number of elements or neurons, Nx and Ny, are
very large, and thus there are a huge number of parameters
to be determined in a fully connected layer [9]. The convo-
lutional layer reduces the variational parameters by grouping
the input elements into many partially overlapped kernels, and
one output element is connected to one kernel. The number of
variational parameters in a convolutional layer is determined
by the number of kernels and the size of each kernel. It could
be much less than that in a fully connected layer. However, the
total number of parameters in all the convolutional layers can
still be very large in a deep neural network which contains
many convolutional layers [10]. To train and store these
parameters raises a big challenge in this field. First, it is time
consuming to train and optimize these parameters, and may
even increase the probability of overfitting. This would limit
the generalization power of deep neural networks. Second,
it needs a big memory space to store these parameters. This
would limit its applications where the space of hard disk is
strongly confined; for example, on mobile terminals.

There are similar situations in the context of quantum in-
formation and condensed-matter physics. In a quantum many-
body system, the Hamiltonian or any other physical operator
can be expressed as a higher-order tensor in the space spanned
by the local basis states [33]. To represent exactly a quantum
many-body system, the total number of parameters that need
to be introduced can be extremely huge, and should in prin-
ciple grow exponentially with the system size (or the size of
each “image” in the language of neural network). The matrix
product operator (MPO) was originally proposed in physics to
characterize the short-range entanglement in one-dimensional
quantum systems [34,35], and is now a commonly used
approach to represent effectively a higher-order tensor or
Hamiltonian with short-range interactions. Mathematically, it
is simply a tensor-train approximation [36,37] that is used to
factorize a higher-order tensor into a sequential product of
the so-called local tensors. Using the MPO representation, the
number of variational parameters needed is greatly reduced

since the number of parameters contained in an MPO just
grows linearly with the system size. Nevertheless, it turns
out that to provide an efficient and faithful representation
of the systems with short-range interactions whose entangle-
ment entropies are upper bounded [38,39] or, equivalently,
the systems with finite excitation gaps in the ground states.
The application of MPOs in condensed-matter physics and
quantum information science has achieved great successes
[40,41] in the past decade.

In this paper, we propose to solve the parameter problem in
neural networks by employing the MPO representation, which
is illustrated in Fig. 1(b) and expressed in Eq. (5). The starting
point is the observation that the linear transformations in a
commonly used deep neural network have a number of similar
features as the quantum operators, which may allow us to
simplify their representations. In a fully connected layer, for
example, it is well known that the rank of the weight matrix
is strongly restricted [42–44] due to short-range correlations
or entanglements among the input pixels. This suggests that
we can safely use a lower-rank matrix to represent this layer
without affecting its prediction power. In a convolutional
layer, the correlations of images are embedded in the kernels,
whose sizes are generally very small in comparison with the
whole image size. This implies that the “extracted features”
from this convolution can be obtained from very local clusters.
In both cases, a dense weight matrix is not absolutely neces-
sary to perform a faithful linear transformation. This peculiar
feature of linear transformations results from the fact that the
information hidden in a data set is just short-range correlated.
Thus, to accurately reveal the intrinsic features of a data set,
it is sufficient to use a simplified representation that catches
more accurately the key features of local correlations. This
motivates us to adopt MPOs to represent linear transformation
matrices in deep neural networks.

There have been several applications of tensor network
structures in neural networks [37,45–50]. Our approach dif-
fers from them by the following aspects: (1) It is physically
motivated, emphasizes more on the local structure of the
relevant information, and helps to understand the success of
deep neural networks. (2) It works in the framework of neural
networks, in the sense that the multiple-layer structure and
activation functions are still retained and the parameters are
entirely optimized through algorithms developed in neural
networks. (3) It is a one-dimensional representation, and is
flexible to represent the linear transformations including both
the fully connected layers and the entire convolutional layers.
(4) It is also used to characterize the complexity of image data
sets. (5) A systematic study has been done. These issues will
become clear in the following sections.

The rest of the paper is structured as follows. In Sec. II,
we present the way the linear layers can be represented by
MPO and the training algorithm of the resulting network. In
Sec. III, we apply our method systematically to five main
neural networks, including FC2, LeNet-5, VGG, ResNet, and
DenseNet on two widely used data sets, namely, MNIST and
CIFAR-10. Experiments on more data sets can be found in
Sec. II. A in the Supplemental Material (SM) [51]. Finally, in
Sec. IV, we discuss the relation with previous efforts and the
possibility to construct a framework of neural networks based
on the matrix product representations in the future. In the SM
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教師なし学習 - 生成モデル

• 手書き数字画像 

• 数字として意味のある画像の確率分布:  

• Born機械（Born-machine）表現 

• 確率分布を量子状態と対応づける 

• この量子状態に対して測定を行うと　　　　　の確率で  が得られる 

• 量子状態のテンソルネットワーク表現 

• 負の対数尤度を最小化するようにテンソルを最適化
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training set no larger than Dmax. As shown in the previous
section, this means that all training patterns are remembered
exactly. As the number of training patterns increases, MPS
with a fixedDmax will eventually fail in remembering exactly
all the training patterns, resulting in L > ln jT j. In this
regime, generations of the model usually deviate from
training patterns (as illustrated in Fig. 3 on the MNIST data
set). We notice that, with jT j increasing, the curves in the
figure deviate from ln jT j continuously. We note that this is
very different from the Hopfield model, where the overlap
between the generation and training samples changes
abruptly due to the first order transition from the retrieval
phase to the spin glass phase.
Figure 2(a) also shows that a largerDmax enables MPS to

remember exactly more patterns and produce smaller L
with the number of patterns jT j fixed. This is quite natural
because enlarging Dmax amounts to the increase of the
parameter number of the model and, hence, enhances the
capacity of the model. In principle, ifDmax ¼ ∞, our model
has infinite capacity, since arbitrary quantum states can be
decomposed into MPS [17]. Clearly, this is an advantage
of our model over the Hopfield model and inverse Ising
model [14], whose maximal model capacity is proportional
to system size.
Careful readers may complain that the inverse Ising

model is not the correct model to compare with, because its
variation with hidden variables, i.e., Boltzmann machines,
do have infinite representation power. Indeed, increasing
the bond dimensions in MPS has similar effects to
increasing the number of hidden variables in other gen-
erative models.
In Fig. 2(b), we plot L as a function of system size N,

trained on jT j ¼ 100 random patterns. As shown in the
figure, with Dmax fixed, L increases linearly with system
size N, which indicates that our model gives a worse

memory capability with a larger system size. This is due to
the fact that keeping the joint distribution of variables
becomes more and more difficult for MPS when the
number of variables increases, especially for long-range
correlated data. This is a drawback of our model when
compared with fully pairwise-connected models such as
the inverse Ising model, which is able to capture long-
distance correlations of the training data easily. Fortunately,
Fig. 2(b) also shows that the decay of memory capability
with system size can be compensated by increasing Dmax.

C. MNIST data set of handwritten digits

In this subsection, we perform experiments on the
MNIST data set [51]. In preparation, we turn the grayscale
images into binary numbers by threshold binarization and
flattened the images row by row into a vector. For the
purpose of unsupervised generative modeling, we do not
need the labels of the digits. Here, we further test the
capacity of the MPS for this larger-scale and more mean-
ingful data set. Then, we investigate its generalization
ability via examining its performance on a separated test
set, which is crucial for generative modeling.

1. Model capacity

Having chosen jT j ¼ 1000MNIST images, we train the
MPS with different maximal bond dimensions Dmax, as
shown in Fig. 3. AsDmax increases, the final L decreases to
its minimum ln jT j, and the images generated become more
and more clear. It is interesting that, with a relatively small
maximum bond dimension, e.g., Dmax ¼ 100, some crucial
features show up, though some of the images were not as
clear as the original ones. For instance, the hooks and loops
that partly resemble the numerals “2,” “3,” and “9” emerge.
These clear characters of handwritten digits illustrate that
the MPS has learned many “prototypes.” Similar feature-to-
prototype transitions in pattern recognitions could also
be observed by using a many-body interaction in the
Hopfield model, or equivalently, using a higher-order
rectified polynomial activation function in the deep neural
networks [52]. It is remarkable that, in our model, this can
be achieved by simply adjusting the maximum bond
dimension of the MPS.
Next, we train another model with the restriction of

Dmax ¼ 800. The NLL on the training data set reaches 16.8,
and many bonds have reached maximal dimension Dmax.
Figure 4 shows the distribution of bond dimensions. Large
bond dimensions are concentrated in the center of the
image, where the variation of the pixels is complex. The
bond dimensions around the top and bottom edge of
the image remain small, because those pixels are always
inactivated in the images. They carry no information and
have no correlations with the remaining part of the image.
Remarkably, although the pixels on the left and right edges
are also white, they also have large bond dimensions

FIG. 3. NLL average of a MPS trained using jT j ¼ 1000
MNIST images of size 28 × 28, with varying maximum bond
dimensions Dmax. The horizontal dashed line indicates the
Shannon entropy of the training set ln jT j, which is also the
minimal value of L. The inset images are generated by the MPS
trained with different Dmax (denoted by the arrows).
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because these bonds learn to mediate the correlations
between the rows of the images.
The samples directly generated after training are shown

in Fig. 5(a). We also show a few original samples from the
training set in Fig. 5(b) for comparison. Although many of
the generated images cannot be recognized as digits, some
aspects of the result are worth mentioning. Firstly, the MPS
learned to leave margins blank, which is the most obvious
common feature in the MNIST database. Secondly, the
activated pixels compose pen strokes that can be extracted
from the digits. Finally, a few of the samples could already
be recognized as digits. Unlike the discriminative learning
task carried out in Ref. [32], it seems we need to use much
larger bond dimensions to achieve a good performance in
the unsupervised task. We postulate the reason to be that,
in the classification task, local features of an image are
sufficient for predicting the label. Thus, MPS is not
required to remember longer-range correlation between
pixels. For generative modeling, however, it is necessary
because learning the joint distribution from the data

consists of (but not limited to) learning two-point corre-
lations between pairs of variables that could be far from
each other.
With the MPS restricted to Dmax ¼ 800 and trained with

1000, we carry out image restoration experiments. As shown
in Fig. 6, we remove part of the images in Fig. 5(b) and then
reconstruct the removed pixels (in yellow) using conditional
direct sampling. For column reconstruction, its performance
is remarkable. The reconstructed images in Fig. 6(a) are
almost identical to the original ones in Fig. 5(b). On the other
hand, for row reconstruction in Fig. 6(b), it makes interesting
but reasonable deviations. For instance, for the rightmost
image in the first row, the “1” shape has been bent to a “7.”

2. Generalization ability

In a glimpse of its generalization ability, we also tried
reconstructing MNIST images other than the training
images, as shown in Figs. 6(c) and 6(d). These results
indicate that the MPS has learned crucial features of the
data set, rather than merely memorizing the training
instances. In fact, even as early as only 11 loops trained,
the MPS could perform column reconstruction with similar

FIG. 4. Bond dimensions of the MPS trained with jT j ¼ 1000
MNIST samples, constrained to Dmax ¼ 800. Final average NLL
reaches 16.8. Each pixel in this figure corresponds to the bond
dimension of the right leg of the tensor associated to the identical
coordinate in the original image.

(a) Generated (b) Original

FIG. 5. (a) Images generated from the same MPS as in Fig. 4.
(b) Original images randomly selected from the training set.

(a) column reconstruction on
training images

(b) row reconstruction on training
images

(c) column reconstruction on test
images

(d) row reconstruction on test
images

FIG. 6. Image reconstruction from partial images by direct
sampling with the same MPS as in Fig. 4. (a,b) Restoration of
images in Fig. 5(b), which are selected from the training set. (c,d)
Reconstruction of 16 images chosen from the test set. The test set
contains images from the MNIST database that were not used for
training. The given parts are in black (dark) and the reconstructed
parts are in yellow (light). The reconstructed parts are 12 columns
from either (a,c) the left or the right and (b,d) the top or the bottom.
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教師あり学習の埋め込み

• テンソルネットワークによる教師あり学習 

• 教師あり学習もテンソルネットワークで実現可能 

• 入力データ：量子回路の 初期状態 として符号化 

• ラベル：量子状態の 一部を測定 して取得 

• 分類問題を「状態準備＋測定」として定式化 

• ループのないテンソルネットワーク 

• 行列積状態 MPＳ、ツリーテンソルネットワーク TTN 

• 葉から順次「アイソメトリ（isometry）」に変換 

• 変換後のテンソルを「ユニタリ」の一部として量子回路 

に埋め込み
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Figure 2: Input data is mapped to a normalized order N tensor with a rank-1 product structure.

Figure 3: For the case of a grayscale image and d = 2, each pixel value is mapped to a normalized
two-component vector. The full image is mapped to the tensor product of all the local pixel vectors
as shown in Fig. 2.

The feature map Eq. (2) defines a kernel which is the product of N local kernels, one for each
component xj of the input data. Kernels of this type have been discussed previously in Vapnik [20, p.
193] and have been argued by Waegeman et al. [21] to be useful for data where no relationship is
assumed between different components of the input vector prior to learning.

3 Classification Model

In what follows we are interested in classifying data with pre-assigned hidden labels, for which we
choose a “one-versus-all” strategy, which we take to mean optimizing a set of functions indexed by a
label `

f `(x) = W ` · �(x) (4)

and classifying an input x by choosing the label ` for which |f `(x)| is largest.

Since we apply the same feature map � to all input data, the only quantity that depends on the label
` is the weight vector W `. Though one can view W ` as a collection of vectors labeled by `, we
will prefer to view W ` as an order N + 1 tensor where ` is a tensor index and f `(x) is a function
mapping inputs to the space of labels. The tensor diagram for evaluating f `(x) for a particular input
is depicted in Fig. 4.

Because the weight tensor W `
s1s2···sN

has NL · dN components, where NL is the number of labels,
we need a way to regularize and optimize this tensor efficiently. The strategy we will use is to
represent W ` as a tensor network, namely as an MPS which have the key advantage that methods for
manipulating and optimizing them are well understood and highly efficient. An MPS decomposition
of the weight tensor W ` has the form

W `
s1s2···sN

=
X

{↵}

A↵1
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A↵1↵2
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· · · A`;↵j↵j+1
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f `(x)

Figure 4: The overlap of the weight tensor W ` with a specific input vector �(x) defines the decision
function f `(x). The label ` for which f `(x) has maximum magnitude is the predicted label for x.
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Figure 5: Approximation of the weight tensor W ` by a matrix product state. The label index ` is
placed arbitrarily on one of the N tensors but can be moved to other locations.

and is illustrated in Fig. 5. Each A tensor has d m2 elements which are the latent variables parame-
terizing the approximation of W ; the A tensors are in general not unique and can be constrained to
bestow nice properties on the MPS, like making the A tensors partial isometries.

The dimensions of each internal index ↵j of an MPS are known as the bond dimensions and are the
(hyper) parameters controlling complexity of the MPS approximation. For sufficiently large bond
dimensions an MPS can represent any tensor [22]. The name matrix product state refers to the fact
that any specific component of the full tensor W `

s1s2···sN
can be recovered efficiently by summing

over the {↵j} indices from left to right via a sequence of matrix products (the term “state” refers to
the original use of MPS to describe quantum states of matter).

In the above decomposition Eq. (5), the label index ` was arbitrarily placed on the tensor at some
position j, but this index can be moved to any other tensor of the MPS without changing the overall
W ` tensor it represents. To do so, one contracts the tensor at position j with one of its neighbors,
then decomposes this larger tensor using a singular value decomposition such that ` now belongs to
the neighboring tensor—see Fig. 7(a).

4 “Sweeping” Optimization Algorithm

Inspired by the very successful DMRG algorithm developed for physics applications [17, 8], here we
propose a similar algorithm which “sweeps” back and forth along an MPS, iteratively minimizing the
cost function defining the classification task.

To describe the algorithm in concrete terms, we wish to optimize the quadratic cost
C = 1

2

PNT

n=1

P
`(f

`(xn) � y`
n)2 where n runs over the NT training inputs and y`

n is the vector
of desired outputs for input n. If the correct label of xn is Ln, then yLn

n = 1 and y`
n = 0 for all other

labels ` (i.e. a one-hot encoding).

Our strategy for minimizing this cost function will be to vary only two neighboring MPS tensors at a
time within the approximation Eq. (5). We could conceivably just vary one at a time, but varying two
tensors makes it simple to adaptively change the MPS bond dimension.

Say we want to improve the tensors at sites j and j + 1. Assume we have moved the label index `
to the MPS tensor at site j. First we combine the MPS tensors A`

sj
and Asj+1 into a single “bond

tensor” B
↵j�1`↵j+1
sjsj+1 by contracting over the index ↵j as shown in Fig. 6(a).

Next we compute the derivative of the cost function C with respect to the bond tensor B` in order to
update it using a gradient descent step. Because the rest of the MPS tensors are kept fixed, let us show
that to compute the gradient it suffices to feed, or project, each input xn through the fixed “wings” of
the MPS as shown on the left-hand side of Fig. 6(b) (connected lines in the diagram indicate sums
over pairs of indices). The result is a projected, four-index version of the input �̃n shown on the
right-hand of Fig. 6(b). The current decision function can be efficiently computed from this projected
input �̃n and the current bond tensor B` as

f `(xn) =
X

↵j�1↵j+1

X

sjsj+1

B↵j�1`↵j+1
sjsj+1

(�̃n)
sjsj+1

↵j�1`↵j+1
(6)

or as illustrated in Fig. 6(c). The gradient update to the tensor B` can be computed as

�B` = � @C

@B`
=

NTX

n=1

(y`
n � f `(xn))�̃n . (7)
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ポストセレクション問題

•ＭＰＳによる教師あり学習の埋め込み 

•ポストセレクション 

• 一般のテンソル（線形写像）は ユニタリではない 

• 回路化の典型的方法 

• ユニタリの一部に埋め込み 

• 測定により写像を実装 

• 成功=補助量子ビットの測定結果が全て0 

• 成功の場合のみ採用（post-selection） 

•問題点 

• 成功確率が小さいとサンプル効率が著しく低下 

•断熱エンコーディング 

• MPS を断熱的に変形 

• 補助量子ビットの状態に依らず 

分類結果がほぼ同一になるよう設計 

• 「ＭＰＳで（古典）学習 → ポストセレクションあり量子回路 → 断熱エンコーディング → ポストセレク

ションなし量子回路」により、「バレンプラトー問題」も回避できると期待
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FIG. 2. (a) Illustration of a qMPS-classifier with postselection
(left), a qMPS-classifier without postselection (right), and a
weighted qMPS ansatz (middle). The green boxes labeled M
represent measurements on each qubit. (b) Schematic of how
the loss landscape changes as W1 is gradually increased from
0 to 1.

where pm = Tr[Em
(
ωin

)
] is the probability of obtaining

outcome m, and Wm is the weight assigned to that out-
come. Notice that in general Tr[ε̃ ] →= 1, so ε̃ is not a
valid density operator. Nevertheless, when used in clas-
sifiers, the overall scalar factor does not a!ect the clas-
sification result. Applying this concept to the qMPS-
classifiers leads to an ansatz illustrated in Fig. 2 (a)
which we call weighted qMPS. In the weighted qMPS,
the final measurement outcome is obtained by assign-
ing a weight W

j

m
depending on the measurement out-

come m ↑ {0, 1} of the j-th qubit. Despite the signif-
icant di!erences between qMPS-classifiers with postse-
lection and qMPS-classifiers without postselection, this
weighted qMPS interpolates between these two extremes.
For qMPS-classifiers with postselection set W

j

m
= (1, 0)

so that the circuits keep running only when the mea-
surement outcome is 0, and for qMPS-classifiers without

postselection set W j

m
= (1, 1) to realize partial trace.

To achieve a smooth and gradual transition from
W

j

m
= (1, 0) to W

j

m
= (1, 1), it is necessary to determine

an appropriate scheduling for w in Wm = (1, w), where
we assume to update W

j

m
uniformly for all j. Specif-

ically, given a total optimization iteration count T , we
predefine a schedule wt for t = 0, 1, . . . , T , so that wt

monotonically increases from w0 = 0 to wT = 1. Fig. 2
(b) shows the concept of this process. The loss function
landscape also deforms gradually with the schedule wt.
At each wt, we optimize the unitary gates until the loss

function becomes small enough. This scheduling process
involves engineering considerations, as we have observed
that di!erent datasets require di!erent pacing. Addi-
tionally, we have found that introducing a regularization
term R(W ) = ↓ log Tr[ε̃ ], which can be interpreted as
a measure of success rate Psuccess, further stabilizes the
training process.
Numerical Experiments.— Before demonstrating how

our adiabatic encoding framework resolves the bar-
ren plateaus on two representative datasets, we briefly
outline our implementation settings. For the MPS-
classifiers, we used the Adam optimizer. For the qMPS-
classifiers, whose unitary gates must be updated, we em-
ployed a “Riemannian Adaptive Optimization Method”,
which e!ectively implements an Adam-like algorithm on
Riemannian manifolds [53]. Both classifiers utilized the
same feature map ϑ(x) ↔ (x, 1↓ x). Further implemen-
tation details are provided in the Supplemental Material.

FIG. 3. Adiabatic encoding framework for the first-qubit trig-
ger dataset. Here, “success rate per gate” denoted by Psrpg

is the average success probability at a each two-qubit gate,
which can be calculated from Tr[ω̃ ] at each k-th gate. The
overall circuit’s success probability Psuccess can be calculated
by Psuccess = PL→1

srpg .

We now demonstrate these methods on the first-qubit
trigger dataset, with L = 1024. Directly training a
qMPS-classifier on this dataset is unfeasible due to the
severe barren plateaus. By contrast, we can prepare a
qMPS-classifier with postselection that perfectly classi-
fies the dataset by exactly embedding a pre-trained MPS-
classifier then use adiabatic encoding to remove postse-
lection. Throughout this procedure, the classification ac-
curacy remains at 100%, as shown in Fig. 3. We train
on mini-batches of 212 examples per iteration. In every
update of w, the loss function increases discontinuously
but we train the circuit until the loss function becomes
small enough. Empirically, we find that, from the initial
w1 = 0.002, the w must be increased very gradually in
the early phase of adiabatic encoding to maintain stabil-
ity. However we also observed that once w reaches ap-
proximately 0.02, faster increments do not degrade per-
formance, thus accelerating the scheduling pace.
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指数関数的に小さくなる成功確率がボトルネック



まとめ: テンソルネットワークを通して見る量子多体系計算

• 表現 

• 量子状態・分配関数・確率分布・離散化した関数を、共通のテンソルネットワークとして扱える 

• 必要なボンド次元は対象の相関構造に依存する 

• 計算 

• 縮約は和を直接評価し、サンプリングはその一部を確率的に評価する 

• 両者は対立する方法ではなく、組み合わせて使える 

• TNMC 

• 射影子のMCMCにより、低ランク切断に由来する系統誤差を取り除き、TNの構造を統計誤差の低

減と符号問題の緩和に利用する 

•展開 

• 同じ表現と計算技術が、量子回路シミュレーション、状態準備、関数計算、機械学習へとつながる 

• 古典サンプルへ変換せず、準備した量子状態を次の量子処理へ直接渡す量子–量子の連携も、

今後の重要な方向
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