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Overcoming the Curse of Dimensionality:
Tensor Networks & Quantum Machine Learning

THE SOLUTION:
TENSOR NETWORKS & QUANTUM INTEGRATION

~

THE PROBLEM:
THE CURSE OF DIMENSIONALITY

S Compression via Data Table
% Low-Ra|_1k Appro)‘umatlon Original o
_ y Decomposing tensors into Matrix Approximation

Exponential <j smaller “legs” can reduce (nun) (2m)
Scaling data size by over 96%. ] : 0
Bottleneck —0
Accuracy gains :
require massive data, !%

but memory and
energy efficiency
are hitting limits.

100,000,000 2,000,000
elements (n=10k) elements (r=100)
. S

Hypercube
(100 dimensions)

Mapping Networks

to Quantum Circuits —{HHw} .

The Sampling Gap
a unit sphere occupies only
10*-70 of a hypercube’s
volume.

Tensor network
contractions are EI ! @
replaced by quantum _E

circuit measurements

to bypass classical i
bottlenecks.

Multidisciplinary Applications

Optimization
Complexity
High-di ional landscap
create vast numbers of local minima s
g + ; Turbulence Image Designing Quantum
and gradient disappearance lssues. Simulations Reconstruction  Error-Correcting Codes
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FEESER (Singular Value Decomposition)
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MPS (Matrix Product State - 175 &REE)
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Review: U. Schollwock, Annals of Physics 326, 96 (2011)
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Tensor network methods in statistical physics

- “Renormalization” (or “Lagrangian”) approach
- coarse graining of tensor network representation of the partition function

- transfer matrix, tensor network renormalization (TRG), higher-order tensor
network renormalization (HOTRG), etc

- “Variational” (or “Hamiltonian”) approach

- tensor-network approximation of strongly correlated many-body quantum
states

- DMRG, PEPS, MERA, etc

- “Exact” contraction of tensor network can not be done in two and higher
dimensions

- low-rank approximation based on eigenvalue/singular value decomposition

- accuracy of approximation is controlled by “bond dimension”: D ( or y)

»ﬁ‘&\?»
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- Time Evolving Block Decimation (TEBD)
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G. Vidal, Phys. Rev. Lett. 91, 147902 (2003)
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TEBD algorithm

)\2 = A3

Combme
and
make matrix 3

2

_ _ U VT_
Approximation *

A1 I Ao 12 )

Ritnid

(o> -9

-O-
Make tensor J

G. Vidal, Phys. Rev. Lett. 91, 147902 (2003)
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Tensor renormalization group

- Low-rank approximation based on SVD

.,%‘w}*.,

|_ computational cost: O(D?)
e ol 3
memory cost: O(D")
- Improvement of accuracy by considering the “environment” effects or
removing local correlations

- second order renormalization (SRG), mean-field SRG, etc

- tensor network renormalization (TNR), loop TNR, Gilt, etc
- computational cost increases significantly

Levin & Nave (2007)



L evin-Nave tensor renormalization group

*8 X 8 square lattice case (N = 64)
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L evin-Nave tensor renormalization group

*8 X 8 square lattice case (N = 64)

= S
SVD contract

B o




More advanced tensor-network methods

- Improving accuracy

32

- including environment effect

(b)
. SRG (2009), CTMRG (1996, 2009) E
- removing local correlations 5
| .- H
- TNR (2015), loop TNR (2017), Gilt (2018)
(d) iy, ves v v
- computational cost increases significantly w5~ HeN =]_“Z“E[ _
- Improve accuracy without increasing complexity R
(f) wt (g)
. BTRG (2022) T
| | s~ o o=@ |22 f
- Reducing complexity

- TRG using few-leg tensors

« ATRG (2020), Triad RG(2019), CATN (2020) W v X% Xu

- Generalization to higher-dimensions
- HOTRG (2012), ATRG (2020), CATN (2020) G. Evenbly (2015)
 Fermions

- Grassmann tensor network (2010, 2021)
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Markov-chain Monte Carlo

- Various update algorithms
- local, cluster, worm, event-chain, hybrid (HMC), etc

- extended ensemble methods

* Pros
- consistent in long-time limit (if balance condition and ergodicity are

satisfied)
- computational cost increases only linearly (in many cases)

- trivial parallelization
- Cons

- slow convergence of statistical error ( ~ 1/4/M )
- effective number of samples decreases as auto-correlation increases

2
, 207
O =
M

nt

- hegative sign for frustrated quantum magnets, fermions, real-time dynamics

36
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Tensor network renormalization group

- Many variants
- tensor renormalization group (TRG) by Levin and Nave (2007)
- higher-order tensor renormalization group (HOTRG) by Xie et al (2012)
- tensor network renormalization (TNR) by Evenbly and Vidal (2015)
» anisotropic tensor renormalization group (ATRG) by Adachi et al (2020)
- bond-weighted tensor renormalization group (BTRG) by Adachi et al (2022)
* Pros
* (super-?)exponentially accurate for large bond dimension D
- Cons
* systematic error (bias) due to finite bond dimension D
* reduction of systematic error (for larger D) is often monotonic

- computational cost increases rapidly as D*
- few methods for higher dimensions
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- fEflER DEE1 L
- AUTNTEIER CEtEENHE
- S0 L1 AT A VA TER
- HPC/GPULTOAFIELERE

S. Mukherjee, S. Akiyama, arXiv:2510.02725

- Tensor-Network Monte Carlo (TNMC)
- AES VA = ERITADTOI T IVYDIEA

]
 [TE OO T ANDKDOYICTHEXRNICTH T NGV NEAV
. MCMCIC &Y ES VR & B RS E £ e ol |

NN,
GO

NGNS

14
12

1k
0.8

specific heat

0.6
04

02
S. Todo, arXiv:2412.02974 0
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Low-rank approximation in tensor network methods

- Low-rank approximation based on SVD
- choose largest d singular values

4+ =

PR - et - fofeiet - ItEE® - ‘e’

- Projector formulation
- choose the best projector to d dimensions

- equivalent to low-rank approximation using SVD

R P = E—@F——@i@f > R 3 1/\/91\/&
= EHFO e



Core idea of tensor-network MCMC

- Random projectors

- instead of choosing the “best” projector, all possible projectors are sampled
according to some weights, such that on average (Ferris 2015)

(WOW;(0))g= D, WeO)W;(O)p(©O) = I,
0=1

- Use Markov chain Monte Carlo to control variance

- as, in random sampling and importance sampling, statistical error diverges
exponentially as system size increases

- Use different projector configurations in different positions
- to remove systematic errors from correlation

40
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Markov chain Monte Carlo approach

- Determine projector candidates from SVD during the conventional
(deterministic) TRG

- projectors becomes independent with each other and can be sampled
independently

p0,0,, -+, 0,) = p(0,)p(6,)---p(6,)

- (exact) tensor network representation of partition function

Z = Z g(0,,0,,---,0)p0,,0,,-,0,) = Z g(0y, 0, -+-6,)p(0)p(6,)---p(6,)
{0, {0,
- Sample projectors {0;} using Markov-chain Monte Carlo
* propose hew 6. according to p(6))
- Metropolis update with P = min(1,g(6;, 6, -, 0}, -+, 6,)/g(6,, 0y, -+, 0, -+, 6.))
- update of weights is O(log N) and includes matmul only
- SVDs are required during initialization stage only

- Physical quantities
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Comparison with Levin-Nave TRG + impurity tensor
* Square-lattice Ising model (L = 16)

- Exact results (transfer matrix): dark blue
« TensorMC: d=6 (red symbols)
- Levin-Nave TRG: d=2 (purple), 4 (green), 6 (cyan),..., 16 (black)
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Comparison with Metropolis algorithm

- Square-lattice Ising model

- asymptotic variance is smaller by orders of magnitude

- asymptotic variance decreases exponentially as
d Increases

4 6 8 10 12 14

- energy (purple), specific heat (green),

12

10 A

[1 Metropolis
TNMC (D=6)

[V T

-2.00 -1.75 -1.50 -1.25 -1.00 -0.75 -0.50 -0.25

Energy
1 Metropolis
TNMC (D=6)
T &
: L
0.0 0.2 0.4 0.6 0.8 1.0

Magnetization”™2
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Ising model in imaginary external field

* Square lattice Ising model Yang-Lee zeros on complex plane of fugacity z

H==- 3 00-h T (T ([ ()

- pure imaginary external field

=in/2f = z=eM=-1 T>T, T

* non-positive Boltzmann weight (m: total magnetization)

T T<T

W = eP 209 x (—1)™?  (m: total magnetization)

- Standard Markov chain Monte Carlo suffers from severe negative sign
problem

1

0.1 3

average sign
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Ising model in imaginary external field

* Our proposed method also has negative signs for small d
*d = 2 results are almost similar to the standard method

* NB: negative signs can appear for small d even if the original model is free

from negative sign

* However, average sign is improved drastically as we increase d

0.8

0.6

average sign

0.2

04

T
wlwlwlwlw,

+ :

standard —e— %\
=2 —o—

L =32

- | OO P~W
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Summary of Tensor MCMC

- Markov chain Monte Carlo in tensor network representation

- reducing statistical error using approximate
tensor network contraction 52

- removing systematic bias by sampling singular

vectors (projectors) using MCMC
— avoid divergence of statistical error, negative signs, and systematic bias

- Computational complexity of one Monte Carlo update
» O(d®N log N)
- matmul only (no SVD) during MCMC sampling = ideal for modern GPGPU or
HPC
- Combination with various advanced sampling techniques (to reduce z,,)

- Applications:
- higher dimensions: HOTRG (2012), ATRG (2020)

- guantum spin models, fermions, quantum circuits, etc

2
_ 200 Tin
M

arXiv:2412.02974
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- 5l#2 Quantum Monte Carlo
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Tensor Network Decoder for Error Correction

55

- Decoding stabilizer code, such as surface codes
- Noise model information can improve performance

- Bayesian inference of noise model

- Using syndrome measurement results only

- syndrome measurement + TN likelihood
calculation + Bayesian inference +

Monte Carlo sampling

- TNs can improve decoding and noise
characterization for fault-tolerant
quantum computing (FTQC)
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Quantum-inspired TN Option Pricing

- Accelerating option pricing with tensor networks

- Traditional Monte Carlo: V = E[f,,,(5)]
- Challenges:

- Millions of simulation paths
- Expensive Greek calculations
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97.5

95.0

92.5
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- Repeated evaluations during risk analysis ’ —

- Our tensor-network based approach ()
» Chebyshev interpolation

- Tensor cross interpolation
- Analytical differentiation

- Quantum-Inspired Risk Analysis

- Asian barrier option

- Multiple market parameters
- Greeks and sensitivities

- TNs provides reusable surrogate model, enabling fast evaluation of

prices and Greeks across many market scenarios
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Sakurai, Okubo, Todo (in preparation)
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