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Geometry from Quantum State

13
Standard scheme |5
{m ’ y} — [SU ] y]  mmmanee.

Symplectic manifold Quantization of symplectic manifold
This is the basic idea behind the conventional quantization methods:

Weyl quant., deformation quant., geometric quant., BT quant. ..
(except for Connes ' NCG )

Restricted to symplectic manifolds —> General manifold ?
Restricted to the commutator formalism = General NCG such as Nambu bracket ?

Classical Geometry == Quantum Geometry

Present scheme

Quantum State == Matrix Geometry

(Connes’ NCG: Algebra = Geometry )



Quantum mechanics and M(atrix) theory .

This year is the centennial of wave mechanics!

Matrix mechanics (1925) _ Wave mechanics (1926)

Matrix Quantum State, Operator

e / p{ﬁ)ﬂi(x)[F y “‘(3)}1::

Schroedinger (Annalen der Physik 1926)

O;; = (Y;|O(z, p = —i0z)|¢;)

Matrix (operator) first or state first?

(from wiki)

i it

Kﬂ%&ﬁﬂgm M(atrix) theory in string theory

ERROIHARNELCLNULNSENRORE S

. IKKT('97) BFSS (‘97) .« o

NN, B

1
S = Ztr([Aua AV]Q) T

(11IB or not 1B ?)



Matrix geometry from Quantum states

Matrix model

(Matrix) Geometry === Fluctuation  ===) Quantum states
(classical sol.) (field theory)

True quantum vac.

(Nishimuraetal.) Quantum matrix geometry

Matrix geometry
from quantum states

Landau model

oo Y
> o

Level projection ===) Quantum statesS === (Matrix) Geometry



My past studies

‘02~ LLL geometry (higher D, SUSY ...) “First floor”
Level projection for matrix geo.

=) ““Toy model” of Matrix model geometry

PN

Explore Landau models to generate a new NCG ! N=2

’16: 2D higher LLs & fuzzy S2 " Upper floors” N=1

LLL

"17: fuzzy S3 & higher LLs

Ishikis group (‘18~)
’20: fuzzy S4 & higher LLs

Tsuchiva D0~
m=) Nested Nambu geometry Suchiyas group (“20~)

’23: Prescription for general G/H
’25: Deformed fuzzy manifold

' ‘ “"Relation between all floors”
’26: Howe duality A

Roger Howe (from wiki)



Emergent Quantum Matrix Geometry | .

Higher D fuzzy hyperboloid
.ICD‘
Lowest Landau level on 4D hyperboloid =
m=) 4D fuzzy hyperboloid (CP;2,) N
(KH ‘12)
Higher D. indefinite signature fuzzy manifold A/@V\A 4

ml

[Xa,Xb] — ZXab [X(l’ XbC] — ”L?’]abXC . Z?’]ach

Classical sol. of indefinite signature Matrix model
with mass term

QUANTUM

b c val 2 va GEOMETRY,
el X7, [XE X = M*X MATRIX THEORY,
mmm) Emergent gravity from IKKT (Steinacker ‘18~) QRRVITY

(FRW C05mO|Ogy) Chap5 TaRE HAROLD C. STEINACKER



Emergent Quantum Matrix Geometry I

Quantum Nambu geometry 1.

Higher Landau Level projection

(I+1) latitudes -4 [

mmm) Nested 4D fuzzy sphere |
(KH °23,°20) L\

Quantum Nambu structure

[Xaa Xb: X(37 Xd] — 4!6abcd€X€

== New solution of Yang-Mills matrix model with Chern-Simons term

[ Xa, Xp], Xp] = €apede XpXcXgXe



Emergent Quantum Matrix Geometry Il
Deformed fuzzy geometry 7

Spectral flow === ""Deformed’ quantum states
EW oM m==) Deformed fuzzy space (K7 25)

25 i
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(see also Matsuura, Tsuchiva ‘20)



Matrix geometry and Quantum states

Matrix model

(Matrix) Geometry === Fluctuations e==) Quantum states
(vacuum) (field theory)

True quantum vac.
(Nishimura et al.)

Hopefully,
not just conceptual, but
practically useful !

Landau model

Level projection ===) Quantum statesS === (Matrix) Geometry

8



The set-up )

| | Landau (‘30) Non-compact space

| ; \L \L NC plane A= o0
Q Degeneracy = oo

GO (X, Y] = it? A7 (2
Q T
> ¢(=1/VB
I“g‘,‘é‘;“;o‘ (g/R? : fixed) 4 NCstructure
2 ond LL | NCstructure
e N B/M
% Level projection 1st LL NC structure v
BT quantization LLL NC structure |
%
Compact space

Degeneracy : finite (Higher D. : non-trivial structure in higher LLS)



The Hopf maps and fuzzy spheres .

The first Hopf map g3 S_>1 g2 (Hopf '37) (Review KH '10)
o7\ (41
B =) ()
$161 + 22 =1 viw; = (11 + d5p2)* =1
The fuzzy sphere From quantum state to geometry N
ot ¥y

4\ t -

Gdll =2l =1 o x,— (%) o (?21)
. - o3 ¢2
[$1, 2] = [¢1,05] =0

(Two independent quantum oscillators) (X5, Xj] — iﬁiijk

The second Hopf map, third Hopf map... # Higher D fuzzy spheres

(Hopf "31) (Grosse Klimcik Presnajder °95,...Kimura KH "04...)
The graded Hopf maps # Fuzzy superspheres
(Landi, Marmo ’87.. KH ‘11) (Grosse Klimcik Presnajder '95,.., KH ‘11,°26)
The non-compact Hopf maps # Higher D fuzzy hyperboloids
(KH '10) (KH ’12.)

Non-Hermitian topological phase (Esaki, Sato, KH, Kohmoto ‘/7), squeezed state (K7 ‘19)..



Citations per year

F u Z Zy S p h e re - “*Quantized space-time”

Snyder ('47)
Matrix coordinates Hoppe ('82) Madore (°92)
[X’LJ XJ] m— Zaezijk 60 ’
z
3 ) (X;=as")
> Xi X =al(l 4+ 1)1p44
’[:: 1 [%947 1967 1987 2007 2026

Discrete but continuous rotational symmetry!

N B.(0 " [cf.] Snyder space-time (’47)
i = R(0.0)X; | sesesmmmermer.

MOIRE L= ZHESE D DUV
(512kR19934)

i
.,

|

Myers (‘99), Iso et al (‘01), Kimura (01, ‘02), Gohara Sako (‘25)..
— 2 _ 2
S=1tr[X;, X;1° + X Xy S=1tr[X;, X7+ 5. XXX

Numerical simulations of 3D Ising model (Fuzzy sphere regularization)

Matrix Model Solution

Annual Review of Condensed Matter Physics

Zhuetal. [22~] ... . : :
f22=1 A Fuzzy Sphere Journey in

https://scgp.stonybrook.edu/archives/41863 Critical Phenomena
https://indico.math.cnrs.fr/event/13856/ Yin-Chen Hel and W. Zhu® =

17 NT YW T




Intuitive picture of the fuzzy sphere

¢ 0 0 0 0 Rpr = VX124 x52 = /X2 - x32
0¢-1 0 0 O
X3=alg o .. _@-1) 0 (Vi 0 0 0 0 )
0o 0 0 0 8 v350+1 0 8 8
=
R 0 0 0 V3IF1 O
1 Lo 0o 0o 0 Vi
] R —
fo \
— — — —
I‘Q: i e —
e —/ — —
\ /
S — S ——
Fuzzy sphere Quantum states

(irrep)
Quantum states => Fuzzy geometry



Physical model: Haldane’s sphere

—
- h\

P ~
,CD\

/ \
 —— >\‘
]
S
\ ]
S —— >/’

\

N
S ,
S P

-
o -

Fuzzy sphere

S2
e ——

N2

Haldane’s sphere
Haldane (‘83)

Monopole Dirac (‘31)

AEQ) = —g

(r+az)

(o) _ 1
Fz'j —gr_3€zjk33k

(¢g=0,1/2,1,--.)
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Landau model on a sphere Y

Landau Hamiltonian on a two-sphere Wu, Yang (°76) Haldane (‘83) KH (*16)

i=1 r=1 =1 (N; = —ie; 7, (O +iAL))

SU(2) angular 1 SU(2) index

momentum L; =N\, 4+ g—=x; ¢ = N+ |g|
r

(Nzoalaza)

Landau levels

By = 5 - Qlgl(N + ) + N(N + 1))

dy =20+ 1=2|g| + 2N +1 : ‘ |

Eigenstates : monopole harmonics

v? (0, =1:{--0-0-0—0—
m( qb) (m=4¢,0—1,---,—4) V=1 2lg + 1

NCG : * \

[Li, Lj] = i€jjuly "y [X@,X]wge +Xp|  v=o0)




Emergence of fuzzy spheres from LLs .

How can we precisely evaluate the LL geometries including higher ones?

KH [*16]
. _ /Y 19 _ g (1)
(Xi)my,my = <Y2,'I’n1l%mamz>’52 I+ l)(Si Jma,ma
t=N+|g|
By Xi(O)
‘ s 1 -
'y =2)g|+5 I x 0 =
N=2:—0-60-6-0-6-6— | v  —
L S — -
Ty (2) =
dl = 2’g’ -|-3 - M4 X’L llc\)
N=1:1600600— e — —_—
7 — K ——
N=0:16—6—0—6— O . —
. ./ \o\\?’//

Matrix coordinates Fuzzy two-spheres



Behind the scene .
Reinterpretation g2 ) G2
F

> Global sym. of manifold, SO(3) » Global sym. group of the system, SU(2)

> Points on the manifold (= infinite dof) > lrreps. (= finite dof) of SU(2)
- a closed set under the SO(3) group action : a closed set under the SU(2) group action

> Stabilizer group SO(2) » Gauge group U(1)
= sym. that does not change a point = sym. that does not change a physical state

52 ~ S0O(3)/50(2) == QM with SU(2) global sym. and U(1) gauge sym.

52 5
—>

(Magnetic field is not of primary importance; consequence of gauge sym.)



General prescription i

Just replace SU(2) = G, and U(1) = H. KH ["23]

M ~ G/H =) QM with gauge symmetry H on the manifold AA
_i D2
1
2M M

m) Solve the eigenvalue problem mmp  Matrix coordinates A g

wiY) (XM = (el ™)

(Unigue feature)
stabilizer group - gauge group
External space residual symmetry = Internal space gauge symmetry



Important Points

Quantum geometry is not postulated a priori,
but naturally emerges in context of physics.

» The original system is totally physical,
and its mathematical background is a consistent Hilbert space.

- Hopefully, no need to worry about mathematical inconsistency

» Following the prescription, we can automatically construct the
quantum matrix geometry corresponding to G/H.

—> Not restricted to symplectic manifolds; odd D is OK

» Not restricted to commutator formalism
—> Chance for exotic geometry such as Nambu geometry to appear



The monopole harmonics

v 9 (9 ¢) m=11-1,1-2,--.
Lym A7 ¢ = N+ |g| g=11-1,1-2,-.

[ =2

Spherical harmonics (d-wave)

m . 2 1 O —1
LLL eigenstates

19



Fuzzy sphere from Quantum states

LLL eigenstates (I = 2)

—1
/a" -s\\

/C D\

\
It )\
= )}
‘C —

\ /

\
S /7

Simple understanding of fuzzy sphere geo. from quantum states !

Landau level eigenstates = SU(2) irreps.= " "Points™ of fuzzy S2
—> SU(2)-symmetric NC space = SU(2) irreps.




Irreps. as Quantum Geometry 2

(1)
l,m2> X (Sz )ml,’mQ (obvious, from Wigner-Eckart theorem)
Irreps. is important

Let’s forget about the Landau model. Concentrate on the quantum states.
SU(2) rotation

{Y7,.(6.9)} = {5,000}

A set of a finite # of quantum states SU(2) invariant”

P ~

/'C D\\ ,
= =, SU(2) rotation !
)} I \

\ \

Mg y \

— [ —

A set of a finite # of quantum elements SU(2) symmetry

Discrete (Finite number) but continuous rotational symmetry |

Quantum states (Irreps.)> Quantum Geometry




Monopole harmonics and spin-coherent state

22

[=1/2 - 2-fold degeneracy
(=N+g) g==£1/2,N=0

_ 6 w0 —io\ , , _
g=+1/2  C0s5 92 ~nsinze z_gb_ . ez%az ez%ay ezgaz‘
:—1/2 ||—Sln 2€Z¢I' COS% gy X__¢
N TIOA
S=1/2 S=-1/2

spin-coherent state ~ spin-coherent state
1
50' - Z(0,p)vs = Stg
Row -> degenerate LL eigenstates (= from classical geo to matrix geo.)

Column - (spin-)coherent state (= from matrix geo. to classical geo.)
= Ishiki (°15)



D-matrix as a unified description .

2 ... g=11—1,01—2,.-- 1

Wu Yang(‘77) Dray(‘86) KH ("16, ‘23)

g
l/vl’m(ej ¢) m=l,l—1,l—
[ : fixed ({U=N++|g|)
2041
[ \ |
L_ s
\ e [
g ] .z 1 I — 2 . m—l+1 —1
LLL elgenstates
20+ 1 - q
g }/l,m
—1+1 \
. \

/

(D matrix)

_ st oy gt

2 ‘X—_

(= Euler angle rep. of SU(2))

* General feature of the Landau models on G/H



Two kinds of Ladder operators for D-matrix

2l—l|—1 o
! \
L )
- L Ladder operators of m
. ! l—1l—2 m—z+1 L

Ry
2041 A g * I l
. R_

—i+1 | « o e Ladder operators of
. / g (and N)

| =N+ |g|
(AN = —-Algl)

H = @?ioH(l) Giant Hilbert space of a set of Hamiltonians {H(g)}



Howe duality from extended Landau levels

o =_ 1 S D;? | =N+ |g| dim =21+ 1 B
2Mz'=1 z r=1 -
O _~ A ~n OO
U \JV O O VYV
g=-3/2 -1  —1/2 0 1/2 1 3/2

The degeneracy is exactly equal to the number of the corresponding LLs.
Howe duality is a hidden structure of a whole set of the Landau models.

(We cannot discover the Howe dual structure only by analyzing a single system.)



Howe correspondence

L
> Dual pair (SU(2)z, SU(2)R) o, = °

[Li, Lj] = iejjuly, [Li, Rj] =0
[Ri, R;] = i€ Ry,
Karabali Nair [’02] Greiter [*11]

SU(2)r: spectrum generating algebra,
not a symmetry.

Momentum operators
(Newman-Penrose’ edth operators / 66/ )

1
sin @

i R; exactly coincide with the

: covariant derivatives

D =i given by
¢ Hanada, Kawal, Kimura (2005)

R: — 0¥ := Dy+i

KH [*16]

> Howe-correspondence

H = @i’io(VéQ(z)L ® Vs%)(z)R) . Howe duality



Dual Landau model o
L,L; = R;R; =1(l+ 1)

Lz =m R3=yg
0 0
N
g ™m
- @ <j:|:[>
N
L Lo Ry R>
X; = L V,=R;

= eigxdl’g’m(é’)eim(b

)

. oll)
Dl,g,m(Xaga@:(eZXS ZQS ngS )gm

Quantization of magnetic quantum number > topological charge in the dual system
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Howe duality

A family of fuzzy spheres

Howe duality
' Afamily of dual fuzzy spaces 1~ (Howe correspondence)
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Emergence of dual fuzzy geometry

g =1 — _

g=101-—1 \\C D/

g=1-2= ﬁ_ﬁ

uo—o
\ 4
V2 -

~ / — -
\"::\ < 7 - ?,’
‘s\ ‘\\ '\ / // ’4’
~\s\\ \ //:r”
@- f’/,*\\ §
——— ey
- 7 / NS S
a” s 4 \ \\ ~~~
”’ ,/ ‘NN
”’ \\\
Vd o
7 7 ~
/t / E— N
-, Z S
//%j/ :2\\
< / \ —
R —
/ \
/ \
/C e \
\
yA
— —

Dual geometry emerges once the whole structure is identified.



Intuitive understanding of the duality .

—_——~~

e =

Two faces of single object



[ ]
[heta correspondence INn NCG =
= x--m
1 NP S.P
pE——N === N m >0 m <0 . . e =
R N—— - = ] = s =S ==
S.P. N.P.
} } } } } } } } — 9
i I—-1 -2 -3 0 -1+ 3 42 —1+4+1 .y
L L]
20+1
_ 9 (1)
s =25,
I(l+1)
Howe correspondence
r
—_— g
[
4
P —— P — P — [ —
T U= = =g = = < bl ¥
= = = = — = = = =
! ! ! : ! ! : : — m
i -1 -2 -3 0 -143 —1+2 141 _
L ]
v
20+ 1




Internal and external spaces in Matrix geo.

Fuzzy S4 coordinates
4 - 50(5) va=12.345
[,Yaza ’Yb] — 10gb
External space Internal space

(Ho-Ramgoolam 2002, Kimura 2002, Kimura-KH 2004)
common algebraic origin, same matrix size

Yo = X Oqbh == Za,b

-=> Higher spin structure from IKKT model
(Steinacker 2016,2019,2023)

32

Internal space ~ External space

momentum A/,L space-time coordinates
(V, & X; ) (Hanada—Kawai-Kimura 2005,

: Ho-Kawai-Steinacker 2026)
==) Howe duality ?




Renewed interest in SUSY NCG i}
Moore-Read state (even denominator QHE)

UV —

Bulk
excitation <

5
2

" magnetoroton (L=2)

' Super partner ?

_neutral fermion (L=3/2)

W\E

SUSY?

*’~. =

Magnetoroton

Neutral fermion
‘Ground state
Pu, Balram, et al (‘23) PRL
130, 176501

Tou

Gromov, Martinec, Ryu (°20), Pu, Balram, Femling, Gromov , Papic (‘23), ...

supersymmetry in fractional guantum Hall systems -- references in nLab



https://ncatlab.org/nlab/show/supersymmetry+in+fractional+quantum+Hall+systems+--+references

Exact SUSY of the fuzzy supersphere =

supersphere
r;r; + Gaﬁeoﬁﬁ — R?

N =1 SUSY (UOSp(12) group)

1
Ont; = _6045(0'1'),8049[3

1
577(9@ — 1555(020'@-)5@:1:7;

Fuzzy supersphere Grosse Klimcik, Presnajder (‘97)  Grosse Reiter (‘98)

Iso Umetsu (‘04)
X’in' + 6@5604@5 X ]_

Exact N =1 SUSY [Xz'»Xj] = 1€,k Xk

1
] 1 X, O] = = i a@
0nX; = —8a5(0i)5aOp | }=35(01)5a9p

1
{©a, O3} = %E(Uzai)aﬁXz‘-

uosp(1|2) algebra

o1
0nOa = Zfﬁ—(UQUi)BaXz’
_ 2



Super Landau model

35

Super Landau model Kimura, KH (‘04)  KH (“26) 212
S
! e
= o NN caphais) — @ =
on supersphere  x;x; + €,30ab03 = R? '

Na = —tep.cpDe + %QCX(JG)Q{,@DB A; = g€i3 L T+ 23

1 1 :
/\oz = 5(60'(1)@5370,D5 — EQB(JG)QO{D@ Aa — gr—31(0i€)aﬁ$i95

—

1
2M R2

1 1 1

dy = 41 + 1 | =N+ |g



Supermonopole Harmonics

36

UOSp(1|2) superspin 1=0,1/2,1,3/2,--- (Ex) =1

SUM2) 1=1 1=1/2

= SU(2) l@z—% 2 m

1
d=Q2I4+1)+(2) =4l+1 1/2
Bosonic d.o.f. Fermionic d.o.f. 0
-1/2

LLL

le,m2 — qulCP?QnQ, -1

— N1 N
Vnimng = @17 92N (n:= ¢102 — ¢2b1)
m1 + mo = 21 ny+no=20—1
(No complex conjugate variables)

The SUSY system is (almost) doubly degenerate
due to the existence of the fermionic d.o.f.




Super Landau Levels and Howe duality .,

Supermonopole harmonics =
I bosonic monopole harmonics + fermionic monopole harmonics

Super Howe duality
Super LLs = Integer LLs + Half-integer LLs

{ .:j L'I‘J L',

;99D
=8

b 3
N

N=1/2 l(lflflf* **

' ' ' B R R
N:O o W N N=O EE!




Quantum Mechanics on a supermanifold

v + €aglals = R® =) z;2; = R? — eqp0a0

Vil = R?  body-sphere 1
Xr; — 1-— @Eaﬁgagﬁ Y;

» Projection to the body
1
p(Y) = [ d01d05(1 — Seapbal) W (z,0)" W (x,0)

» Appropriate inner product
(redefinition of the metric in SUSY Hilbert space)

1
/ 101~ e /S W hos Wahost = -1

(WGhost!| = _WEhost



The supermonopole harmonics

Y3
Superspherical harmonics

(1=2,4=0)

LLL supermonopole harmonics
(1=29=2)

39



Super quantum matrix geometry

“"Bosonic” monopole harmonics “"Fermionic” monopole harmonics

Yfm(a:i, Oa) ylg,m(-??ia Oc)

X ((Yllwﬂyﬁ (Yilfcdyz)) O — ((W%‘!Yl) (Yqzl%'lyz))
T\l Y Qi) T \QlmalY) Dilwil D)

. (414 1) x (414 1) matrices

40

[ X5, Xj] = dae; . X, Y= 9
Fuzzy I(l+1/2)

supersphere

1
algebra 5 [X:,©a] = ai(oi)ﬁa@ﬁ

1
{Oa, Op} = ZQE(UQUi)aﬁXi-

XiXi 4 €,30a05 = &?l(l + 1/2) 14741



Super D-matrix

41

L w—= LQQI* L
, — = Ly

; , ™ N
X !, 11

.1-2) | Bosonic monopole harmonics H Fermionic monopole harmonics Ry
Ry
Integer Landau level supermonopole harmonics .______| |
(—=1+1,1)
(7l10)
-2
g g
) Zim ZLm
: Bosonic monopole harmonics Fermionic monopole harmonics
. LT Fin
- Half-integer Landau level supermonopole harmonics
""" R_
11
1+ 5.3




Super Howe duality

42

» Dual pair (UOSp(1]2);, UOSp(1]2)R)

p—

L, Lj] = i€ 1Ly,

. 1
< [L;, La] = E(Ui)BaLB

1
{La, Lg} = 15(02%)@5[@-

gm—

—

“—

[R;, Rj] = i€, Ry,
1
[, Ral = 5(03) galig

1
{Ra, Rg} = ZE(UZUi)a,BRi-

[Li, Rj] = [Li, Ra] = [La, Ri] = {La, Rg} =0

> Howe-correspondence

00 (1)
H=&=0Vidsp)2), ® VUosp(12)s)



~| =

The Super Howe correspondence

] 1 1 I
| } J } } . } ; — N
1 1 3 f - 3 1 1 o
2 2 2 2
& -
_N.P. _ _SP.
,éx === _ (m>0) (m <0) — = é
LAY i ——— = . . = — s —]==
—— —— _— \t?’ ~— N— — ——
\c@/ N—— = (m < 0) (m > 0) == e ~=__Q_/
S.P. N.P
1 3
l } } : } } } , —
_2 1—1 3 0 - 3 1
i L=3 -3 1+ —I+1 —l+ 5 —1
. . a
4+ 1
Howe correspondence
= —— —_— — — — —
— — \Q, — D =/ N — * ’ KS '.‘d:
— Z» N— — — ;?Q N7 by v/
[ L G 7 < A N7 v X
M1 n ¥ % S A ' = & A
v = SR — — S /d\ o A
‘c:‘ — ,' Qz / // s JE— R —_ i 1
—_ = _ —
] 1 | | 1 1 1
! ! T 1 T L] ] ] 1 m
1 3 3 1
! I-= -1 -2 0 U+ 141 S 1
2 + 2 + + 2




Weinberg NDZEZ KU

i
i

S. Weinberg, "'Dream of a Final Theory™ 1994 \Z"/ g
REERA~OE] MFAME R FqvESLHE W

B} LA
E6E =LULVE R >

WIBEROELSEEROBELRED LIS,
Bl BRSO ICERILSh B, FEEECH,
COEBBEDELEEL DI EIL, BRDEELEYES B of- 1
EEELHSE BMERIB B, LML T AT DEFHTHS.

ZFOEHBIZEBENELNGENIEE, R—T AR TS,

Bl THRICHTIEDHEH_LDTELHFOHRRITRoNI-BHLHNENDT.
Fol (R TEERILTHBET. ELLWEBRZRDITH2ELHYFTHIE

E-o7-,




Emergent uroboros from emergent phenomena

[19]GeV Planck String theory? Matrix theory?
—1— [18]GeV 3 Quantum geometry?
T [17]GeV
0(15) !
e emergent S

—— [4]GeV «— LHC (now) l

- [3]GeV

—— [2]Gev EW :SSBof EW [ emergent
N I

0(14) !
emergent

[BIK —4— [2]meV 1
[2IK — [1]meVv  +
[1]JK T— [0]mev  SC :SSBofEM
oIk ™ QHE

(Landau model)



Summary

Emergent Quantum Matrix Geometry

45

Quantum States = Matrix Geometry
(Representation - Geometry)

m) NC ver. It from bit”

Howe duality (mathematical structure behind/beyond Landau models)

Irreps of G €= Irreps of G’
Matrix Geometry €= Matrix Geometry’

m) Study on the relations among QMGs rather than each QMG

Relation to Matrix model geometry?

Internal space ~ External space
momentum Au space-time coordinates
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