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my previous talk in Shimane, 2019

A review on
M(atrix) theory, its covariantization
and related problems

Tamiaki Yoneya

(see also lecture note, arXiv: 1612.08513
and many previous works referred to, afterward)

What does correspond to X* = {F,G, X*}y ,“Nambu
transformation”, in terms of matrices?

¢ Matrix-theory approach to M theory

We need something with an exact significance even for finite N'!

¢ Toward covariantization of DLCQ Matrix Theory e
: Unfortunately, however, we could not accomplish it at that time.
@ Higher gauge symmetry from Nambu bracket * _ _
Difficulty: causal time development should automatically emerge.
But how?

¢ 11d covariant action of Matrix theory

@ COI’IC]U.diIlg discussions Our 1999 proposals of finitely discretized Nambu brackets :

Awata, Li, Minic and TY, “On the quantization of Nambu bracket”,
hep-th/9906248; (JHEP 02(2001)013

(i) using square matrices, augmented by additional variables

(ii) using cubic matrices with 3 indices Az-j L

It seems unfortunate that, in recent years, new development of

holography

Matrix Theory gauge/gravity correspondence 11d Supergravity string/M theory proper seems rather scarce.
— _ w open-closed string duality y But I hope that people would come back to the real issues of string /
O 795 Tones > closed-string field theories M theory, in the not-so distant future.
effective Yang-Mills theories J stringy non-locality L yr

(s ace-time uncertainty) - : =
E Z Do we have really “fundamental ideas”?

second quantization \ / Mandelstam duality
‘M- tﬁeom Do we have clues to experimental verification?

D-brane field theorles

unexplored underground structure

il




Motivation for our 2001 work (one of basic motifs from the mid 70’s)

~

(" Mathematical characterization of the correspondence principle
between string and GR
in analogy with that between commutator and Poisson bracket?

\_ CZ’(OCf?OC/D & h )

space-time

2| TY1987
uncertainty relation AXAT 2 E For a review, see T.Y. PTP103(2000)1081)

- AX~ gl b

the typical scale of D-particle dynamics in IIA theory in 10 dimensions, M. Li-T.Y. PRL78(1997)1219

Ry = gsls : compactification radius along the (spatial) 11th direction

v

Covariant formulation?

1
10D Lorentz invariant constraint — 5([X #XY))E = NI A = 4ra’
1 ” i
S(x#, X)) = E[XO,X]z T gjllxz,x 1wl (X0, X)) > A2

T.Y. PTP97(1997)949



Nambu bracket can be utilized to construct covariant 11D classical action
for a membrane which is analogous to the Schild action for a 10D string;:

1

! v o tiall ivalent t
Amem — —@ d3§<g{X“,X ,X }N{X,uanXa}N _ 6) essentially equivalent to

{XF, XY, XN = ) 0, XF0,X 0. X"

a,b,c

1
* E{XM,XV,XU}{X 9XV9XO'}:_82

natural extension of the 10D constraint,

extending the spacetime uncertainty relation
to 11D M-theory.

== motivate quantization

The volume-preserving diffeo. symmetry

for this type of systems can be described
by the Nambu equations of motion.

the old Dirac action (1962)

An extensible model of the electron

By P. A M. Dirac, F.R.S.
StJohn's College, University of Cambridge

(Received 5 February 1962)

It is proposed that the electron should be considered classically as a charged conducting
surface, with a surface tension to prevent it from flying apart under the repulsive forces of
the charge. Such an electron has a state of stable equilibrium with spherical symmetry, and if
disturbed its shape and size oscillate. The equations of motion are deduced from an action
principle and a Hamiltonian formalism is obtained. The energy of the first excited state
with spherical symmetry is worked out according to the Bohr-Sommerfeld method of quanti-
zation, and is found to be about 53 times the rest-energy ofthe electron. It is suggested that
this first excited state may be considered as a muon. The present theory has no electron spin,
so it cannot agree accurately with experiment.
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Covariantized matrix theory for D-particles

Tamiaki Yoneya
Institute of Physics, The University of Tokyo,
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== T Y., “Covariantized matrix theory for D-particle”, JHEP06(2016)058

All these finally led me to go back to the original motivation of Nambu
which was entirely independent of string/M theory.



Contents of the present talk:

1. What is Nambu dynamics ?

2. Motivations of the present work and some preliminaries
3. Field-theory formalism of many-body Nambu system

4. Statistical ensembles in terms of classical state vectors
5. A solvable model of non-local interaction
6. Equilibrium statistical states

7. Concluding remarks
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Nambu’s 1973 paper

Y. Nambu
at Marshak conf,
CCNY, 1977/

PHYSICAL REVIEW D

VOLUME 17,

NUMBER 8 15 APRIL 1973

Generalized Hamiltonian Dynamics*

Yoichiro Nambu
The Enrico Fermi Institute and the Department of Physics, The University of Chicago, Chicago, Illinois 60637
(Received 26 December 1972)

Taking the Liouville theorem as a guiding principle, we propose a possible generalization of classical
Hamiltonian dynamics to a three-dimensional phase space. The equation of motion involves two
Hamiltonians and three canonical variables. The fact that the Euler equations for a rotator can be cast
into this form suggests the potential usefulness of the formalism. In this article we study its general

properties and the problem of quantization.

I. INTRODUCTION

A notable feature of the Hamiltonian description
of classical dynamics is the Liouville theorem,
which states that the volume of phase space occu-
pied by an ensemble of systems is conserved. The
theorem plays, among other things, a fundamental
role in statistical mechanics. On the other hand,
Hamiltonian dynamics is not the only formalism
that makes a statistical mechanics possible. Any
set of equations which lead to a Liouville theorem
in a suitably defined phase space will do (provided
of course that ergodicity may be assumed). With
this in mind, let us consider the following scheme.

Let (x, v, 2)=T be a triplet of dynamical variables
(canonical triplet) which span a three-dimensional
phase space. This is a formal generalization of
the conventional phase space spanned by a canoni-
cal pair (p, q). Next introduce two functions, H and
G, of (x,y, z), which serve as a pair of “Hamilto-
nians” to determine the motion of points in phase
space. More precisely, we postulate the following
“Hamilton equations”:

dx _3(H, G)
dt  a(y,z2)|
dy _8(H,G)
dat ~ 8z, x) | (1)
dz _9(H, G)
dt  a(x,y) |’
or in a vector notation
df - - !
ar =VH XVG . (1)

[ F,H,G]. Obviously a PB is antisymmetric under
interchange of any pair of its components. As a
result we have H=F =0, i.e., bothH and G are
constants of motion. The orbit of a system in
phase space is thus determined as the intersection
of two surfaces, H =const. and G =const.

Equation (1) or (1) also shows that the velocity
field df/dt is divergenceless,

V- (VHxVG)=0, (3)

and this amounts to a Liouville theorem in our
phase space.

The above properties immediately tempt us to
construct a statistical mechanics where a canoni-

thus required to specify the ensemble, much as
in a grand canonical ensemble.

cal ensemble is characterized by a generalized
Boltzmann distribution in phase space with a

weight factor
e BH-vG .

Two temperaturelike intensive parameters are

It 1s obvious that this kind of generalization can
be extended to a phase space of any dimensionality,
n. We would introduce an z-component vector x;
and n - 1 Hamiltonians H,, and postulate in lieu of
Egs. (1) and (2)

o Y e, B ¥yl
dt Povd 9x; 9x dx;

(4)
dF _8(F,H,H,, ... H, )

dat a(xn Xzy e oo xn)

’

where €;,,...; is the Levi-Civita tensor.
From the standpoint of physics, however, we



Historically, Nambu-type structure has been conceived of
by Jacobi in the 1840s in his lectures.
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In this small book, however, the statistical
mechanics of Nambu dynamics, the

subject of today’s talk, is not touched
upon.



Nambu’s proposal:

Hamilton equations of motion

ﬂxi—xi =1 2\
= (x), @G=1,...,2n)

't X*) = (P1,q1, P22 Ga - -+ s Pns Gn))

even-dimensional phase space

X2i—1(x) — _ X2i(x) _ oH

H

aq; ap;
!single Hamiltonian J
B(K H)

lk

canonical Nambu bracket relation:

Nambu equations of motion

dx' (1) ;
f i X o) \

(xl(t), x2(1), x3(t))

3-dimensional phase space

X' (x) = €k 8K. o
oxJ dxk

two Hamiltonians on an equal footing

t Hx', x?,x%), K = K(x', x?, xy

F=08Fx ={K,H, x'}\o;F ={K, H, F)

(x', x/, x*} = €k



Example: Euler equation of a rigid rotator

phase space:

dL 1 1
(== =) LaLs
dt I I3
dL, 1 1
— =—|+— ) Ls3L,
dt I3 I
dL; 1 1
—=—|+-—-—-)Lil2
dt I I

slight generalization

Fig. 2.4 The trajectories of
the solutions of the equations
of motion

(xla xza x3) — (Lla LZ, L3)

1
K = 5(L%+L§+L§)

2

1 (L L3
L D

H = 2(atx' = o + (" — 7+~ 2))

e = f =g= 0

L2

I

e=f=g>0




“Yellow circle’, W. Kandinski, 1926




Variational principle: characterizing the difference of Nambu dynamics
from the usual Hamiltonian dynamics

Hamiltonian dynamics # Nambu dynamics
dp;(t;0) ANdg;(t;0) —dH(p, q) A dt dx' Adx* ANdx® —dK ANdH A dt

. “A(secMo(t))” ~ | tE]_

ﬁ(fficMz(t)) + (9(secM;(/t))
\‘“;~~~ ——— [
\ ) !
N | /
/0_7 LO (2\ 0-1
o

Fig. 3.1 The infinitesimal variations corresponding to M»> (left) and M3 (right)



In general n dimensions (x!.x2.....x") , n-1 Hamiltonians
9 9 9

(Hla HZa c e Hl’l—l)

o =dx' ANdx* A ANdx* —dH ANdH> A ---dH,_ | Adt

, L 0(H,H,, ..., Hy,_1,x")
.l — l\]]-...]n_l . . e o o * __
= 0;, Hy0,H, -+ 0; H, TR

- {Hla H27 s e Hl’l—19 xi}‘

Poisson bracket is generalized to Nambu bracket

QF dF,  3F, A(Fi, Fa, ..., Fy)

Fi,F,..., F,} =¢lizin___ A T
{ 1 2 n} axll axl2 axln a(xl,xz,,xn)

The trajectories of Nambu particle = the loci of intersection of the
level surfaces of given Hamiltonians
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Nambu’s original motivation

- Extended statistical mechanics with multiple temperatures

“Hamiltonian dynamics is not the only formalism that makes a statistical
mechanics possible. Any set of equations which lead to a Liouville theorem in a
suitably defined phase space will do.......

The above properties immediately tempt us to construct a statistical mechanics
where a canonical ensemble is characterized by a generalized Boltzmann factor in
phase spaced with a wight factor

e BH-vG .

Two temperature-like intensive parameters are thus required to specify the
ensemble, ...... 7

However, there is a tacit but crucial assumption here that the
systems can interact with each other, however weak it may be,
since the exchange of energies among systems in the ensemble
are required to exist, in order to reach an equilibrium states.




Unfortunately, Nambu failed to achieve his goal:

“We are thus led to a rather unexciting result that the only continuous canonical
transformations consist of independent transformations of the individual
triplets. This contrasts with the case of usual canonical doublets where a general
transformation involve all the variables simultaneously.”

In other words, ‘

It is impossible to extend Nambu dynamics to a higher-dimensional system, at
least, if we require that, as in the usual Hamiltonian formalism, canonical

transformations are extended for mixing different canonical Nambu
coordinates.

(xt, x%, ..., x") e R"

- (X%, XY (a=1,2,...,N)e R

i1 2 iny _ lilzein

Nambu bracket is much more rigid with respect to its canonical structure
than Poisson bracket: phase space with different @ cannot be mixed.



This poses a fundamental difficulty in introducing interactions within
the framework of Nambu dynamics:

Interactions would require necessarily that the equations of motion
describe canonical transformations which mix different Nambu
coordinates along with dynamical evolutions.

Clearly, if there were no interactions whatsoever, it would be never
possible to discuss approaches to equilibrium state,

and consequently nor the basic concepts of thermodynamics such as
temperatures, and heat bath, etc.

4 )
N.B.

In start contrast to this, there is no such difficulty in ordinary

Hamiltonian dynamics, since we can introduce interactions in the

Hamiltonian itself.

\_ _/




However, canonical transformation preserving each Nambu multiplet can
be formulated consistently: in infinitesimal form it is

x> X =x"+eX'(x), X' =0 Dx = X',

the consistency of this structure is guaranteed by the generalized Jacobi identity:

DX{F19°"9FH}:{DXFlaF27°°°7Fn}+{F1’DXF27"°9Fn}
+°'.+{F17°°°7Fn—17DXFn}

In the present work, we shall develop a new framework of interacting
Nambu dynamics by employing the method of quantum-field theory, and
establish a possible classical statistical mechanics of Nambu dynamics.

Our purpose is

to justify Nambu'’s expectations from an entirely dynamical standpoint.



An Aside



https://quantumzeitgeist.com/statistical-field-theory-extends-nambu-dynamics-interactions-generalized/

g:l#é;?;:’ QUANTUM COMPUTING TECHNOLOGY NEWS QUANTUM NAVIGATOR

A web page by a third party, introducing the present work, only a few days after submitting it to the arXiv.

PHYSICS Search
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The Quantum Newsletter
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Subscribe —
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“Classical dynamics faces a long-standing challenge in
extending the Nambu framework to incorporate
interactions without disrupting its fundamental
mathematical structure, and Tamiaki Yoneya from the

University of Tokyo .... now addresses this problem
with a novel statistical field theory

“The core of this achievement lies in formulating a field
theory on Nambu'’s generalized field space, utilizing an
operator formalism to describe the system'’s evolution....”
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3. Field-theory formalism of many-body Nambu system




PT@ Prog. Theor. Exp. Phys. 2026 053A01 (44 pages)
DOI: 10.1093/ptep/ptag061

Statistical Field Theory of Interacting Nambu
Dynamics

Tamiaki Yoneya
Institute of Physics, University of Tokyo, Komaba, Meguro-ku, Tokyo 153-8902, Japan

Received December 19, 2025; Revised March 16, 2026; Accepted March 27, 2026; Published April 3, 2026

We develop a statistical field theory for classical Nambu dynamics by partially employing
the quantum field-theory method. One of the unsolved problems in Nambu dynamics has
been to extend it to interacting systems without violating a generalized canonical struc-
ture characterized by the presence of multiple Hamiltonians, which together govern the
dynamics of time evolution on an equal footing through a Nambu bracket as an analog to
the Poisson bracket of ordinary Hamiltonian dynamics with a single Hamiltonian. In the
present paper, we propose to include interactions from the standpoint of classical statis-
tical dynamics by formulating it as a field theory on Nambu’s generalized phase space in
an operator formalism. We first construct a general framework for such a field theory and
its probabilistic interpretation. Then, on the basis of this framework, we give an exactly
solvable model of self-interactions in a many-body Nambu system treated as a closed dy-
namical system satisfying the H-theorem. It is shown that a generalized microcanonical
ensemble and a generalized canonical ensemble characterized by many temperatures are
reached dynamically as equilibrium states starting with certain classes of initial nonequi-
librium states via a continuous Markov process, which lies beyond the usual framework
based on the Liouville theorem. Compared with the usual classical statistical mechanics
on the basis of standard Hamiltonian dynamics, some important new features associated
with Nambu dynamics will emerge, with respect to the symmetries underlying the dynam-
ics of the nonequilibrium as well as the equilibrium states and also to some conceptual
properties, such as a formulation of a generalized Kubo-Martin-Schwinger-like condition
characterizing the generalized canonical equilibrium states and the “relative” nature of the
temperatures.

oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Subject Index AO00, A02, B37, B86, B87



Two preliminaries toward a field-theory formulation:

Nambu equations of motion in terms of the Liouville equation

0 ...
a—f X000 =0, Xi(x) = %9, H(x)9K(x)

d : d
> (5 X Gt t) = 56— 33— 1)

Green function

unique solution of the

. _ 83 .
Gr(x, £5 X0, tp) = 6 (x — x(t — lo; xO)) Nambu equations of motion

The Liouville equation, multiplied by the imaginary unit can be regarded as
Schrodinger equation with Hamiltonian — Hy = m,X'(x) T = —iho;

Classical theory, but can be treated formally and partially as a quantum system !

The N -symmetry

X'(x) = €%9;H(x) 9K (x)

invariant under the transformation (H, K) — (H', K’)

dH A dK — dH' A dK' = d(HdK — H'dK') = 0



3.1. Field operators for Nambu particles

v(x,t) Wwi(x,t) as basic dynamical degrees of freedom
defined on the “u-space” of 3D Nambu phase space

[V, ), i, 0] =8(x—y), [Y, ), ¥, 0)]=0= [y (1), v (o)l

¥ (x, £)[0) =0 = (0] (x, 1).

field equations (3, + X'(x)3;) ¥ (x, £) = 0 = (8 + X'(x)3;) ! (x, 1)
Gr(x, £ 2 Xo, o) = (O|T (¥ (x. Y (%0, £6))10) = [¥r(x. 1), ¥ (xo, )]0 — to)
Y(x, t) = ey (x, to)e ol0)  yf(x, 1) = )y T(x, £y)e Holt—10)

Ho = / ¥i(x, DX () (x, Dd*x = — / it (e, X)W (o, t)dPx = —H,)

(N.B.: No imaginary unit)

Nambu dynamics can equivalently be formulated as a quantum field theory !



3.2.

Symmetry transformations and the conservation laws in terms of field operators

~ A N H:/WL(X, OH) Y (x, t)d>x
[Ho, H] = 0 = [H,o, K]
K=/¢T(X, OK )Y (x, t)d>x

Ax,y) = cx + ey + ¢
i) > HHEK T 1)

H’ H
linearized N -symmetry SL(2,R) (K’) = (Ccl Z) (K) ad —bc=1

the same transformation laws for the operators (H, K)

Keeping these symmetries:

a guiding principle for constructing interacting Nambu dynamics



3.3. Basis states for classical many-body Nambu systems

1
[x]. t)y = ﬁ\v}v([x], 010),  Wl([x].0) = H Yi(xa., 1).
wilx], £l = Jiﬁ O1UN (], ), W([x], ) = waa,t)
1= [ b Ohwldl tllddl, . ldxly = 1‘[ &,
N=0 =N
N{[x], tl[x'], t)n = 8NN’ ZH5 (Xa — Xp(a))

P(a) a=1

a characterization of the basis states: eigenstates of the density operator

plx, 1) = ¥ (x, Y (x, 1)
N
pLx, DI[x], to)w = pCe, OIX], todn, p(x 1) =D 8% (x — Xa(t — to; Xa))
a=1
precise and maximum information on many-body states of Nambu particles

even classically a highly idealized concept !

It would be more natural and general to treat states
with certain statistical spreading for each particle by introducing statistical ensembles



4. Statistical ensembles in terms of classical state vectors




4.1.  Classical probability interpretation
Given an arbitrary, real nonnegative function f[x] = f(x1,x2, ..., xy) (= 0)
totally symmetric under arbitrary permutations of N coordinates
classical statistical state | f(£p)) = f flx] to)|dx]

(1], tol £ (to)) = f AL tollx], fo)[dx'] = flx]

normalization condition / flx]ldx] = / / fIxX'1x], tol[x], to)[dx][dx] = 1

v

f [x] probability distribution of N Nambu particles

with respect to the 3N-dimensional “complexion” [x] = (X1, X2, ..., XN)

- No interference effect
- Fermionic field is excluded

(both by construction)



4.2.

Further properties of the statistical states

statistical state in general has a nontrivial time dependence.

because of the microscopic streaming of Nambu particles
0, | f(t0)) = ol f(t0))

N
= [ ¥ (¥ et
a=1 a

More explicitly, the evolution of a generic statistical state is given as

N
s = [ 3 f[x]]%[ﬂﬁ(yp(a) x(t 1y xa>)}[dx]

P(a)
= f(xH(t —to; y0), x7 Mt —to; y2), .., X7t — tos yN))

where x~1(t — ty; y) represents the inversion of the equation y = x(t — to; xo)



For arbitrary distribution function,
N

[ @31l faonian = [ > (X%xa)a;g])[dx]
N .
= [ 3 (axust i = o

d
Equivalently, o (|x], t|ldx] =0 = — / || x

conservation law for the classical probability

- f (], €11 f (o)) [dx] = 1

for arbitrary t and t,.

More compactly, (Z|f(ty)) =

(Z]

f (1], t][dx] = f xldx], 1) = / 1], £)[dx] = f (]l dx]



A statistical ensemble is said to be stationary when 7:[0| f (t)) =0

This is satisfied simply if the distribution function has coordinate
dependence only through conserved quantities:

FOlx] = g(HGe), HOR), . .., Hog); KGa), K(%), . . ., K(x,))

since  X'(xa)dy f@[x] =0

Now, it should be clear that, as long as we remain within the realm of the usual Nambu
equations of motion governed by the Hamiltonian o, there is no possibility of a dynamical

mechanism for attaining equilibrium distributions

Thus, an important next issue is to what extent it is possible set up nontrivial kinds of

interactions for Nambu particles consistently, such that an ensemble may reach an equilibrium
statistical state, starting with a class of initial states that can be, most typically, a stationary sta-
tistical state with the distribution function f°[x] of the above general form.




5. A solvable model of interaction




5.1.

Dynamical evolution of classical statistical states as a Markov process

|[F(t)) time-dependent statistical N (> 2)-body state after including interaction

initial statistical state |IF(0)) = / f(O)[x]|[x], to)|dx]

basic premise

A real hermitian interaction Hamiltonian governs the Markov
process toward equilibrium states.

F()) = f F([x], Ollx]) [dx]
0 |F (1)) = Hi(t)|F(t))

interaction Hamiltonian 7:[1 H = ’H}L
F(x1,...,X,,t)

11 H()][x])

time-dependent distribution function  F(|x], t)
microscopic reversibility  ([x]|H;()|[v]) = (



Interacting Nambu dynamics as a non-Hermitian Schrodinger dynamics

Equivalently, we could start from the “Schrddinger representation”
|F(1)) = —HIF®), H=Ho—H
total non-hermitian Hamiltonian
(Ho — HD)' = —(Ho + 1)
with field operators ¥ (x, 0), ¥'(x, 0).

F(t)) = e 0! F (1))
Then |F(t)) satisfies  0;|F(t)) = H;(¢)|F(¢))

with time-dependent field operators in the “interaction representation”

U(x, t) = e%tw(x, O)e_%t
YiGe, 1) = eMolyrf(x, 0)e Mo

N.B.: There is in general no time-inversion symmetry.




5.2. Requirements for the interaction Hamiltonian

For simplicity, only consider a 2-body interaction

A0 = 5 [[ [ 60w 0V i1, 000 G 09 G, 0 [T
a=1

symmetric under interchanges x; <> X,, X3 <> X4, and (x1, X;) < (X3, X3)

e ‘Interaction’ must necessarily be non-local in phase space,
due to the first-order nature of the equations of motion.

(i) Nonnegativity: the off-diagonal matrix elements of #;(t) must be nonnegative

F(t + Ab) = ATHOIF()) ~ (14 AtH())F(@)) 4
classical probability interpretation

distribution functions cannot be negative at any time

(ii) Conservation of probability:
(Z|H(H) =0 = Hi(2)|Z) = <Z|T(ef$ 79ff<f>cif)|F(())> =1 (z| = f ([x][dx]

for arbitrary statistical state
(iii) Conservation of energies:



Then the kernel function must satisfy

(i)‘ V(x1, %25 X3,%4) > 0 for (X1, X2) # (X3, X4)

(11) // V (X3, X4; xl,xz)d3x3d3x4 =0 = /f V (X3, X4; Xl,xz)d3x1d3xz

(iii) V (%3, Xa3 X1, ) (HGa) + H() — H(xs) — H(x)) = 0,

V (X3, X43 X1, %) (K(x1 ) + K(x2) — K(x3) — K(x4)) = 0.

® An additional simplifying assumption: [H;(t), Hol = 0

guaranteed if the coordinate dependence of the kernel is only through
the energy functions

All of these conditions are compatible with the linear V'-symmetry SL(2,R)



5.3.

The H-theorem for the evolution of statistical states

Under the foregoing conditions, we can rigorously prove that

H(t + At) = f h(([x]IE(t + At)))[dx] < ] h(([x]IF(t)))[dx] = H(t)

for the ‘H-function’

Essentially follows the old methods
developed by Husimi (and
Stueckelberg) in the 1940s in

h(F(t)) - ([X] |F(t)> 10g<[X] |F(t)> ordinary Hamiltonian dynamics

i H=s

“the principle of entropy”
equilibrium state |F(c0)), satisfying #;|F(c0)) = 0,

must minimize the H-function

The interaction can be called to be “stochastic’,

and the Markov process induced by the interaction is in general
irreversible, reflecting non-hermiticity of the dynamics



5.4. Ansatz for stochastic interaction: an exactly solvable model

V (X3, X4; X1, X2) = 82(‘)(363, Xq; X1, X2) — 1(X3, X4; X1, xz))

, 1
i(X3, X4; X1, Xp) = 5(53@3 — x1)8° (x4 — X2) + 8°(x3 — x2)8° (x4 — Xl))

V(X3, X435 X1, X2) = V(X3, X435 X1, X2)

XS(H(x1) + H(xz) — H(x3) — H(x4))5(K(x1) + K(x2) — K(x3) — K(x4))

50, Xa3 X1, %2) = [prr x (HOG) + H(), KO + K(a)) prx(Hx1) + H(x,), K(x1) + K(x2))] 7
/OH,K(h, k) = /f S(H(x;) + H(x;) — h)6(K(x;) + K(xy) — k)d3x1d3x2

the volume of a compact 4D object embedded in 6D coordinate space (x;, x;)

with the constraints H(x;) + H(x,) = h, K(x;) + K(x;) = k



5.5. Case of quadratic energy functions

Rs (x}, x}) = r'(cos 0, sin 6)

! V2 _ R,
H = Al(xl )2 ‘|—A2(X2)2 ‘|—A3(X3)2 (l" )2 = R

K = Bi(x')? + B,(®)? + B3 (x*)? hAs

73 |hBs — kA3 k| Bs
|AsB; — A1B3||AsBy — A,Bs3|

,OH,K(h, k)=

N -symmetry

()= (c2)(2) oo

A/IB/Z — A/ZB/I — Ale — AzBl etc

EUpon integration over the angle variables, Ry
: the intersecting 4D object reduces to an :
iintersecting line.



5.6. The exact spectrum and eigenfunctions for the functional operator v(xsz, X4; X1, X2 )

Consider the integral equation associated with the kernel function

f/ V(X3, X4; x1,x2)fx(xl,x2)d3x1d3x2 =&fx(x3,x4)

Can prove that
® cigenvalues consist of only 1 and O with infinite degeneracy for each case.

!

fie. x|k, k) = f(k. h) f £ alh ) dx, = 0

due to the following projector property of the kernel function:
/f v(xg,x4;y1,y2)v(y1,y2;xl,xz)d3y1d3dy2 = (X3, X4; X1, X2)

Thus the eigenvalue spectrum of the total kernel function
V (X3, X4; X1, X2) = gz(v(x3, Xa; X1, X2) — 1(X3, X4; X1, X2))

is (& —-g=0and0—g =g

coordinate dependence of the eigenfunctions for

eigenvalue O is allowed only through the sums of energies.



An analog-matrix model for the kernel function v(x;, x;4; x;, x;)

(n,n) (n,n) (n) __

Consider an n x n “positive” matrix p;; with entries p;; " =Dpy =1/n, satisfying
Z p(n n)pgjl 1) pgi n), Z p(n n _ 1 — Z p(n 1)

0(3,2) p(3,3) 0(3:4)
04.2) (4,3) p(4,4)

eigenvectors with eigenvalue 1 0(3) eigenvalug 0 0(3)
rl.(") =1foralli=1,...,n 0(n=1) S o™ =0 O(n-1)
1(n) i (M)
0(n+1) )(n+1)
\ - .



6. Equilibrium statistical states




6.1. Approaches to equilibrium statistical states

The interaction Hamiltonian acts on a generic N-body basis state |[x]) as

N N
v [ e 0wie.0 Y (] 960 )ioduds

a,b (a#Db) c;éa,b

Hrllx

generic N-body statistical state |F(t)) = [ F([x], t)|[x])[dx] l
F(lx|,t) =F(xy,...,xN,t) * Z // V(s X5 Xa, Xp)F (X1, . . ., Xy, D)dxd X,
a,b (a#b)
The highest eigenvalue 0 corresponding to equilibrium states, satisfying

lim 7:[1|F(t)) =0

[— 00
is realized if and only if F(|x|, oo) depends on the coordinates only through
the total energies, N N
Y a1 K(xg)and > H(x,)
since the coordinate dependence of the eigenfunction is allowed only through

H(x,;)+ H(xp) and K(x,) + K(xp) for all possible pairs (x,, xp)

N N
infinitely degenerate ~ f (Z K(xa), Y H(x, ))
a=1 a=1



The next possible eigenvalue corresponding to the first excited states is

2

—gZ(N(N —1)— (N —1)(N —2)) = —%gZ(N —1)

difference between the numbers of pairs
of 2-body states with eigenvalue O

v

Approach to an equilibrium state obeys iIn general an exponential law

e_gz(N_l)t/z'

for sufficiently large ¢ for any N>2

Infinite degeneracies of these eigenstates owe essentially to the linear nature
of the equations describing the Markov process governed by 7;

More refined characterization of equilibrium states will be attained only when
specific conditions for the initial statistical states are given.

It 1s possible to take into account such conditions by applying the H-theorem:



6.2. Equilibrium statistical states from the H-theorem

H= f Folx|log Folx]|dx]  is minimum under given initial conditions

Fyolx] = ([x]IF(c0))

We here only give two typical equilibrium states which are obtained by
standard minimization procedure.

Equilibrium statistical states given conditions

Generalized microcanonical states

N N
Fyo[x] = e~ otoko)s ( Y H(xa) — h0)8 ( Y K(xa) — k0>

N N
eaO(hO’kO) = R 5( H(xa) —h )5( K(xa) —k )[dx]
J[ - () Do

exact values of total energies

N N
Y H(xa)=ho, Y K(xa)=ko
a=1 a=1




Equilibrium statistical states

given conditions

Generalized canonical states

N N
Fio[x] = exp { —a— B Yy HX) — B ZK(M}

N N
e” = /eXp{ — P ZH(xa)_,Bk ZK(Xa)}[dX_
N a=1 N a=1 N l
h:/ZH(xa)eXp{_a_,BhZH(xa)_,BkZK(xa)J’[dx]

N N N
k= f Y K(xg)exp { —a—Bp ) HX)— B mea)}[dx]
a=1 a=1 a=1

1
=P [F(00))(p,.60 = W‘I’T(ﬁh, Br)"10)

f e_,BhH(x)_,BkK(x) w T (x’ ko )d3x

T —
W (Bn, Br) = [ e PHG)~ KGO 3

average values of total energies
N
[ b Y Hew)ldx =
a=1

N
[ Pl YKl = k
a=1

As anticipated by Nambu, canonical equilibrium states are characterized by two

independent ‘temperatures’:

However, there is a crucial difference from the usual temperatures !



N -symmetry for equilibrium statistical states

(A) The microcanonical distribution is invariant under (H) = (a b) (g) ad —bc=1

(hé’) N (a b) (ho)
k6 - cd k()
3( ;::H(xa) — ho)a( ;:: K(x,) — ko) = 8( ;: H'(xg) — hg)a( a}: K'(xq) — ké)

(B) The generalized canonical distribution is invariant

d —b
(81 81) = (n B¢) ( . ) BrH'(x) + BK'(x) = BrH(x) + BK (x)

=p “relativity” of temperatures:

B The temperatures have no absolute meaning in Nambu dynamics i

_[1x\[e O cosf —sind
5= Vo1/\oe=)\sing coso € SL(2,R) ;,

(IBha IBk) — (O’ 1)g
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- 7. Concluding remarks
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Summary of our results

® [Investigated how Nambu’s conjecture for generalized statistical mechanics is realized
concretely from a dynamical viewpoint: This necessarily requires us to include self-
interaction which is non-local in phase space, which has never been discussed in
earlier studies.

e Proposed a toy model of interaction, which is exactly solvable and universally
applicable for any specific forms of the multiple Hamiltonians.

e C(larified crucial properties of Nambu dynamics with respect to the SL(2,R) symmetry,
especially on the nature of temperatures.



How is the nonlocal interaction realizable? A speculative network system

Tax << Teell

Fig. 2. Left: A network of virtual cells connected through axons (N = 4). Right: Exchange of two kinds
of molecules between a pair of cells through an axon connecting them. Blue or red molecules only carry
energy H or K, respectively.

More complicated kernel function for interaction would yield much more rich
phenomena in approaching to equilibrium, depending on the choice of the
initial statistical state.



Possible applicability ?

Though I cannot suggest any immediate application of the present work right now,
interesting new features as above have been found, compared with
the ordinary statistical mechanics based on the usual Hamiltonian dynamics.

[s this just a mathematical curiosity? =~ May be or not . ....

Hopefully, it might be useful in unexpected ways in the future.....

just like string theory has been in the early 1970s
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Perhaps useful to extend our perspective beyond physical systems to the area
of biochemical systems or even to economical or sociological systems,

which are ubiquitously abundant with various complicated networks.

It would be exciting if we could apply the method of quantum field theory

with similar sorts of nonlocal interactions as ours to such areas.



