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Do we have really “fundamental ideas”?

Do we have clues to experimental verification?

It seems unfortunate that, in recent years, new development of 
string/M  theory proper seems rather scarce. 
But I hope that people would come back to the real issues of string/
M theory, in the not-so distant future. 

Thanks !

open-string field theories

 effective Yang-Mills theories

D-brane field theories

closed-string field theories

open-closed string duality

second quantization     Mandelstam duality

unexplored underground structure

Matrix Theory 11d Supergravity
holography

gauge/gravity correspondence

stringy non-locality
(space-time uncertainty)

M-!eory

Our 1999 proposals of finitely discretized Nambu brackets : 

(i) using square matrices, augmented by additional variables

(ii) using cubic matrices with 3 indices

JHEP02(2001)013
Notice also that if we consider the triple commutator of the form

[G,A,B]

it follows from the property of skew-symmetry that this bracket is invariant under
A ⇧ A + G and B ⇧ B + G. In other words, [G,G,B] = [G,A,G] = 0 precisely
because of the property of skew-symmetry.

4. Cubic matrices and the Nambu bracket

In this section we want to address the following question: Is there a many-index

matrix representation of the three-dimensional quantum Nambu bracket? For ex-
ample, the three-dimensional classical Nambu bracket is naturally realized in terms
of functions of three variables. Then it is natural to ask: is it possible to realize

the three-dimensional quantum Nambu bracket in terms of three-index objects Aijk
(cubic matrices)? It turns out that the answer to this question is positive. In this

section we give some explicit examples of the three-dimensional quantum Nambu
bracket written in terms of three-index objects or cubic matrices.

Let us introduce the following generalization of the traces

�A⇥ ⇤
�

pm

Apmp , �AB⇥ ⇤
�

pqm

ApmqBqmp , �ABC⇥ ⇤
�

pqrm

ApmqBqmrCrmp ,

(4.1)

which satisfy �AB⇥ = �BA⇥ and �ABC⇥ = �BCA⇥ = �CAB⇥. Let us furthermore
define a triple-product

(ABC)ijk ⇤
�

p

Aijp�B⇥Cpjk =
�

pqm

AijpBqmqCpjk . (4.2)

Given this triple-product we define the following skew-symmetric quantum Nambu

bracket

[A,B,C] ⇤ (ABC) + (BCA) + (CAB)⌅ (CBA)⌅ (ACB)⌅ (BAC) . (4.3)

The middle index j of Aijk can be treated as an internal index for the matrix re-
alization of the three-dimensional quantum Nambu bracket we considered in the

previous section. Therefore we expect that the F.I. should be satisfied. This in-
deed turns out to be the case. Note also that �(ABC)⇥ = �B⇥�AC⇥ ⌃= �ABC⇥ and
�(ABC)D⇥ = �B⇥�ACD⇥.
Then by using the following relations

((ABC)DE) = ((ADC)BE) = (AB(CDE)) = (AD(CBE)) ,

(A(BCD)E) = (A(DCB)E), (4.4)

one can directly prove that the skew-symmetric Nambu bracket (4.3) with the triple-
product (4.2) obeys the F.I. (3.3).
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Lorentz invariant in 11 dimensional sense, giving the invariant effective mass square. It
seems reasonable also in the former spatial compactification scheme to suppose this, if both
would give results which are equivalent to each other in the large N limit. Motivated by
this problem, we studied in ref. [8] the quantization (or more precisely discretization) of the
Nambu bracket [9]. Indeed, the Nambu (-Poisson) bracket naturally appears in covariant
treatments of classical membranes. For instance, the bosonic action of a membrane can be
expressed in the form

Amem = − 1
!3
11

∫
d3ξ

(1
e
{Xµ, Xν , Xσ}N{Xµ, Xν , Xσ}N − e

)
, (1.3)

{Xµ, Xν , Xσ}N ≡
∑

a,b,c

∂aX
µ∂bX

ν∂cX
σ, (1.4)

giving the Dirac-Nambu-Goto form when the auxiliary variable e is eliminated. Note that
ξa (a = 1, 2, 0) parametrize the 3 dimensional world volume of a membrane, and space-time
indices µ, ν, . . . run over 11 directions of the target space-time. This is analogous to the
treatments of strings where Poisson bracket plays a similar role [10].

In ref. [8] we proposed two possibilities of quantization, one of which was to use the
ordinary square matrices and their commutators, and the other was more radically to
introduce new objects, cubic matrices, with 3 indices. A natural idea was to regularize
the above action (1.3) directly by replacing the NP bracket by a discretized version and
the integral over the world volume by an appropriate “Trace” operation in the algebra of
quantized coordinates corresponding to classical coordinates Xµ(ξ). The usual light-front
action should appear as a result of an appropriate gauge fixing of a higher gauge sym-
metry which generalizes its continuous counter part, the area-preserving diffeomorphism
transformations formulated a la Nambu’s mechanics2

δXµ = {F,G,Xµ}N, (1.5)

with (F (ξ), G(ξ)) being two independent local gauge parameter-functions. However, at
that time, we could not accomplish our program. One of the stumbling blocks was our
tacit demand that the light-front time coordinate should also emerge automatically in the
process of gauge fixing.

In the present work, we reconsider the program of covariantization of M(atrix) the-
ory.3 With regards to the difficulty of the emergence of time parameter, we reset our
goal at a lower level. Namely, we introduce from beginning a single invariant (proper)
time parameter τ together with an “ein-bein” auxiliary variable e(τ), which transforms
as dτe(τ) = dτ ′e′(τ ′) under an arbitrary re-parametrization τ → τ ′ and generates the
mass-shell condition for the center-of-mass variables with effective mass square operator.

2We use Nambu’s transformations solely as a convenient notational tool to motivate higher gauge sym-

metry. Therefore, our canonical formalism developed in the next section follows the standard one and has

nothing to do with Nambu’s original intention of extending canonical structure itself.
3For examples of other attempts of applying Nambu brackets towards covariant formulation of Matrix

theory, see e.g. [11] and references therein.

– 4 –

What does correspond to                                    ,“Nambu 
transformation”, in terms of matrices?                                                                       

We need something with an exact significance even for finite N ! 

We started this program in the late 90s:  
Unfortunately, however, we could not accomplish it at that time.  

Difficulty: causal time development should automatically emerge.   
But how? 



Motivation for our 2001 work (one of basic motifs from the mid 70’s)

Mathematical characterization of the correspondence principle 
between string and GR 

in analogy with that between commutator and Poisson bracket? 
α′ (∝ ℓ2s ∝ λ) ⇔ !

Covariant formulation?

10D Lorentz invariant constraint 

T.Y. PTP97(1997)949

Space-Time Uncertainty Principle 5

the violation of unitarity and/or locality. However, string perturbation theory is
perfectly consistent with (perturbative) unitarity, preserving all the important ax-
ioms for a physically acceptable S-matrix, including the analyticity property of the
S-matrix. It should be recalled that the analyticity of the S-matrix is customarily
attributed to locality, in addition to unitarity, of quantum field theories. However,
locality is usually not expected to be valid in theories with extended objects. From
this point of view, it is not at all trivial to understand why string theory is free from
the ultraviolet difficulty, and it is important to give correct interpretations to its
mechanism.

2.1. A reinterpretation of energy-time uncertainty relation in terms of strings
The approach which was proposed in Ref. 18) is to reinterpret the ordinary

energy-time uncertainty relation in terms of the space-time extension of strings:∗)

∆E∆t >∼ 1. (2.1)

The basic reason why we have ultraviolet divergencies in local quantum field theories
is that in the short time region, ∆t → 0, the uncertainty with respect to energy
increases indefinitely: ∆E ∼ 1/∆t → ∞. This in turn induces a large uncertainty
in momentum ∆p ∼ ∆E. The large uncertainty in the momentum implies that
the number of particles states allowed in the short distance region ∆x ∼ 1/∆p
grows indefinitely as (∆E)D−1 in D-dimensional space-time. In ordinary local field
theories, where there is no cutoff built-in, all these states are expected to contribute
to amplitudes with equal strengths. This consequently leads to UV infinities.

What is the difference, in string theory, regarding this general argument? Actu-
ally, the number of the allowed states with a large energy uncertainty ∆E behaves
as ek!s∆E ∼ ek!s/∆t with some positive coefficient k, and "s ∝

√
α′ being the string

length constant, where α′ is the traditional slope parameter. This increase of the
degeneracy is much faster than that in local field theories. The crucial difference
with local field theories, however, is that the dominant string states among these ex-
ponentially degenerate states are not the states with large center-of-mass momenta,
but can be the massive states with higher excitation modes along strings. The excita-
tion of higher modes along strings contributes to the large spatial extension of string
states. It seems reasonable to expect that this effect completely cancels the short dis-
tance effect with respect to the center-of-mass coordinates of strings, provided that
these higher modes contribute appreciably to physical processes. Since the order of
magnitude of the spatial extension corresponding to a large energy uncertainty ∆E
is expected to behave as ∆X ∼ "2

s∆E, we are led to a remarkably simple relation for
the order of magnitude ∆X for fluctuations along spatial directions of string states
participating within the time interval ∆T = ∆t of interactions:

∆X∆T >∼ "2
s. (2.2)

It is natural to call this relation the ‘space-time uncertainty relation’. It should be
emphasized that this relation is not a modification of the usual uncertainty relation,

∗) Throughout the present paper, we use units in which h̄ = 1, c = 1.

This suggests that the following uncertainty relation between 
the scales of space and time. 

We can indeed check this relation for various physical amplitudes

satisfied by the effective low-energy theories of D-branes (see later)
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�valid in each order in string perturbation theory��
��consistent (almost saturated) with the Borel-summed amplitudes for large-angle    

      scattering derived by  Mende- Ooguri, 1988

　　D0 case

2Γα
µν − ηα

µΓν − ηα
ν Γµ = ∂αψµν − ∂νψ

α
µ − ∂µψα

ν − 1
2
ηµν∂α∂βψαβ

∂αΓα
µν − 1

2
∂νΓµ − 1

2
∂µΓν = 0

ηµν → ηµν + ψµν

$b

m ∼ $s/gs m∆wv∆X ∼ 1
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Fig. 1. This diagram schematically shows the structure of the space-time uncertainty relation and
the black hole uncertainty relation. The critical point is where the two relations meet.

the physics in this region in string theory. The above relation between the space-
time uncertainty relation and the black hole uncertainty relation suggests that in
the strong string-coupling regime and in the region ∆T > ∆Tc(! "s), the black-hole
uncertainty relation essentially governs the physics at long distatances ∆X > RS ,
with RS being the Schwarzschild radius, since RS > "2

s/∆T with ∆T ∼ 1/E there.

4.2. The characteristic scale of D-particle dynamics
In the case of high-energy string scattering, we could not probe the region

∆X < ∆T . To overcome this barrier, we need massive stable particles. The point-
like D-brane, i.e. a D-particle, of the type IIA superstring theory is an ideal agent in
this context, at least for a sufficiently weak string coupling, since its mass is propor-
tional to 1/gs and its stability is guaranteed by the BPS property. The derivation
of the characteristic scale of D-particle interactions has been given in two previ-
ous works. 38), 39) However, for the purpose of selfcontainedness and for comparison
with the result of the previous subsection, we repeat the argument here with some
clarifications.

Suppose that the region we are trying to probe by the scattering of two D-
particles is of order ∆X. Since the characteristic spatial extension of open strings
mediating the D-particles is then of order ∆X, we can use the space-time uncer-
tainty relation. The space-time uncertainty relation demands that the characteristic
velocity v of D-particles is constrained by

∆T∆X ∼ (∆X)2

v
>∼ "2

s,

since the period of time required for the experiment is of order ∆T ∼ ∆X/v. Note
that the last relation is due to the fact that ∆T is the time interval during which

1104 T. Yoneya

space-time uncertainty relation

black-hole uncertainty relation

critical point

ti
m

e
 u

n
c
e
rt

a
in

ty

space uncertainty

Fig. 1. This diagram schematically shows the structure of the space-time uncertainty relation and
the black hole uncertainty relation. The critical point is where the two relations meet.

the physics in this region in string theory. The above relation between the space-
time uncertainty relation and the black hole uncertainty relation suggests that in
the strong string-coupling regime and in the region ∆T > ∆Tc(! "s), the black-hole
uncertainty relation essentially governs the physics at long distatances ∆X > RS ,
with RS being the Schwarzschild radius, since RS > "2

s/∆T with ∆T ∼ 1/E there.

4.2. The characteristic scale of D-particle dynamics
In the case of high-energy string scattering, we could not probe the region

∆X < ∆T . To overcome this barrier, we need massive stable particles. The point-
like D-brane, i.e. a D-particle, of the type IIA superstring theory is an ideal agent in
this context, at least for a sufficiently weak string coupling, since its mass is propor-
tional to 1/gs and its stability is guaranteed by the BPS property. The derivation
of the characteristic scale of D-particle interactions has been given in two previ-
ous works. 38), 39) However, for the purpose of selfcontainedness and for comparison
with the result of the previous subsection, we repeat the argument here with some
clarifications.

Suppose that the region we are trying to probe by the scattering of two D-
particles is of order ∆X. Since the characteristic spatial extension of open strings
mediating the D-particles is then of order ∆X, we can use the space-time uncer-
tainty relation. The space-time uncertainty relation demands that the characteristic
velocity v of D-particles is constrained by

∆T∆X ∼ (∆X)2

v
>∼ "2

s,

since the period of time required for the experiment is of order ∆T ∼ ∆X/v. Note
that the last relation is due to the fact that ∆T is the time interval during which

Space-Time Uncertainty Principle 1105

the length of the open string is of order ∆X. This gives the order of the magnitude
for the minimum possible distance probed by D-particle scattering with velocity v:

∆X >∼
√

v"s. (4.6)

Thus to probe spatial distances shorter than the time scale, i.e. ∆X # ∆T , we have
to use D-particles with small velocity v # 1. However, the spreading of the wave
packet increases with decreasing velocity as

∆Xw ∼ ∆T∆wv ∼ gs

v
"s, (4.7)

since the ordinary time-energy uncertainty relation asserts that the uncertainly of
the velocity is of order ∆wv ∼ gsv−1/2 for time interval of order ∆T ∼ v−1/2"s. To
probe a range of spatial distance ∆X, we must have ∆X >∼ ∆Xw. Combining these
two conditions, we see that the shortest spatial length is given by

∆X ∼ g1/3
s "s, (4.8)

and the associated time scale is

∆T ∼ g−1/3
s "s. (4.9)

Thus the minimal scales of D-particle-D-particle scattering coincide with the critical
scales for microscopic black holes derived above. In other words, the minimal scales
of D-particle scattering is just characterized by the condition that the fluctuation of
the metric induced by the D-particle scattering is automatically restricted so that
no microscopic black holes are formed during a scattering process. Indeed, we can
derive the same scales from the black-hole uncertainty relation (4.1) by using the
restriction δT/mδX ∼ δX for the spreading of the wave packet of a free particle
with mass m ∼ 1/gs"s which is localized within a spatial uncertainty of order δX,
conforming to the above agreement.

In view of this interpretation of the scale of D-particle dynamics, the agreement
between D-particle scales and those for microscopic black hole formation is consis-
tent with the seemingly surprising fact that the effective supersymmetric Yang-Mills
quantum mechanics, which is formulated on a flat Minkowski background and does
not, at least manifestly, have any degrees of freedom of the gravitational field, can
reproduce 40)∼ 42) the gravitational interaction of type IIA supergravity, or equiva-
lently, of the 11 dimensional supergravity with vanishingly small compactification
radius R11 = gs"s, in the weak string-coupling (perturbative) regime. Naively, we
expect that the supergravity approximation to string theory is only valid at scales
which are larger than the string scale "s. On the other hand, the Yang-Mills ap-
proximation, keeping only the lowest string modes, is in general regarded as being
reliable in the regime where the lengths of open strings connecting D-particles are
small compared with the string scale. However, the consideration given in the previ-
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1. WHAT IS MATRIX THEORY ?

RECALL THE ‘M-THEORY’ CONJECTURE:

spacetime
dimensions

11

9

Perturbative Theories

Type I Hetero
SO(32)

Hetero
 E8 x E8

Type IIA Type IIB10

M Theory

Circle Circle/Z2

HeteroType IType
IIAB

S duality

T duality

Cirlce Compactification

! Hypothetical theory in 11 spacetime dimensions, which could
hopefully achieve a complete unification of strings and D-branes.

! Fundamental length scale of M theory, in terms of
gs=string coupling, !s=string scale:

!P = g1/3
s !s = 11D Planck scale

fundamental length scales: 
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Although the first term of the Hamiltonian is not positive definite, the momentum Πµ

" is

conserved,

dΠµ

"

dτ
= 0 (217)

and hence we can consistent set, as a constraint for the initial condition,

Πµ

" = 0 or
dXµ

!

dτ
= 0 (218)

assuming that the Xµ

! is a time-like space-time vector,

Xµ

! X ! µ < 0 (219)

Then, the Hamiltonian can be positive definite in this sector with vanishing first term. The

variables Xµ

! behaves as constant external variables or coupling constant for the dynamics

of the matrix variables. Any numerical choice of these coupling constants amounts to

selecting a preferred Lorentz frame.

1.6 Reduction to the light-cone M(atrix) theory

length scales: string scale "s

"11 = g1/3
s "s, "s =

√
α′ (α′)−1 = string tension

R11 = gs"s : compactification radius along the (spatial) 11th dimension.

11 d limit:

R11 = "3
11/"

2
s = "11g

2/3
s → ∞ with fixed "11 ⇔ "s → 0, gs → 0

M-theory = strong coupling limit of (type-IIA) string theory with vanishing string tension.
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Nambu bracket can be utilized to construct covariant 11D classical action 
for a membrane which is analogous to the Schild action for a 10D string:
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One of the problems left was whether and how fully Lorentz covariant formulations

of the theory would be possible. If we adopt the viewpoint of the DLCQ interpretation

supposing that the Matrix theory with finite N already gives an exact theory with special

light-like compactification, it is not unreasonable to believe the existence of covariant ver-

sion of the finite N super Yang-Mills mechanics. This is particularly so, if we recall that

the above relation between the discretized light-like momentum and the size of matrices

still allows continuously varying P+ with an arbitrary (real and positive) parameter R

corresponding to boost transformations. Since N is invariant under boost by definition in

the DLCQ interpretation, it seems natural to imagine a generalization of super Yang-Mills

mechanics with full covariance allowing general Lorentz transformations for fixed finite N

as a conserved quantum number, not restricted only to boost transformation along the

compactified circle, with all of the 10+1 directions of eleven dimensional Minkowski space-

time being treated equally as matrices or some extensions of matrices. Otherwise, it seems

difficult to justify the DLCQ interpretation. If such a covariant theory exists as in the case

of the ordinary particle mechanics, the DLCQ matrix theory would be obtained as an exact

theory from a covariantized Matrix theory with a Lorentz-invariant effective mass square.

Although we have to take the limit of large N to elevate it to a full fledged formulation of

M-theory, a consistent covariant formulation with finite N could be an intermediate step

toward our ultimate objective.

With this motivation in mind, we studied in ref. [11] the quantization (or more precisely

discretization) of the Nambu bracket [12]. The Nambu (-Poisson) bracket naturally appears

in covariant treatments of classical membranes. For instance, the bosonic action of a

membrane can be expressed in the form

Amem = − 1

!311

∫
d3ξ

(
1

e
{Xµ, Xν , Xσ}N{Xµ, Xν , Xσ}N − e

)
, (1.3)

{Xµ, Xν , Xσ}N ≡
∑

a,b,c

εabc∂aX
µ∂bX

ν∂cX
σ, (1.4)

giving the Dirac-Nambu-Goto form when the auxiliary variable e is eliminated. Note that

ξa (a, b, c ∈ (1, 2, 0)) parametrize the 3 dimensional world volume of a single membrane,

and space-time indices µ, ν, . . . run over 11 directions of the target space-time. This is

analogous to the treatments of strings where Poisson bracket plays a similar role [13, 14].

In ref. [11] we proposed two possibilities of quantization: one was to use the ordinary

square matrices and their commutators, and the other was more radically to introduce

new objects, cubic matrices with three indices. A natural idea seemed to regularize the

above action (1.3) directly by replacing the NP bracket by a finitely discretized version

and the integral over the world volume by an appropriate “Trace” operation in the algebra

of quantized coordinates corresponding to classical coordinates Xµ(ξ). The usual light-

front action should appear as a result of an appropriate gauge fixing of a higher gauge

symmetry which generalizes its continuous counterpart, the area-preserving diffeomorphism

transformations formulated a la Nambu’s mechanics

δXµ = {F,G,Xµ}N, (1.5)
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still allows continuously varying P+ with an arbitrary (real and positive) parameter R
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mechanics with full covariance allowing general Lorentz transformations for fixed finite N

as a conserved quantum number, not restricted only to boost transformation along the
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in covariant treatments of classical membranes. For instance, the bosonic action of a

membrane can be expressed in the form

Amem = − 1

!311

∫
d3ξ

(
1

e
{Xµ, Xν , Xσ}N{Xµ, Xν , Xσ}N − e

)
, (1.3)

{Xµ, Xν , Xσ}N ≡
∑

a,b,c

εabc∂aX
µ∂bX

ν∂cX
σ, (1.4)

giving the Dirac-Nambu-Goto form when the auxiliary variable e is eliminated. Note that

ξa (a, b, c ∈ (1, 2, 0)) parametrize the 3 dimensional world volume of a single membrane,
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of quantized coordinates corresponding to classical coordinates Xµ(ξ). The usual light-

front action should appear as a result of an appropriate gauge fixing of a higher gauge

symmetry which generalizes its continuous counterpart, the area-preserving diffeomorphism

transformations formulated a la Nambu’s mechanics

δXµ = {F,G,Xµ}N, (1.5)

– 4 –

T. Yoneya

From the viewpoint of the emergence of the higher-dimensional phase space as in Eq. (6), it is also
useful to rewrite the action integral for D-dimensional extended objects as

S(d) ≡
∫

dDξ
[
pµ1µ2···µD{X µ1 , X µ2 , . . . , X µD} + e

2
(pµ1µ2···µD pµ1µ2···µD + 2)

]
, (41)

where pµ1µ2···µD is a new auxiliary “momentum” variable. The first term suggests the D-dimensional
form dω(D) = pµ1µ2···µndxµ1 ∧ dxµ2 ∧ · · · ∧ dxµD . However, the second term of the action integral
is nothing but the Hamiltonian in the sense of the ordinary Hamiltonian dynamics with a single
Hamiltonian, resulting in the Hamiltonian constraint

1
2

pµ1µ2···µD pµ1µ2···µD = −1, (42)

which requires that the D-form pµ1µ2···µD must be time-like. The latter condition is again consistent
with the interpretation of the space-time uncertainty relation which essentially governs the dynamics
of these systems. This aspect of the space-time uncertainty relation (with D = 2) has been discussed
in detail in Ref. [12] as a possible realization of non-commutative space-time geometry. The flow
equation in Eq. (6) with n − 1 (= D − 1) Hamiltonians should here be interpreted as describing
symmetries that characterize this system, rather than the dynamical flow directly which should
correspond to the genuine time variable τ .

A lesson we should learn from this form of the action is that the appearance of the higher-
dimensional phase-space structure does not necessarily imply the relevance of the Nambu mechanics.
Conversely, the Nambu-type mechanics equipped with higher-dimensional phase space does not
directly imply the higher-dimensional objects. For instance, the action proposed by Takhtajan in his
remarkable paper [4] is formulated as if a one-dimensional string-like object with (ξ i = ξ i(σ , τ )) is
treated. The presence of two Hamiltonians of Nambu mechanics corresponds to the Clebsch form
H∂σGdσ ∧ dτ , instead of the second term in the action in Eq. (41) with D = 2 that involves no
derivative. Because of this difference, theσ direction in such a formulation merely parametrizes a con-
tinuous family of ordinary one-dimensional trajectories in three-dimensional phase space (ξ1, ξ2, ξ3).
Although the system has a reparametrization symmetry with respect to σ in a kinematical sense due
to the σ -derivative, the σ direction has no dynamical significance, since there is no Hamiltonian con-
straint for combining the σ direction with the τ direction: the Hamiltonian constraint, if it existed,
would be responsible for assigning the dynamical role to σ of defining a potential energy.

This crucial feature will become relevant and be elucidated further from a slightly different perspec-
tive to motivate an attempt toward a generalized Hamilton–Jacobi formalism of Nambu mechanics
in Sect. 5.

3.2. Nambu bracket for the covariant regularization of a relativistic membrane
Now let us focus our attention on the (k = 2, n = 3) case of the generalized Schild-type action of
Eq. (37),

Smem = −
∫

d3ξ

(
1
2e

{X µ, X ν , X σ }{Xµ, Xν , Xσ } − e
)

. (43)

With the gauge choice e = 1, the reparametrization symmetry reduces to the volume-preserving
reparametrizations. Unlike the case (k = 2, n = 2) of the string, the covariant quantization of this
system turns out to be extremely difficult. The only tractable way even to this day is to adopt the
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T. Yoneya

This amounts to setting the gauge e = 1 from the outset. For a demonstration of the quantum-
mechanical equivalence of this case to the so-called Polyakov action that uses the world-sheet metric
tensor hij as auxiliary fields instead of e,

SP = −1
2

∫
d2ξ

√
−h hij∂iX µ∂jXµ, (35)

we refer readers to Ref. [6].
Now, the surface element σµν can be regarded as the Poisson bracket of X µ and X ν if we treat the

world-sheet as a two-dimensional phase space as used in Eq. (1) of the previous section:

σµν = {X µ, X ν}, (36)

in terms of which the n = 2 action takes the form

S2 = −
∫

d2ξ
[ 1

2e
{X µ, X ν}{Xµ, Xν} − e

]
. (37)

The equations of motion and the constraint associated with e are, respectively,

{Xµ, e−1{X µ, X ν}} = 0,
1
2
{X µ, X ν}{Xµ, Xν} = −e2. (38)

It should be noted that the constraint condition is actually equivalent to the standard Virasoro
condition, conforming to the world-sheet conformal symmetry,

P2 + ∂σX 2 = 0, P · ∂σX = 0, (39)

when we define the canonical momentum by

Pµ = 1
2e

(
∂τX µ(∂σX )2 − ∂σX µ(∂τX · ∂σX )

)
, (40)

where the time-like and the space-like coordinates in the sense of the world-sheet are denoted by τ
and σ , respectively. This guarantees that the canonical formalism is equivalent to the ordinary one
as derived from the Nambu–Goto action or the Polyakov action.

With the gauge choice e = 1, the reparametrization symmetry is reduced to area-preserving
reparametrizations. For this case, Nambu [8] suggested an extension of string theory by replacing
the Poisson bracket σµν by a commutator of covariant derivatives Dµ = −i(∂µ − iAµ) of the non-
Abelian gauge theory, {Xµ, Xν} → −i[Dµ, Dν]. To quote his own words, “the string may be a special
realization of gauge fields in which some dynamical degrees of freedom are frozen while the other
have become classical in a sense.” This seems to prophesy various modern matrix models that are
obtained by dimensional reductions from the maximal super Yang–Mills theory in 10 dimensions,
and also of the discretized light-like gauge action for a relativistic membrane which was investigated
first by Hoppe [9].

On the other hand, in Ref. [6] the constraint equation in the form of Eq. (38) was interpreted as the
classical form for an uncertainty relation of space-time &X&T ! 1, which the present author has
been advocating as the qualitative but intrinsic characterization [11] of the short-distance space-time
structure of (critical) string theory. For extensive discussions of this subject, I would like to refer the
reader to Ref. [12] and other earlier references therein.
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natural extension of the 10D constraint, 
extending the spacetime uncertainty relation 
to 11D M-theory.

essentially equivalent to 
the old Dirac action (1962)

The volume-preserving diffeo. symmetry 

for this type of systems can be described 
by the Nambu equations of motion.
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motivate quantization

All these finally led me to go back to the original motivation of Nambu 
which was entirely independent of string/M theory.

An extensible model of the electron

B y  P. A. M. D i r a c , F.R.S.
St John’s College, University of Cambridge

(Received 5 February 1962)

I t  is proposed th a t  the  electron should be considered classically as a  charged conducting 
surface, w ith  a  surface tension to  p reven t it  from  flying ap a rt under the  repulsive forces of 
the  charge. Such an electron has a s ta te  of stable equilibrium  w ith  spherical sym m etry, and  if 
d istu rbed  its  shape and  size oscillate. The equations of m otion are deduced from  an  action 
principle and  a  H am ilton ian  form alism  is obtained. The energy of the  first excited s ta te  
w ith  spherical sym m etry  is worked ou t according to the  B ohr-Som m erfeld m ethod of q u a n ti-
zation, and  is found to  be abou t 53 tim es the rest-energy of the electron. I t  is suggested th a t  
th is  first excited s ta te  m ay  be considered as a  m uon. The present theory  has no electron spin, 
so i t  cannot agree accurately  w ith experim ent.

T h e  m o d e l

The concept of an electron of finite size is an old one, first proposed by Abraham and 
Lorentz. I t  is the most natural concept that makes the total energy of the Coulomb 
field of the electron finite.

Recently, new evidence has appeared for the finite size of the electron by the 
discovery of the muon, having properties so similar to the electron that it may be 
considered to be merely an electron in an excited state. If  one works with a point- 
charge model of the electron, there is no place in the theory for the muon. However, 
if one supposes the electron to have a finite size, with no constraints fixing the size 
and shape, one can arrange that the variations of size and shape are stable oscilla-
tions about an equilibrium position, and then one can assume that the lowest 
excited state is the muon.

The present paper is concerned with developing the simplest model of this kind. 
The electron is assumed to have a charged conducting surface. Outside the surface 
Maxwell’s equations hold. Inside the surface there is no field. To prevent the electron 
from flying apart under the Coulomb repulsion of its surface charge, a non-Maxwel- 
lian force is assumed of the type of a surface tension. So the electron may be pictured 
as a bubble in the electromagnetic field.

The classical equations of motion for this model will be worked out. They are 
applicable also to several electrons in interaction, provided no two of them ever come 
into contact.

Lees (1939) has set up a somewhat similar theory. Lees takes into account also 
the gravitational field, and instead of a surface tension he imposes constraints 
on the shape and size of the electron, which rule out the possibility of excited 
states.

A convenient way to secure the correct boundary conditions at the surface of the 
electron is to take the potentials to be zero inside and continuous at the surface. 
With several interacting electrons one can take the potentials to be zero inside all 
of them if one gives up the condition dA^/dx^ = 0. The boundary conditions for the
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Nambu’s 1973 paper

PHYSICAL REVIEW D VOLUME 7, NUMBER 8

Generalized Hamiltonian Dynamicse

15 A PRIL 1973

Yoichiro Nambu
The Enrico Fermi Institute and the Department of Physics, The University of Chicago, Chicago, Illinois 60637

(Received 26 December 1972)

Taking the Liouville theorem as a guiding principle, we propose a possible generalization of classical
Hamiltonian dynamics to a three-dimensional phase space. The equation of motion involves two
Hamiltonians and three canonical variables. The fact that the Euler equations for a rotator can be cast
into this form suggests the potential usefulness of the formalism. In this article we study its general
properties and the problem of quantization.

I. INTRODUCTION

A notable feature of the Hamiltonian description
of classical dynamics is the Liouville theorem,
which states that the volume of phase space occu-
pied by an ensemble of systems is conserved. The
theorem plays, among other things, a fundamental
role in statistical mechanics. On the other hand,
Hamiltonian dynamics is not the only formalism
that makes a statistical mechanics possible. Any
set of equations which lead to a Liouville theorem
in a suitably defined phase space will do (provided
of course that ergodicity may be assumed). With
this in mind, let us consider the following scheme.
Let (x, y, z)=-r be a triplet of dynamical variables

(canonical triplet) which span a three-dimensional
phase space. This is a formal generalization of
the conventional phase space spanned by a canoni-
cal pair (p, q). Next introduce two functions, H and
G, of (x, y, z), which serve as a pair of "Hamilto-
nians" to determine the motion of points in phase
space. More precisely, we postulate the following
"Hamilton eq,atiOns"":

dx a(H, G)
dt a(y, z) '

dy a(H, G)
dt a(z, x} '

[F,H, G]. Obviously a PB is antisymmetric under
interchange of any pair of its components. As a
result we haveH=I' =0, i.e., bothH and G are
constants of motion. The orbit of a system in
phase space is thus determined as the intersection
of two surfaces, H =const. and G =const.
Equation (1}or (1'}also shows that the velocity

field dr/dt is divergenceless,
V (VH x VG) =- 0,

and this amounts to a Liouville theorem in our
phase space.
The above properties immediately tempt us to

construct a statistical mechanics where a canoni-
cal ensemble is characterized by a generalized
Boltzmann distribution in phase space with a
weight factor

e -8H-yC
Two temperaturelike intensive parameters are
thus required to specify the ensemble, much as
in a grand canonical ensemble.
It is obvious that this kind of generalization can

be extended to a phase space of any dimensionality,
n. We would introduce an n-component vector x&
and n —1 Hamiltonians H„and postulate in lieu of
Eqs. (1) and (2)

dz a(H, G)
dt a(x, y)

or in a vector notation
dr—=VHxVQ.dt

For any function F(x, y, z), then, we have

dF a(F,H, G)
dt a(x, y, z}

=VF ~ (VHx VG}. (2)
We may call the right-hand side of (2) a general-
ized Poisson bracket (PB), to be denoted by

dF a(F,H„H„.. . ,H„,)

where c&»..., is the Levi-Civita tensor.
From the standpoint of physics, however, we

must first examine the relevance and applicability
of such generalizations. Are there real physical
systems which may be described in this way'P Or
else can one think of these generalizations as a
possible direction in which classical and quantum
mechanics might develop?
In this paper we will limit ourselves to the

three-dimensional case only. Then the first ques-
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Historically, Nambu-type structure has  been conceived of 
by Jacobi in the 1840s in his lectures.® '
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Multipiicalors auf ein System von Differentialgleichungen ausgedehnt, was ganz

ehenso einlach ist, wenn man sich die Integralgleichungen nach den willkür-

lichen Coustanten aufgelöst denkt.

Nehmen wir zuerst eine Differentialgleichung zwischen zwei Variablen

X und ij, und zwar sei sie in Gestalt der Proportion

dx : (ly = X : Y^

gegeben, welche mit der Gleichung

Xdij-Ydx =
identisch ist. Denkt man sich das Integral auf die Form F=Const. gebracht,

so erhält man durch Differentiation die Gleichung

-^dy + ^dx = Q,

deren linke Seite nur um einen Factor M von der linken Seite obiger Dif-

ferentialgleichung verschieden sein kann; man hat also

dy ^ ox ^

und hieraus ergiebt sich zur Bestimmung von ßl die Gleichung

^ ' dx dji

Dehnen wir die Theorie dieses Multiplicators M auf ein System zweier

simultanen Differentialgleichungen zwischen drei Variablen aus. Dasselbe sei

in folgender Form vorgelegt:

(2.) dx-.dij-.dz = X.Y.Z,
die Integralgleichungen nach den willkürlichen Constanten aufgelöst seien

(3.) f=a, <p = ß;
dann hat man

und hieraus ergiebt sich

dv-dn-dz = IL^ ^f ^'f • ^f ^'f ^f ^f ^f ^'f ^f ^^
'

' J '

dy dz dz dy ' d:i dx dx dz ' dx dy dy dx
Setzt man

i _ Sf dcp df d(fj n _ '^f ^'P ^f ^'f n _ ^f ^V ^f ^'P
dy Ö5 ÖS dy ' dz dx dx dz ' dx dy dy dx '

so ist also

dx : dy : dz = A : B : C,

J
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In this small book, however, the statistical 
mechanics of Nambu dynamics, the 
subject of today’s talk, is not touched 
upon.U
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Nambu’s proposal:

Hamilton equations of motion

8 1 Introduction: Historical Overview and Basic Concepts

1.3 Nambu’s Generalized Hamiltonian Dynamics 

1.3.1 Notational Preparation 

As a preparation for proceeding to Nambu’s proposal, we update our notations of the 
phase-space coordinates by defining 

. {xi ; (x1, . . . , x2n) ≡ (p1, q1, p2, q2 . . . , pn, qn)},

namely, .2n phase-space coordinates .xi with upper indices. Using the traditional 
language of differential geometry that is familiar in general relativity theory, we 
treat these coordinates as the components of a contravariant vector which transform 
as .x̃ i = 2n

j=1 Ai
j x

j under a linear coordinate transformation .xi → x̃ i = x̃ i (x),  or  
more generally

. dx̃ i =
2n

j=1

∂ x̃ i

∂x j
dx j

under a general coordinate transformation .xi → x̃ i (x). Note here that both .xi and 
.x̃ i physically represent one and the same point in phase space. In other words, 
the transformation changes only the coordinate frames. By this convention we can 
express the differential operator (1.4)  in  the  fo  rm

.DH ≡
2n

i=1

Xi (x)
∂

∂xi
, (1.15) 

where we introduced the abbreviations 

. X2i−1(x) = −∂ H
∂qi

, X2i (x) = ∂ H
∂pi

, (i = 1, . . . , n).

The coefficient functions .Xi (x)’s as the components of a contravariant vector field 
give the Hamilton equations of motion 

. 
dxi

dt
= Xi (x), (i = 1, . . . , 2n).

Geometrically, the vector.Xi (x) is tangent to the trajectory of a particle at each point 
.xi in the .2n-dimensional phase space. With a generic vector function .Xi (x),  this  is  
a general form of first-order differential equations for the phase coordinates.

As we shall discuss later in detail, Liouville’s theorem is equivalent to the 
divergence-less condition for the coefficient functions .Xi (x),
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a single Hamiltonian
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.

2n

i=1

∂ Xi (x)
∂xi

=
n

i=1

∂

∂qi

∂ H
∂pi

− ∂

∂pi

∂ H
∂qi

= 0. (1.16) 

For partial derivatives with respect to the phase-space coordinates. xi s, we often use a 
familiar abbreviation as.∂i ≡ ∂

∂xi . In dealing with the products of any generic vectors 
or tensors, Einstein’s summation convention for repeated indices is assumed, such 
as.∂i X i ≡ i ∂i X i , DH = Xi∂i , etc., in what follows. The lower indices in general 
indicate that they transform as a covariant vector, .∂̃i = ∂x j

∂ x̃ i ∂ j . The contraction of a 
pair of upper and lower indices automatically gives a scalar as in these examples. It 
is to be noted that in classical Hamiltonian dynamics, the phase space is assumed 
geometrically to be an ordinary flat Euclidean space with metric .ds2 = dxi dxi ,  the  
metric tensor being the Kronecker’s delta symbol, .gi j = gi j = δi

j in terms of the 
Cartesian coordinates .{xi }. 

1.3.2 The Nambu Equations of Motion 

In the simplest nontrivial case of 3-dimensional phase space . x1(t), x2(t), x3(t) , 
the Nambu equations of motion take the form 

.
dxi (t)

dt
= Xi x(t) , Xi (x) = i jk ∂K

∂x j

∂ H
∂xk

, (1.17) 

being equipped with two ‘Hamiltonians’ . H = H(x1, x2, x3), K = K (x1, x2, x3),

where the symbol . i jk is the Levi–Civita tensor in three dimensions, which is 
completely antisymmetric (or often termed, skew symmetric) under any permutations 
of indices (.1 = 123 = 231 = 312 = − 213 = − 132 = − 321). Obviously, the 
coefficient functions .Xi identically satisfy the condition .∂i X i = 0. We called both 
the functions .H and.K ‘Hamiltonians’, since they together describe the motion of a 
particle on an equal footing and both are conserved: . Ḣ = K̇ = 0.

In what follows, for convenience, we call any degrees of freedom obeying the 
equations of the type (1.17)  a  Nambu particle. A Nambu particle moves along a 
fixed curve which is the intersection of two level surfaces defined by .H = c and 
.K = c with two independent constants . c and . c determined by the initial condition 
. x1(0), x2(0), x3(0) . 

To explain the motivation behind his proposal, it is perhaps best to quote his own 
words verbatim in the very beginning of his original paper : 

A notable feature of the Hamiltonian description of classical dynamics is the Liouville 
theorem which states that the volume of phase space occupied by an ensemble of systems 
is conserved. The theorem plays, among others, a fundamental role in statistical mechanics. 
On the other hand, Hamiltonian dynamics is not the only formalism that makes a statistical 
mechanics possible. Any set of equations which lead to a Liouville theory in a suitably 
defined phase space will do (provided of course that ergodicity may be assumed).
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In what follows, for convenience, we call any degrees of freedom obeying the 
equations of the type (1.17)  a  Nambu particle. A Nambu particle moves along a 
fixed curve which is the intersection of two level surfaces defined by .H = c and 
.K = c with two independent constants . c and . c determined by the initial condition 
. x1(0), x2(0), x3(0) . 

To explain the motivation behind his proposal, it is perhaps best to quote his own 
words verbatim in the very beginning of his original paper : 

A notable feature of the Hamiltonian description of classical dynamics is the Liouville 
theorem which states that the volume of phase space occupied by an ensemble of systems 
is conserved. The theorem plays, among others, a fundamental role in statistical mechanics. 
On the other hand, Hamiltonian dynamics is not the only formalism that makes a statistical 
mechanics possible. Any set of equations which lead to a Liouville theory in a suitably 
defined phase space will do (provided of course that ergodicity may be assumed).

3-dimensional phase space

1.3 Nambu’s Generalized Hamiltonian Dynamics 9

.

2n

i=1

∂ Xi (x)
∂xi

=
n

i=1

∂

∂qi

∂ H
∂pi

− ∂

∂pi

∂ H
∂qi

= 0. (1.16) 

For partial derivatives with respect to the phase-space coordinates. xi s, we often use a 
familiar abbreviation as.∂i ≡ ∂

∂xi . In dealing with the products of any generic vectors 
or tensors, Einstein’s summation convention for repeated indices is assumed, such 
as.∂i X i ≡ i ∂i X i , DH = Xi∂i , etc., in what follows. The lower indices in general 
indicate that they transform as a covariant vector, .∂̃i = ∂x j

∂ x̃ i ∂ j . The contraction of a 
pair of upper and lower indices automatically gives a scalar as in these examples. It 
is to be noted that in classical Hamiltonian dynamics, the phase space is assumed 
geometrically to be an ordinary flat Euclidean space with metric .ds2 = dxi dxi ,  the  
metric tensor being the Kronecker’s delta symbol, .gi j = gi j = δi

j in terms of the 
Cartesian coordinates .{xi }. 

1.3.2 The Nambu Equations of Motion 

In the simplest nontrivial case of 3-dimensional phase space . x1(t), x2(t), x3(t) , 
the Nambu equations of motion take the form 

.
dxi (t)

dt
= Xi x(t) , Xi (x) = i jk ∂K

∂x j

∂ H
∂xk

, (1.17) 

being equipped with two ‘Hamiltonians’ . H = H(x1, x2, x3), K = K (x1, x2, x3),

where the symbol . i jk is the Levi–Civita tensor in three dimensions, which is 
completely antisymmetric (or often termed, skew symmetric) under any permutations 
of indices (.1 = 123 = 231 = 312 = − 213 = − 132 = − 321). Obviously, the 
coefficient functions .Xi identically satisfy the condition .∂i X i = 0. We called both 
the functions .H and.K ‘Hamiltonians’, since they together describe the motion of a 
particle on an equal footing and both are conserved: . Ḣ = K̇ = 0.
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For partial derivatives with respect to the phase-space coordinates. xi s, we often use a 
familiar abbreviation as.∂i ≡ ∂

∂xi . In dealing with the products of any generic vectors 
or tensors, Einstein’s summation convention for repeated indices is assumed, such 
as.∂i X i ≡ i ∂i X i , DH = Xi∂i , etc., in what follows. The lower indices in general 
indicate that they transform as a covariant vector, .∂̃i = ∂x j

∂ x̃ i ∂ j . The contraction of a 
pair of upper and lower indices automatically gives a scalar as in these examples. It 
is to be noted that in classical Hamiltonian dynamics, the phase space is assumed 
geometrically to be an ordinary flat Euclidean space with metric .ds2 = dxi dxi ,  the  
metric tensor being the Kronecker’s delta symbol, .gi j = gi j = δi

j in terms of the 
Cartesian coordinates .{xi }. 

1.3.2 The Nambu Equations of Motion 

In the simplest nontrivial case of 3-dimensional phase space . x1(t), x2(t), x3(t) , 
the Nambu equations of motion take the form 
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dxi (t)

dt
= Xi x(t) , Xi (x) = i jk ∂K

∂x j

∂ H
∂xk

, (1.17) 

being equipped with two ‘Hamiltonians’ . H = H(x1, x2, x3), K = K (x1, x2, x3),

where the symbol . i jk is the Levi–Civita tensor in three dimensions, which is 
completely antisymmetric (or often termed, skew symmetric) under any permutations 
of indices (.1 = 123 = 231 = 312 = − 213 = − 132 = − 321). Obviously, the 
coefficient functions .Xi identically satisfy the condition .∂i X i = 0. We called both 
the functions .H and.K ‘Hamiltonians’, since they together describe the motion of a 
particle on an equal footing and both are conserved: . Ḣ = K̇ = 0.

In what follows, for convenience, we call any degrees of freedom obeying the 
equations of the type (1.17)  a  Nambu particle. A Nambu particle moves along a 
fixed curve which is the intersection of two level surfaces defined by .H = c and 
.K = c with two independent constants . c and . c determined by the initial condition 
. x1(0), x2(0), x3(0) . 

To explain the motivation behind his proposal, it is perhaps best to quote his own 
words verbatim in the very beginning of his original paper : 

A notable feature of the Hamiltonian description of classical dynamics is the Liouville 
theorem which states that the volume of phase space occupied by an ensemble of systems 
is conserved. The theorem plays, among others, a fundamental role in statistical mechanics. 
On the other hand, Hamiltonian dynamics is not the only formalism that makes a statistical 
mechanics possible. Any set of equations which lead to a Liouville theory in a suitably 
defined phase space will do (provided of course that ergodicity may be assumed).
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and .K (and more generally .n − 1 Hamiltonians .H1, . . . , Hn−1 in (1.18)) appear in 
a completely ‘democratic’ manner in time evolution, by adopting the components 
of the angular momentum itself as canonical coordinates in Nambu’s generalized 
Hamiltonian dynamics. 

1.3.3 Nambu Brackets 

It is convenient to define a generalized Poisson bracket, or the Nambu bracket of 
order . n for an arbitrary set of . n different functions . Fi , .i ∈ (1, 2, . . . , n),  b  y

. {F1, F2, . . . , Fn} ≡ i1i2...in
∂ F1

∂xi1

∂ F2

∂xi2
· · · ∂ Fn

∂xin
= ∂(F1, F2, . . . , Fn)

∂(x1, x2, . . . , xn)
,

which, being totally skew symmetric under permutations of any pair of entities 
in .(F1, F2, . . . , Fn), is nothing but the .n-dimensional Jacobian corresponding to a 
transformation of the phase-space coordinates .(x1, x2, . . . , xn) to .(F1, F2, . . . , Fn). 
Using this notation, (1.17) with .n = 3 is 

. ẋ i = {K , H, xi } = 1
2

i jk ∂(K , H)

∂(x j , xk)
.

For a generic function .F = F(x),  we  ha  ve

. Ḟ = ∂i F ẋ i = {K , H, xi }∂i F = {K , H, F},

as the analog of (1.2). The conservations of.K and.H are then obvious consequences 
of .{K , H, K } = 0 = {K , H, H}. 

Clearly, the Nambu bracket for the phase-space coordinates takes the form 

.{xi , x j , xk} = i jk, (1.21) 

which is the analog to the conventional canonical Poisson bracket . {p, q} =
1 ({q, q} = 0 = {p, p}) in the primitive 2-dimensional phase space .(p, q). 
Therefore, Nambu justifiably called a mapping .(x1, x2, x3) → (x 1, x 2, x 3) a 
canonical transformation when the Nambu bracket is preserved, 

. {x i , x j , x k} = i jk,

or equivalently, 

.
∂(x i , x j , x k)

∂(x1, x2, x3)
= i jk .
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Example: Euler equation of a rigid rotator
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expression is de!ned in terms of the Jacobian corresponding to transformation of (x1 , x2 , x3 ) to 
a set of arbitrary three functions (A, B, C) , 

{ A, B, C} ≡ ∂ (A, B, C) 
∂ (x1 , x2 , x3 ) = εi jk ∂i A∂ j B∂k C. (2) 

Then, obviously, H and K are both conserved, 
dH 
dt = ẋi ∂i H = εi jk ∂ j H ∂k K∂i H = 0 , dK 

dt = ẋi ∂i K = εi jk ∂ j H ∂k K∂i K = 0 . 
It is also clear that the system satis!es the Liouville equation, 

∂i X i = 0 , (3) 
which guarantees that the volume of phase space occupied by an aggregate of systems described 
by the same equations of motion is conserved. 

Thus, instead of a single Hamiltonian in the ordinary Hamiltonian dynamics for a conven- 
tional even-dimensional phase space, Nambu’s generalized Hamiltonian dynamics is governed 
by two Hamiltonian-like conserved quantities H and K, which give the time evolution of the 
system together on an equal footing in the 3D phase space (x1 , x2 , x3 ) . One of the main mo- 
tivations behind his proposal was to construct a generalized statistical mechanics such that a 
canonical ensemble is characterized by a weight factor with two temperature-like parameters 
corresponding to a generalized Boltzmann distribution in phase space, 

e−βH−γ K . 
He emphasized the possible physical relevance of this generalization by pointing out that the 

Euler equations of motion for a rigid rotator can be cast in the above form by identifying H and 
K as 

H = 1 
2 (L2 

1 + L2 
2 + L2 

3 ) , K = 1 
2 
(L2 

1 
I1 + L2 

2 
I2 + L2 

3 
I3 

)
, (4) 

and choosing the phase-space coordinates to be the components themselves of the angular- 
momentum vector in the body-!xed frame, (x1 , x2 , x3 ) = (L1 , L2 , L3 ) . This formalism can natu- 
rally be generalized to n -dimensional phase space (x1 , x2 , . . . , xn ) with the equations of motion 
for any n ≥ 2 , 

ẋi = εi j1 ··· jn −1 ∂ j1 H1 ∂ j2 H2 · · · ∂ jn −1 Hn = ∂ (H1 , H2 , . . . , Hn −1 , xi ) 
∂ (x1 , x2 , . . . , xn ) . 

≡ { H1 , H2 , . . . , Hn −1 , xi } . (5) 
Now there exists a set of n − 1 conserved Hamiltonian-like functions, (H1 , H2 , . . . , Hn −1 ) , 
which are independent of each other. 

Nambu mainly devoted himself to a general discussion of (linear) canonical transforma- 
tions and possibilities toward quantization. However, he encountered certain obstacles that 
hindered straightforward generalizations of the structure intrinsic to the conventional Hamilto- 
nian formalism. In particular, by extending the idea to 3 N dimensions with N triplets (x1 

a , x2 
a , x3 

a ) 
(a = 1 , . . . , N ) in analogy with ordinary Hamiltonian dynamics, he found that linear canonical 
transformations mixing di"erent a indices did not work as he desired. Namely, only transfor- 
mations within each single triplet work appropriately. Perhaps for this reason, no further dis- 
cussion about the statistical aspect of the problem has been attempted, and the majority of later 
e"orts following his proposal have been aimed at the problem of quantization. 
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10 1 Introduction: Historical Overview and Basic Concepts

Thus his main motivation was to seek a new generalized dynamical system 
satisfying Liouville’s theorem. His hope was that it might be a natural starting point 
for constructing a generalized statistical mechanics which involves two or more 
Hamiltonians, and correspondingly two or more temperatures, on an equal footing. 

In fact, the above form of the equations of motion can be generalized immediately 
to phase spaces .(x1, x2, . . . , xn) of any dimensions .n by introducing . n − 1
independent Hamiltonians, .H1, H2, . . . , Hn−1: 

.
dxi

dt
= Xi (x), Xi (x) = i j1 j2... jn−1

∂ H1

∂x j1

∂ H2

∂x j2
· · · ∂ Hn−1

∂x jn−1
, (1.18) 

satisfying .∂i X i = 0 and .Ḣi = 0, where . i j1 j2... jn−1 is the .n-dimensional Levi–Civita 
tensor. The trajectory of a Nambu particle then lies on an intersection of .n − 1 level 
hyper-surfaces defined by .Hi = Ei (i = 1, . . . , n − 1), always resulting in a one-
dimensional curve embedded in .n-dimensional phase space. 

As a justification of his proposal, Nambu pointed out that the familiar Euler 
equations of motion, 

. 
d L1

dt
= − 1

I2
− 1

I3
L2L3,

d L2

dt
= − 1

I3
− 1

I1
L3L1,

d L3

dt
= − 1

I1
− 1

I2
L1L2,

for a free rigid rotator with a single fixed point, using the body-fixed coordinates, 
indeed take the form (1.17) with 

.K = 1
2
(L2

1 + L2
2 + L2

3), (1.19) 

.H = 1
2

L2
1

I1
+ L2

2

I2
+ L2

3

I3
, (1.20) 

provided that the components .Li of the angular momentum as the collective 
coordinates for a rigid body are identified effectively with the phase-space coordinates 
.xi of a Nambu particle. In the ordinary approach to canonical formalism for a rotating 
rigid body, we construct the Hamiltonian (. H ), starting with the Euler angles as 
the generalized coordinates and the corresponding generalized momenta, while the 
additional conserved quantity (. K ) exists as a consequence of rotation symmetry for 
which .K plays the role of a Casimir invariant. It is indeed remarkable and amazing 
that the resulting equations of motion can be reformulated neatly such that both .H
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slight generalization 

2.7 The Equations of Motion in Terms of Differential Forms 61

.(K d H − K d H) ∧ dt = d F ∧ dt = d(F ∧ dt),

where .F is the generating function of the N-gauge transformation, we can write

. − K d H ∧ dt + d (1) = −K d H ∧ dt + d (1)

with .
(1) = (1) + Fdt .

The condition (2.58) means geometrically, as is the case for.α(2), that a world line
of a single particle obeying the equations of motion in 4 = 3 + 1-dimensional Nambu
phase space-time is orthogonal (in the four-dimensional sense) to the infinitesimal
volume elements represented by .ω(3) at each point along the world line. In other
words, the component of .ω(3) projected on the world line vanishes: the motion of
particles are determined by the configuration of a four-component geometrical field
represented by .ω(3) in phase space-time.

For example, if aworld line in phase space-time crosses a pointwhere.d K ∧ d H =
0, all of the three time-like components of .ω(3) vanish there and hence the world
line is orthogonal to .dx1 ∧ dx2 ∧ dx3, implying that .Xµ has only time component
corresponding to vanishing velocity .ẋ i = 0. Since the configuration of .ω(3) is con-
stant with respect to time, this implies that the orthogonality of the world line to
.dx1 ∧ dx2 ∧ dx3 continues forever from.t = −∞ to .t = ∞, namely, just a straight
world linewith a fixed spatial point. In general, suchfixed points (or the points in equi-
librium) distribute continuously along curves, since the independent components of
the condition.d K ∧ d H = 0 are only two because of the identity.d(d K ∧ d H) ≡ 0.
For this reason, the distribution of fixed points is useful as a means for characterizing
the overall structure of the solutions of the Nambu equations of motion.

Example 2.5 Let us study the distribution of fixed points in the following particular
case extending slightly the Euler top,

.K = 1
2

(x1)2 + (x2)2 + (x3)2 ,

H = 1
2

a(x1 − e)2 + b(x2 − f )2 + c(x3 − g)2 ,

where, for definiteness, we assume all of the coefficients .(a, b, c) are positive and
all different from each other. The conditions for fixed points are

.0 = ∂1K∂2H − ∂2K∂1H = (b − a)x1x2 − b f x1 + aex2, (2.60)

.0 = ∂2K∂3H − ∂3∂2H = (c − b)x2x3 − cgx2 + f bx3, (2.61)

.0 = ∂3K∂1H − ∂1K∂3H = (a − c)x3x1 − aex3 + cgx1. (2.62)

The particular case with .e = f = g = 0 corresponding to the Euler equations for a
rigid rotator is very special: .x1x2 = x2x3 = x3x1 = 0. There are three independent
solutions, .x1 = x2 = 0, .x2 = x3 = 0, and .x3 = x1 = 0, which coincide with the
three orthogonal axes. The solutions of the equations of motion give closed curves
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Only the line (i) passes through the .H -spheroid contains a .K -sphere tangentially 
inside, with the point of their contact with the.K -sphere at just one of the two points 
crossing the .H -spheroid along the component (i). We also show below the images 
of trajectories satisfying the equations of motion: 

Fig. 2.4 The trajectories of 
the solutions of the equations 
of motion 
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from the usual Hamiltonian dynamics
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Fig. 3.1 The infinitesimal variations corresponding to.M2 (left) and.M3 (right) 

volume .M3 chosen arbitrarily. Or perhaps more appropriately we may call this 
process bundle-up. On each time slice, the crossing point of the core world line 
describes a representative among a continuous family of the crossing points 
of the world lines in .secM3(t) formed by blowup, constituting an infinitesimal 
spatial surface with its boundary .∂(secM3(t)) over which .ω(2) is integrated. By 
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crossing points on the boundary.∂(secM3(t)), parametrized by. θ .  The  Eq  . (3.14) 
is a concrete expression resulting from this mechanism. 
By contrast, in the conventional case governed by the 2-form .α(2), the blowup 
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lines on the boundary.∂ M2 of.M2; equivalently, on each time slice, the blowup is 
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comprising.∂(secM2(t)) and hence there is no continuous.θ -like parameter on the 
boundary, as expressed in (3.8). The same applies to field theories exemplified 
in Example 3.1. 

(ii) In both cases of conventional Hamiltonian and Nambu dynamics, the details 
of blowups are packed, to the leading order of infinitesimally small variations, 
into the vector .δπi (t) which is obtained by integration over spatial sections of 
blowup at each fixed time. t . The blowup with an increased dimension 2 in Nambu 
dynamics arises necessarily and intrinsically from the fact that time evolution 
is now governed by the N-gauge invariant 2-form, .d K ∧ d H , replacing the 1-
form, .d H , of conventional Hamiltonian dynamics. But it is to be noted that this 
does not, in any sense, imply the physical extension of the object we are dealing 
with. For instance, if a particle were extended physically to a string as in the 
Example 3.1, the time differential .dt would be replaced by the infinitesimal 
surface element of the world sheet .dsdt (or a 2-form .ds ∧ dt , if you like) by

Hamiltonian dynamics Nambu dynamics

3.1 Preparations 71

of this type describing a .k-form .ω(k) in .Mn+1 as a .k-form .ω(k)
Mk

in .Mk is usually 
called the ‘pull-back’ of .ω(k) associated with the mapping .xµ

Mk
: Mk → Mn+1. 

In what follows, for the sake of brevity we often abbreviate the ‘.Mk’ associated 
with the symbol. · · · Mk

on the right-hand side when confusion is not expected. With 
this convention, we can write the expression in the last equality simply as 

. ω(k)|Mk =
1

(k − 1)! ωi1...ik−1 j ẋ j + ωi1...ik−1t dxi1 ∧ · · · ∧ dxik−1 ∧ dt.

It is easy to check that the operation of projection is commutative with exterior 
differentiation: e.g., 

. d(ω(1)|Mk ) = d ω j
∂x j

∂σβ
dσβ = ∂iω j

∂xi

∂σα

∂x j

∂σβ
dσα ∧ dσβ

= 1
2
(∂iω j − ∂ jωi )

∂xi

∂σα

∂x j

∂σβ
dσα ∧ dσβ = (dω(1))|Mk ,

where the indices .α,β of the .σ coordinates are extended so as to include time 
direction, i.e. .σα = (σ a, t),  etc  .

3.1.2 The Variational Principle of Conventional Hamiltonian 
Dynamics 

Before proceeding to generalize the variational principle to Nambu dynamics, we 
treat, as a warm-up and also to avoid possible confusion prejudiced by the ordinary 
text-book formulation of variational principles, the case of conventional Hamiltonian 
dynamics using the general ideas and notations hitherto introduced. 

The canonically invariant 2-form.α(2) is integrated over a 2-dimensional submani-
fold.M2 embedded in.(2n + 1)-dimensional phase space-time.(p1, q1, . . . , pn, qn, t): 
namely, as a special case of (3.5), we write 

. α(2)
M2

= dpi (t; σ ) ∧ dqi (t; σ ) − d H(p, q) ∧ dt

= ( q̇i − ∂pi H ∂σ pi − ( ṗi + ∂qi H ∂σ qi dσ ∧ dt, (3.6) 

yielding 

.

M2

α(2) =
M2

q̇i − ∂pi H ∂σ pi − ( ṗi + ∂qi H ∂σ qi dσ ∧ dt.
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where .S0 is a core world sheet swept out by the vibrating string and .x A, . A ∈ (1, 2)
denote two-dimensional vector fields on the world sheet . S0: 

. x1(t, s), x2(t, s) ≡ p(t, s), q(t, s) ,

X1(t, s), X2(t, s) ≡ − δH
δq(t, s)

,
δH

δp(t, s)
.

To avoid possible confusion, we note that it is also possible formally to treat the area 
element .dtds as the area 2-form .ds ∧ dt , and thereby to elevate .α(2) to a 3-form, 
if desired, e.g. for the purpose of making the formalism to be manifestly Lorentz 
invariant in two-dimensional space-time .(s, t) of the world sheet. We do not pursue 
this line of development, since there is little merit in doing this at least for the purpose 
of the present exposition. 

Our purpose of discussing this example is to help clarify a crucial difference with 
respect to the nature of two continuous parameters, . s and . σ . The former, . s, has 
a dynamical significance in the sense that .s-derivative of the dynamical variables 
contribute to the Hamiltonian: in other words . s describes an extended nature of 
the basic degrees of freedom as a vibrating string. By contrast, the latter, . σ , being 
nothing to do with the physical extension, plays only a kinematical role to describe a 
continuous family of world sheets, defining the infinitesimal variation of dynamical 
variables: the.σ -derivatives never enter into the Hamiltonian itself. In order to express 
this difference emphatically, we write .p(t, s; σ ), q(t, s; σ ) using the semicolon (. ;), 
instead of .p(t, s, σ ), q(t, s, σ ). 

3.2 Generalized Variational Principles for Nambu 
Dynamics 

Now we shall examine how the results of the previous section are extended to Nambu 
dynamics. Let us start with .n = 3. The role of .α(2) is played by the closed 3-form, 

. ω(3) = dx1 ∧ dx2 ∧ dx3 − d K ∧ d H ∧ dt,

introduced and studied in the previous chapter. This must be integrated over a three-
dimensional sub-manifold .M3 in (3+1)-dimensional Nambu phase space-time (i.e. 
.M4), which is infinitesimally narrow and is parametrized by a two-dimensional family 
of non-intersecting world lines .xi (t; σ 1, σ 2) filling up .M3 without intersection. As 
is the case for .M2, .M3 can take arbitrary narrow shapes, stretching to the positive 
time direction without hanging. Here we have to pay due attention to the difference 
between the variable.x A(t, s; σ ) treated in Example 3.1 and the present.xi (t; σ1, σ2). 
Though both contain 3 independent variables, there is a crucial difference:. s describes
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expression is de!ned in terms of the Jacobian corresponding to transformation of (x1 , x2 , x3 ) to 
a set of arbitrary three functions (A, B, C) , 

{ A, B, C} ≡ ∂ (A, B, C) 
∂ (x1 , x2 , x3 ) = εi jk ∂i A∂ j B∂k C. (2) 

Then, obviously, H and K are both conserved, 
dH 
dt = ẋi ∂i H = εi jk ∂ j H ∂k K∂i H = 0 , dK 

dt = ẋi ∂i K = εi jk ∂ j H ∂k K∂i K = 0 . 
It is also clear that the system satis!es the Liouville equation, 

∂i X i = 0 , (3) 
which guarantees that the volume of phase space occupied by an aggregate of systems described 
by the same equations of motion is conserved. 

Thus, instead of a single Hamiltonian in the ordinary Hamiltonian dynamics for a conven- 
tional even-dimensional phase space, Nambu’s generalized Hamiltonian dynamics is governed 
by two Hamiltonian-like conserved quantities H and K, which give the time evolution of the 
system together on an equal footing in the 3D phase space (x1 , x2 , x3 ) . One of the main mo- 
tivations behind his proposal was to construct a generalized statistical mechanics such that a 
canonical ensemble is characterized by a weight factor with two temperature-like parameters 
corresponding to a generalized Boltzmann distribution in phase space, 

e−βH−γ K . 
He emphasized the possible physical relevance of this generalization by pointing out that the 

Euler equations of motion for a rigid rotator can be cast in the above form by identifying H and 
K as 

H = 1 
2 (L2 

1 + L2 
2 + L2 

3 ) , K = 1 
2 
(L2 

1 
I1 + L2 

2 
I2 + L2 

3 
I3 

)
, (4) 

and choosing the phase-space coordinates to be the components themselves of the angular- 
momentum vector in the body-!xed frame, (x1 , x2 , x3 ) = (L1 , L2 , L3 ) . This formalism can natu- 
rally be generalized to n -dimensional phase space (x1 , x2 , . . . , xn ) with the equations of motion 
for any n ≥ 2 , 

ẋi = εi j1 ··· jn −1 ∂ j1 H1 ∂ j2 H2 · · · ∂ jn −1 Hn = ∂ (H1 , H2 , . . . , Hn −1 , xi ) 
∂ (x1 , x2 , . . . , xn ) . 

≡ { H1 , H2 , . . . , Hn −1 , xi } . (5) 
Now there exists a set of n − 1 conserved Hamiltonian-like functions, (H1 , H2 , . . . , Hn −1 ) , 
which are independent of each other. 

Nambu mainly devoted himself to a general discussion of (linear) canonical transforma- 
tions and possibilities toward quantization. However, he encountered certain obstacles that 
hindered straightforward generalizations of the structure intrinsic to the conventional Hamilto- 
nian formalism. In particular, by extending the idea to 3 N dimensions with N triplets (x1 

a , x2 
a , x3 

a ) 
(a = 1 , . . . , N ) in analogy with ordinary Hamiltonian dynamics, he found that linear canonical 
transformations mixing di"erent a indices did not work as he desired. Namely, only transfor- 
mations within each single triplet work appropriately. Perhaps for this reason, no further dis- 
cussion about the statistical aspect of the problem has been attempted, and the majority of later 
e"orts following his proposal have been aimed at the problem of quantization. 
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Hamiltonians

Poisson bracket is generalized to Nambu bracket

1.3 Nambu’s Generalized Hamiltonian Dynamics 11

and .K (and more generally .n − 1 Hamiltonians .H1, . . . , Hn−1 in (1.18)) appear in 
a completely ‘democratic’ manner in time evolution, by adopting the components 
of the angular momentum itself as canonical coordinates in Nambu’s generalized 
Hamiltonian dynamics. 

1.3.3 Nambu Brackets 

It is convenient to define a generalized Poisson bracket, or the Nambu bracket of 
order . n for an arbitrary set of . n different functions . Fi , .i ∈ (1, 2, . . . , n),  b  y

. {F1, F2, . . . , Fn} ≡ i1i2...in
∂ F1

∂xi1

∂ F2

∂xi2
· · · ∂ Fn

∂xin
= ∂(F1, F2, . . . , Fn)

∂(x1, x2, . . . , xn)
,

which, being totally skew symmetric under permutations of any pair of entities 
in .(F1, F2, . . . , Fn), is nothing but the .n-dimensional Jacobian corresponding to a 
transformation of the phase-space coordinates .(x1, x2, . . . , xn) to .(F1, F2, . . . , Fn). 
Using this notation, (1.17) with .n = 3 is 

. ẋ i = {K , H, xi } = 1
2

i jk ∂(K , H)

∂(x j , xk)
.

For a generic function .F = F(x),  we  ha  ve

. Ḟ = ∂i F ẋ i = {K , H, xi }∂i F = {K , H, F},

as the analog of (1.2). The conservations of.K and.H are then obvious consequences 
of .{K , H, K } = 0 = {K , H, H}. 

Clearly, the Nambu bracket for the phase-space coordinates takes the form 

.{xi , x j , xk} = i jk, (1.21) 

which is the analog to the conventional canonical Poisson bracket . {p, q} =
1 ({q, q} = 0 = {p, p}) in the primitive 2-dimensional phase space .(p, q). 
Therefore, Nambu justifiably called a mapping .(x1, x2, x3) → (x 1, x 2, x 3) a 
canonical transformation when the Nambu bracket is preserved, 

. {x i , x j , x k} = i jk,

or equivalently, 

.
∂(x i , x j , x k)

∂(x1, x2, x3)
= i jk .

64 2 The Construction of Generalized Canonical Structure for Nambu…

(2.59) for the 2-form .ω(2) is the analog of (2.57) in the case of the conventional 
Hamiltonian dynamics. Therefore both .ω(3) and .ω(2) are important in investigating 
whether and how Nambu dynamics be fitted in to the action (or variational) principle. 
Indeed, as we shall see in the next chapter, the conditions expressed using the oper-
ation of interior product or contraction for them can be regarded as a local version 
of extended variational principles for Nambu dynamics. Hence, it seems pertinent 
to call the characterization of the equations of motion using the interior product the 
contraction principle in analogy with the variational principle. 

We can readily extend the foregoing discussions for .n = 3 to higher dimensions. 
In .(n + 1)-dimensional phase space-time .(xi , t) .(i = 1, . . . , n), the vector field . Xµ

corresponding to the trajectory of a particle is 

. Xµ = (Xi , 1), Xi = i j1... jn−1∂ j1 H1∂ j2 H2 · · · ∂ jn−1 Hn−1.

The invariant closed 3-form.ω(3) is extended to the following .n-form, 

. ω(n) = dx1 ∧ dx2 ∧ · · · ∧ dxn − d H1 ∧ d H2 ∧ · · · d Hn−1 ∧ dt,

satisfying.ι(X,1)ω
(n) = 0 and.dω(n) = 0, and hence.L(X,1)ω

(n) = 0. Namely, the world 
lines obeying the Nambu equations of motion are orthogonal to .n-dimensional 
infinitesimal volumes represented by the .n-form field .ω(n)(x). The conservation 
laws are expressed as 

. ι(X,1)d Hi = Xµ∂µHi = X j∂ j Hi = 0, (i = 1, . . . , n − 1).

Similarly, the quasi-invariant 2-form .ω(2) is extended to, with . (n−2) being an 
arbitrary .(n − 2)-form, 

. ω(n−1) = x1dx2 ∧ · · · ∧ dxn − H1d H2 ∧ · · · ∧ d Hn−1 ∧ dt + d (n−2),

satisfying .ω(n) = dω(n−1) and .L(X,1)ω
(n−1) = dι(X,1)ω

(n−1). 
Fixed points appear whenever two out of .n − 1 gradient vectors corresponding 

to .n − 1 level surfaces of .Hi become parallel. Hence there are . (n − 1)(n − 2)/2
independent lines of fixed points. In addition, there can be much more complicated 
patterns of the distributions of fixed points: for .n > 3, even if there is no pair of 
parallel gradient vectors, fixed points can arise when one of gradient vectors becomes 
linearly dependent of the other two or more gradient vectors. The distributions of 
such fixed points are given by two-or higher-dimensional hyper-surfaces. 

Here it is perhaps useful to recall what we have mentioned about (2.33)  as  a  
motivation toward our investigations on generalized canonical transformations in
.n-dimensions: in terms of differential forms, (2.33) reads 

.dx1 ∧ · · · ∧ dxn − d H1 ∧ · · · ∧ d Hn−1 ∧ dx n = 0.

The trajectories of Nambu particle = the loci of intersection of the 
level surfaces of given Hamiltonians



2. Motivation of the present work



However, there is a tacit but crucial assumption here that the 
systems can interact with each other, however weak it may be, 
since the exchange of energies among systems in the ensemble 
are required to exist,  in order to reach an equilibrium states. 

Nambu’s original motivation

・Extended statistical mechanics with multiple temperatures

“Hamiltonian dynamics is not the only formalism that makes a statistical 
mechanics possible. Any set of equations which lead to a Liouville theorem in a 
suitably defined phase space will do…….


The above properties immediately tempt us to construct a statistical mechanics 
where a canonical ensemble is characterized by a generalized Boltzmann factor in 
phase spaced with a wight factor


Two temperature-like intensive parameters are thus required to specify the 
ensemble, …… ”
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Taking the Liouville theorem as a guiding principle, we propose a possible generalization of classical
Hamiltonian dynamics to a three-dimensional phase space. The equation of motion involves two
Hamiltonians and three canonical variables. The fact that the Euler equations for a rotator can be cast
into this form suggests the potential usefulness of the formalism. In this article we study its general
properties and the problem of quantization.

I. INTRODUCTION

A notable feature of the Hamiltonian description
of classical dynamics is the Liouville theorem,
which states that the volume of phase space occu-
pied by an ensemble of systems is conserved. The
theorem plays, among other things, a fundamental
role in statistical mechanics. On the other hand,
Hamiltonian dynamics is not the only formalism
that makes a statistical mechanics possible. Any
set of equations which lead to a Liouville theorem
in a suitably defined phase space will do (provided
of course that ergodicity may be assumed). With
this in mind, let us consider the following scheme.
Let (x, y, z)=-r be a triplet of dynamical variables

(canonical triplet) which span a three-dimensional
phase space. This is a formal generalization of
the conventional phase space spanned by a canoni-
cal pair (p, q). Next introduce two functions, H and
G, of (x, y, z), which serve as a pair of "Hamilto-
nians" to determine the motion of points in phase
space. More precisely, we postulate the following
"Hamilton eq,atiOns"":

dx a(H, G)
dt a(y, z) '

dy a(H, G)
dt a(z, x} '

[F,H, G]. Obviously a PB is antisymmetric under
interchange of any pair of its components. As a
result we haveH=I' =0, i.e., bothH and G are
constants of motion. The orbit of a system in
phase space is thus determined as the intersection
of two surfaces, H =const. and G =const.
Equation (1}or (1'}also shows that the velocity

field dr/dt is divergenceless,
V (VH x VG) =- 0,

and this amounts to a Liouville theorem in our
phase space.
The above properties immediately tempt us to

construct a statistical mechanics where a canoni-
cal ensemble is characterized by a generalized
Boltzmann distribution in phase space with a
weight factor

e -8H-yC
Two temperaturelike intensive parameters are
thus required to specify the ensemble, much as
in a grand canonical ensemble.
It is obvious that this kind of generalization can

be extended to a phase space of any dimensionality,
n. We would introduce an n-component vector x&
and n —1 Hamiltonians H„and postulate in lieu of
Eqs. (1) and (2)

dz a(H, G)
dt a(x, y)

or in a vector notation
dr—=VHxVQ.dt

For any function F(x, y, z), then, we have

dF a(F,H, G)
dt a(x, y, z}

=VF ~ (VHx VG}. (2)
We may call the right-hand side of (2) a general-
ized Poisson bracket (PB), to be denoted by

dF a(F,H„H„.. . ,H„,)

where c&»..., is the Levi-Civita tensor.
From the standpoint of physics, however, we

must first examine the relevance and applicability
of such generalizations. Are there real physical
systems which may be described in this way'P Or
else can one think of these generalizations as a
possible direction in which classical and quantum
mechanics might develop?
In this paper we will limit ourselves to the

three-dimensional case only. Then the first ques-
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Unfortunately, Nambu failed to achieve his goal:

“We are thus led to a rather unexciting result that the only continuous canonical 
transformations consist of independent transformations of the individual 
triplets. This contrasts with the case of usual canonical doublets where a general 
transformation involve all the variables simultaneously.”

It is impossible to extend Nambu dynamics to a higher-dimensional  system, at 
least, if we require that, as in the usual Hamiltonian formalism, canonical 

transformations are extended for mixing different canonical Nambu 
coordinates. 

In other words, 
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With this situation in mind, the purpose of the present paper is to develop the statistical treat- 
ment of Nambu dynamics, putting a special emphasis on the possible justi!cation of the gener- 
alized Boltzmann distribution as anticipated by Nambu from a genuinely dynamical viewpoint, 
and to lay a foundation along this direction proposing a basic framework toward generalized 
statistical mechanics in a form of statistical !eld theory with interactions. In so doing, we take 
a standpoint that the Nambu dynamics is not a mere amendment to the conventional Hamil- 
tonian dynamics: Rather, we take the view that his proposal amounts to positing a hypothetical 
world as a closed system governed by a new extended dynamical framework conserving multiple 
energies separately. Hence our investigation in the present paper seeking the foundation of sta- 
tistical mechanics of Nambu dynamics is basically con!ned to a theoretical domain concerning 
foundational issues related to statistical Nambu dynamics. We feel that this is justi!ed in view 
of the fact that such considerations for Nambu dynamics have never been seriously given in 
the past, to our knowledge. Limited considerations about more practical aspects of the problem 
including the possible realizability (and “universality”) of our theoretical constructions will be 
given in the !nal concluding section. 

Now, in general, when we consider a system with a large number of constituents, it is con- 
venient to consider a collection of systems of the identical structure, namely an ensemble of 
systems, and treat them by a statistical method (see e.g. Ref. [ 2 ] for an extensive modern ac- 
count of statistical mechanics). Usually, the so-called microcanonical or canonical ensemble, 
depending on the situation, is postulated as a basis for describing equilibrium states on the ba- 
sis of simple probabilistic arguments. However, from a physical standpoint of dynamics , the 
microstate of each member system in the ensemble evolves following the equations of motion 
autonomously, and the distribution of possible states of systems in the ensemble is determined 
by the distribution of initial conditions that are in principle completely arbitrary for each mem- 
ber system independently of the other systems in the ensemble. Thus from the viewpoint of 
microscopic dynamics, a crucial basic question concerning the realization of equilibrium states 
is whether there is any natural dynamical mechanism such that the distribution of states evolves 
into a de!nite equilibrium distribution despite the complete arbitrariness of the initial condi- 
tion in each system. From this point of view, it is not an easy task to justify the conventional 
probabilistic arguments. 

We have to emphasize that, compared with the situation of the conventional Hamilton dy- 
namics, it is well known that Nambu dynamics is quite problematic at a foundational level. 
Namely, Nambu dynamics is rigid in a rather stringent way: 2 With the proviso that the equa- 
tions of motion are invariant under general canonical transformations keeping the Nambu 
bracket, it cannot be extended suitably to interacting systems by generalizing the original n - 
dimensional phase space (x1 , x2 , . . . , xn ) ∈ R n to N n -dimensional multiple phase spaces x = 
(x1 

a , x2 
a , . . . , xn 

a ) (a = 1 , 2 , . . . , N ) ∈ R Nn equipped with the canonical structure 
{ xi1 

a , xi2 
a , . . . , xin 

a } = εi1 i2 ···in 
2 For a concise but fully self-contained account of Nambu dynamics, including a detailed analysis of the 

di"culties with respect to interactions, the author would like to refer readers to Ref. [ 3 ]. The di"culty 
is intimately related to maintaining consistency of the equations of motion with a generalized canonical 
structure governed by the Nambu bracket satisfying the so-called “fundamental identity” [ 4 ], which is a 
natural generalization of the Jacobi identity for the Poisson bracket in ordinary Hamiltonian dynamics 
to Nambu dynamics. 
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Nambu bracket is much more rigid with respect to its canonical structure 
than Poisson bracket: phase space with different     cannot be mixed. 
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This poses a fundamental difficulty in introducing interactions within 
the framework of Nambu dynamics: 


Interactions would require necessarily that the equations of motion 
describe canonical transformations which mix different Nambu 
coordinates along with dynamical evolutions. 


Clearly, if there were no interactions whatsoever, it would be never 
possible to discuss approaches to equilibrium state, 


and consequently nor the basic concepts of thermodynamics such as 
temperatures, and heat bath, etc. 

In start contrast to this, there is no such difficulty in ordinary 
Hamiltonian dynamics, since we can introduce interactions in the 
Hamiltonian itself. 

N.B.



In the present work, we shall develop a new framework of interacting 
Nambu dynamics by employing the method of quantum-field theory, and 
establish a possible classical statistical mechanics of Nambu dynamics.

However, canonical transformation preserving each Nambu multiplet can 
be formulated consistently: in infinitesimal form it is

24 2 The Construction of Generalized Canonical Structure for Nambu…

2.3.2 Generalized Jacobi Identity 

An important question is now what is, if any, the property corresponding to the 
Jacobi identity of Poisson brackets? As explained in the first chapter, the Jacobi 
identity of Poisson brackets ensures consistency of the Hamilton equations of motion 
with the canonical Poisson brackets. Similarly, we study how consistency of the 
Nambu equations of motion with the Nambu brackets is achieved. Consider the time 
development of generic Nambu brackets. By definition that is given by 

. 
d
dt

{F1, F2, F3} = i jk∂ j K∂k H∂i {F1, F2, F3} = {K , H, {F1, F2, F3}}.

On the other hand, if we assume that the Nambu bracket is commutative with the 
derivation with respect to time just as in the case of the conventional Poisson brackets, 
we should have also 

. 
d
dt

{F1, F2, F3} = {Ḟ1, F2, F3} + {F1, Ḟ2, F3} + {F1, F2, Ḟ3}
= {{K , H, F1}, F2, F3} + {F1, {K , H, F2}, F3}
+ {F1, F2, {K , H, F3}}, (2.16) 

in order to satisfy the Leibniz rule of the time derivative. To be consistent, we must 
have 

. {{K , H, F1}, F2, F3}+{F1, {K , H, F2}, F3} + {F1, F2, {K , H, F3}}
= {K , H, {F1, F2, F3}}, (2.17) 

for an arbitrary set of five functions .(K , H, F1, F2, F3). This is an analog of the 
Jacobi identity of the conventional Hamiltonian dynamics. If the identity (2.17)  is  
satisfied, the canonical Nambu bracket relation (1.21), for instance, is also guaranteed 
to be preserved under the time evolution consistently, . ddt {xi , x j , xk} = 0.

Historically, (2.17) has often been called the ‘fundamental identity’. In fact, how-
ever, as we shall see below, it is an immediate consequence of invariance under 
the generalized canonical transformation of the Nambu bracket, which is more fun-
damental to the Nambu dynamics than (2.17) from our viewpoint. In other words, 
the above assumption of the commutativity of the time derivative with the Nambu 
bracket is valid, provided that the process of constructing the Nambu bracket is 
invariant under a general infinitesimal volume-preserving diffeomorphism, 

. xi → x i = xi + εXi (x), ∂i X i = 0.

Note that the time derivative for any functions of the phase coordinates is only a spe-
cial case of infinitesimal volume-preserving transformations under the assumption of 
the Clebsch form.Xi = i jk∂ j K∂k H . In point of fact, we have tacitly confirmed the

26 2 The Construction of Generalized Canonical Structure for Nambu…

It is straightforward to extend the above discussions to higher-dimensional Nambu 
brackets. The identity (2.17) is generalized to 

. {{H1, H2, . . . , Hn−1, F1}, F2, . . . , Fn} + {F1, {H1, H2, . . . , Hn−1, F2}, F3, · · · , Fn}
+ · · · + {F1, F2, . . . , {H1, H2, . . . , Hn−1, Fn}}

= {H1, H2, . . . , Hn−1, {F1, F2, . . . , Fn}}, (2.19) 

for two sets,.(H1, H2, . . . , Hn−1) and.(F1, F2, . . . , Fn),  o  f. n arbitrary functions. This 
is again a consequence of the commutativity 

.



DX ,

n

∂ × ∂ × · · · × ∂

∂(x1, x2, . . . , xn)



 = 0, (2.20) 

with any .Xi satisfying .∂i X i = 0, of which .Xi = i j1··· jn−1(∂ j1 H1) · · · (∂ jn−1 Hn−1) is 
only a special case. The .n-dimensional Jacobian operator is defined such that 

. 

n

∂ × ∂ × · · · × ∂

∂(x1, x2, . . . , xn)
(F1, . . . , Fn) = {F1, . . . , Fn}.

To conclude, the identity 

. DX {F1, . . . , Fn} = {DX F1, F2, . . . , Fn} + {F1,DX F2, . . . , Fn}
+ · · · + {F1, . . . , Fn−1,DX Fn} (2.21) 

is more fundamental than (2.19), since we have only used the property.∂i X i = 0.  Let  
us call (2.21), including (2.18) as a special case, the ‘generalized Jacobi identity’. 

Exercise 2.1 For appreciating the significance of the above discussion leading to 
(2.21), it is instructive to give a direct proof of (2.17)  fo  r .n = 3 by a brute force 
calculation. First we directly compute .X ∂ {F1, F2, F3} with a generic form . X =

pq∂p Aq , satisfying .∂i X i = 0: 

. 
i jk X ∂ (∂i F1∂ j F2∂k F3)

= i jk X (∂ ∂i F1)∂ j F2∂k F3 + ∂i F1(∂ ∂ j F2)∂k F3 + ∂i F1∂ j F2(∂ ∂k F3)

= i jk ∂i (X ∂ F1)∂ j F2∂k F3 + ∂i F1∂ j (X ∂ F2)∂k F3 + ∂i F1∂ j F2∂k(X ∂ F3)

− i jk ∂i X ∂ F1∂ j F2∂k F3 + ∂i F1∂ j X ∂ F2∂k F3 + ∂i F1∂ j F2∂k X ∂ F3 .

The first line alone of the last equality gives the desired result: 

..
i jk ∂i (DX F1)∂ j F2∂k F3 + ∂i F1∂ j (DX )∂k F3 + ∂i F1∂ j F2∂k(DX F3) .

2.3 The Properties of Nambu Brackets 25

corresponding property of the Nambu bracket for the generalized canonical transfor-
mation in (1.22) in the previous chapter, and that was already mentioned by Nambu 
himself in his original paper. In order to make this crucial property manifest in a 
more explicit form, it is convenient, albeit somewhat unusual, to express the Jacobian 
introducing a special symbol as 

. 
∂ × ∂ × ∂

∂(x1, x2, x3)
(A, B,C) ≡ {A, B,C} = ∂(A, B,C)

∂(x1, x2, x3)
,

where the linear operator symbolized as ‘. ∂×∂×∂
∂(x1,x2,x3)

’ on the left-hand side is placed 
separately, acting to the right on a triplet .(A, B,C) which is the operand consisting 
of three independent arbitrary functions. Let us call, for convenience, the differential 
operator . ∂×∂×∂

∂(x1,x2,x3)
the ‘Jacobian operator’. Owing to the identity 

.. 
∂(x 1, x 2, x 3)

∂(x1, x2, x3)
= 1,

which is valid for arbitrary volume-preserving diffeomorphism, the Jacobian opera-
tor, . ∂×∂×∂

∂(x1,x2,x3)
, is invariant under arbitrary generalized canonical transformations: 

. 
∂ × ∂ × ∂

∂(x1, x2, x3)
→ ∂ × ∂ × ∂

∂(x 1, x 2, x 3)
= ∂(x1, x2, x3)

∂(x 1, x 2, x 3)

∂ × ∂ × ∂

∂(x1, x2, x3)
= ∂ × ∂ × ∂

∂(x1, x2, x3)
.

For infinitesimal transformations, we can express this identity as 

. DX
∂ × ∂ × ∂

∂(x1, x2, x3)
= ∂ × ∂ × ∂

∂(x1, x2, x3)
DX ,

in terms of a first-order differential operator .DX ≡ Xi∂i that represents the action 
of any infinitesimal generalized canonical transformation to an arbitrary function of 
coordinates with a vector field .Xi satisfying .∂i X i = 0. The commutativity of . DX
with the Jacobian operator expressed in this form immediately yields (2.16), since 
we have the following identity, 

. DX
∂ × ∂ × ∂

∂(x1, x2, x3)
(A, B,C) = ∂ × ∂ × ∂

∂(x1, x2, x3)
DX (A, B,C)

= ∂ × ∂ × ∂

∂(x1, x2, x3)
(DX A, B,C)+ (A,DX B,C)+ (A, B,DX C) ,

or equivalently, 

.DX {A, B,C} = {DX A, B,C} + {A,DX B,C} + {A, B,DX C}. (2.18)

the consistency of this structure is guaranteed by the generalized Jacobi identity:

Our purpose is 


to justify Nambu’s expectations from an entirely dynamical standpoint.



An Aside



PHYSICS

Nambu Dynamics: Statistical Field Theory
Advances

DECEMBER 13, 2025
BY MUHAMMAD ROHAIL T.

Classical dynamics faces a long-standing challenge in extending the Nambu framework to incorporate
interactions without disrupting its fundamental mathematical structure, and Tamiaki Yoneya from the University
of Tokyo, along with his colleagues, now addresses this problem with a novel statistical field theory. The team
develops a method for understanding interacting Nambu dynamics by formulating it as a field theory operating on
a generalized phase space, offering a probabilistic interpretation of the system’s evolution. This approach reveals
that the system dynamically reaches stable equilibrium states, characterised by generalised temperatures,
starting from a range of initial conditions through continuous processes, and importantly, demonstrates new
features in both equilibrium and non-equilibrium states compared to standard classical statistical mechanics. The
research establishes a framework for understanding the symmetries governing these states and introduces a
generalised condition defining equilibrium, highlighting the relative nature of temperature within this Nambu
dynamical system.

Nambu Dynamics And Statistical Field Theory

Scientists have developed a statistical field theory to explore classical Nambu dynamics, a generalization of
Hamiltonian mechanics. This research addresses a long-standing challenge of extending Nambu dynamics to
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
We develop a statistical !eld theory for classical Nambu dynamics by partially employing 
the quantum !eld-theory method. One of the unsolved problems in Nambu dynamics has 
been to extend it to interacting systems without violating a generalized canonical struc- 
ture characterized by the presence of multiple Hamiltonians, which together govern the 
dynamics of time evolution on an equal footing through a Nambu bracket as an analog to 
the Poisson bracket of ordinary Hamiltonian dynamics with a single Hamiltonian. In the 
present paper, we propose to include interactions from the standpoint of classical statis- 
tical dynamics by formulating it as a !eld theory on Nambu’s generalized phase space in 
an operator formalism. We !rst construct a general framework for such a !eld theory and 
its probabilistic interpretation. Then, on the basis of this framework, we give an exactly 
solvable model of self-interactions in a many-body Nambu system treated as a closed dy- 
namical system satisfying the H-theorem. It is shown that a generalized microcanonical 
ensemble and a generalized canonical ensemble characterized by many temperatures are 
reached dynamically as equilibrium states starting with certain classes of initial nonequi- 
librium states via a continuous Markov process, which lies beyond the usual framework 
based on the Liouville theorem. Compared with the usual classical statistical mechanics 
on the basis of standard Hamiltonian dynamics, some important new features associated 
with Nambu dynamics will emerge, with respect to the symmetries underlying the dynam- 
ics of the nonequilibrium as well as the equilibrium states and also to some conceptual 
properties, such as a formulation of a generalized Kubo–Martin–Schwinger-like condition 
characterizing the generalized canonical equilibrium states and the “relative” nature of the 
temperatures. 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Subject Index A00, A02, B37, B86, B87 

1. Introduction 
1.1. Background and motivation 
Nambu’s generalized Hamilton equations of motion [ 1 ] in the simplest case take the following 
form: 1 

dxi 
dt = εi jk ∂ j H ∂k K = { H, K, xi } ≡ X i , (1) 

where H = H (xi ) and K = K(xi ) are two independent functions of the phase-space coordi- 
nates (x1 , x2 , x3 ) in three dimensions. The bracket symbol, called the Nambu bracket, in this 

∗E-mail: tamyoneya@gmail.com 
†Emeritus Professor. 
1 Unless otherwise stated explicitly, the Einstein convention with respect to the coordinate indices is 

assumed throughout the present paper. The metric is "at, gi j = gi j = δi j , and we freely use both upper 
and lower indices, xi = xi for convenience of expressing equations. Also we use abbreviations such as 
∂i = ∂ /∂ xi . 
© The Author(s) 2026. Published by Oxford University Press on behalf of the Physical Society of Japan. This is an Open Access article distributed under the
terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted reuse, distribution, and
reproduction in any medium, provided the original work is properly cited.
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to serious readers that the whole of our discussion is extended to general n -dimensional cases 
straightforwardly. There are two short appendices: In Appendix A , for the purposes of mak- 
ing a comparison with the approach adopted in the main text, we will brie!y discuss a more 
phenomenological approach to statistical equilibrium states for Nambu dynamics, a Fokker–
Planck-type formalism in n dimensions, which is familiar in general statistical physics. In Ap- 
pendix B , we present a simpli"ed matrix-model analog that captures some crucial aspects of 
the kernel function, introduced in Section 5 for constructing a solvable model for the nonlocal 
interaction. 
2. Preliminaries 
2.1. Nambu equations of motion in terms of the Liouville equation 
A basis for starting our discussions of statistical mechanics of Nambu dynamics is Liouville’s 
theorem, though eventually we are destined to go beyond the realm governed by the theorem as 
we have already stressed. The Liouville equation of Nambu dynamics for the density function 
ρ(x, t ) in Nambu phase space, which is treated as a 3D Euclidean space with the Descartes 
coordinates x ≡ (x1 , x2 , x3 ) , is 

∂ρ

∂t + X i (x) ∂i ρ = 0 , (6) 
with X i (x) ≡ εi jk ∂ j H (x ) ∂k K(x ) . The connection of this equation with the Nambu equations of 
motion can be made manifest by considering the Green function for Eq. ( 6 ): 

(
∂ 
∂t + X i (x ) ∂ 

∂xi 
)

Gr (x , t; x0 , t0 ) = δ3 (x − x0 ) δ(t − t0 ) , 
under the initial condition 

lim 
t→ t0 + Gr (x, t; x0 , t0 ) = δ3 (x − x0 ) . 

The solution is uniquely determined for t > t0 to be 
Gr (x, t; x0 , t0 ) = δ3 (x − x(t − t0 ; x0 )), 

where xi (t − t0 ; x0 ) is the solution of the Nambu equations of motion ( 1 ) with the initial condi- 
tion xi (0 ; x0 ) = xi 

0 : in fact, we have 
∂t δ3 (x − x(t − t0 ; x0 )) = −ẋi (t; x0 , t0 ) ∂i δ3 (x − x(t − t0 ; x0 ))

= −X i (x(t − t0 ; x0 ))∂i δ3 (x − x(t; x0 , t0 ))
= −X i (x ) ∂i δ3 (x − x (t − t0 ; x0 )), 

where, in the last equality, use has been made of a crucial property that the !ows described 
by the Nambu equations of motion satisfy the condition of incompressibility or, equivalently, 
Liouville’s theorem, 

∂i X i (x) = 0 . (7) 
2.2. The Liouville equation as a Hamilton–Jacobi theory of Nambu dynamics 
From a purely formal standpoint, the Liouville equation ( 6 ) can obviously be regarded, by mul- 
tiplying the Planck constant and the associated imaginary unit that are canceled out automat- 
ically, as a (time-dependent) Schrödinger equation with πi ≡ −i ! ∂i being the canonical mo- 
mentum operator that is conjugate to xi . Note that, in this interpretation, the phase-space coor- 
dinates xi are now treated as the canonical coordinates in 6D generalized phase space (xi , πi ) . 
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= −X i (x ) ∂i δ3 (x − x (t − t0 ; x0 )), 

where, in the last equality, use has been made of a crucial property that the !ows described 
by the Nambu equations of motion satisfy the condition of incompressibility or, equivalently, 
Liouville’s theorem, 

∂i X i (x) = 0 . (7) 
2.2. The Liouville equation as a Hamilton–Jacobi theory of Nambu dynamics 
From a purely formal standpoint, the Liouville equation ( 6 ) can obviously be regarded, by mul- 
tiplying the Planck constant and the associated imaginary unit that are canceled out automat- 
ically, as a (time-dependent) Schrödinger equation with πi ≡ −i ! ∂i being the canonical mo- 
mentum operator that is conjugate to xi . Note that, in this interpretation, the phase-space coor- 
dinates xi are now treated as the canonical coordinates in 6D generalized phase space (xi , πi ) . 
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to serious readers that the whole of our discussion is extended to general n -dimensional cases 
straightforwardly. There are two short appendices: In Appendix A , for the purposes of mak- 
ing a comparison with the approach adopted in the main text, we will brie!y discuss a more 
phenomenological approach to statistical equilibrium states for Nambu dynamics, a Fokker–
Planck-type formalism in n dimensions, which is familiar in general statistical physics. In Ap- 
pendix B , we present a simpli"ed matrix-model analog that captures some crucial aspects of 
the kernel function, introduced in Section 5 for constructing a solvable model for the nonlocal 
interaction. 
2. Preliminaries 
2.1. Nambu equations of motion in terms of the Liouville equation 
A basis for starting our discussions of statistical mechanics of Nambu dynamics is Liouville’s 
theorem, though eventually we are destined to go beyond the realm governed by the theorem as 
we have already stressed. The Liouville equation of Nambu dynamics for the density function 
ρ(x, t ) in Nambu phase space, which is treated as a 3D Euclidean space with the Descartes 
coordinates x ≡ (x1 , x2 , x3 ) , is 

∂ρ

∂t + X i (x) ∂i ρ = 0 , (6) 
with X i (x) ≡ εi jk ∂ j H (x ) ∂k K(x ) . The connection of this equation with the Nambu equations of 
motion can be made manifest by considering the Green function for Eq. ( 6 ): 

(
∂ 
∂t + X i (x ) ∂ 

∂xi 
)

Gr (x , t; x0 , t0 ) = δ3 (x − x0 ) δ(t − t0 ) , 
under the initial condition 

lim 
t→ t0 + Gr (x, t; x0 , t0 ) = δ3 (x − x0 ) . 

The solution is uniquely determined for t > t0 to be 
Gr (x, t; x0 , t0 ) = δ3 (x − x(t − t0 ; x0 )), 

where xi (t − t0 ; x0 ) is the solution of the Nambu equations of motion ( 1 ) with the initial condi- 
tion xi (0 ; x0 ) = xi 

0 : in fact, we have 
∂t δ3 (x − x(t − t0 ; x0 )) = −ẋi (t; x0 , t0 ) ∂i δ3 (x − x(t − t0 ; x0 ))

= −X i (x(t − t0 ; x0 ))∂i δ3 (x − x(t; x0 , t0 ))
= −X i (x ) ∂i δ3 (x − x (t − t0 ; x0 )), 

where, in the last equality, use has been made of a crucial property that the !ows described 
by the Nambu equations of motion satisfy the condition of incompressibility or, equivalently, 
Liouville’s theorem, 

∂i X i (x) = 0 . (7) 
2.2. The Liouville equation as a Hamilton–Jacobi theory of Nambu dynamics 
From a purely formal standpoint, the Liouville equation ( 6 ) can obviously be regarded, by mul- 
tiplying the Planck constant and the associated imaginary unit that are canceled out automat- 
ically, as a (time-dependent) Schrödinger equation with πi ≡ −i ! ∂i being the canonical mo- 
mentum operator that is conjugate to xi . Note that, in this interpretation, the phase-space coor- 
dinates xi are now treated as the canonical coordinates in 6D generalized phase space (xi , πi ) . 
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From this viewpoint, a peculiarity arising from the linearity with respect to πi of the correspond- 
ing “Hamiltonian”

H0 ≡ πi X i (x) (8) 
is that there is no direct relation between the velocity vector ẋi and the momentum vec- 
tor πi , and consequently the former is diagonalized simultaneously as a coordinate vec- 
tor xi . In other words, because of this linearity, its Hamilton–Jacobi equation is essentially 
equivalent to the Schrödinger equation. This conforms to the “classicality” of our formal- 
ism: There is no spreading of the wave packet without any contradiction with the uncer- 
tainty principle for the enlarged phase space (xi , πi ) . If we extend the system by adding e.g. 
the usual kinetic term as H0 → H ′ 

0 = πi X i + πi π i 
2 m , the wave packets would necessarily have a 

quantum mechanical spreading, corresponding to the equations of motion ẋi = X i + π i /m , 
which demands the uncertainty with respect to velocity associated with the uncertainty of 
π i /m : the Nambu system can be regarded as the limit of in!nite mass, m → ∞ , and the 
absence of dispersion (or the spreading of a wave packet) is simply a consequence of this 
special limit. This formal analogy provides a rationale for introducing !eld operators as 
fundamental degrees of freedom in representing genuinely classical many-body systems in the 
next section. 

The speci!c form ( 8 ) of our Hamiltonian can be characterized by a “gauge” symmetry δλH0 = 
0 with 3 

δλπi = ∂i λ(H, K ) = ∂H λ∂i H + ∂K λ∂i K, (9) 
where λ = λ(H, K ) is an arbitrary function of two variables (H, K ) , due essentially to the con- 
dition ∂i H X i = 0 = ∂i KX i . 

The latter property immediately yields the conservation laws, λ̇(H, K ) = 0 , as a special case 
of Noether’s theorem. We call the quantities H (x) , K(x) “energy functions” in what follows, 
being the analogs of energy in ordinary classical mechanics, although there is an important 
di"erence from the ordinary energies of conventional Hamiltonian dynamics: even if the en- 
ergy functions H, K have stationary points only at isolated points as in the case of ordinary 
energies, the stationary (or !xed) points of the trajectories satisfying the Nambu equations of 
motion in general form continuous 1D curves, since X i = 0 whenever two gradient vectors 
∇H and ∇K become parallel to each other. Thus, a peculiarity of Nambu dynamics with re- 
spect to Noether’s theorem, at least in the present formalism, is that the Hamiltonian ( 8 ) itself 
associated with time-translation symmetry does not have the meaning and role of energy. In 
connection with this, it is also to be noticed that H0 , being equal to a di"erence of two posi- 
tive quantities H0 = 1 

4 [(πi + X i )2 − (πi − X i )2 ], has no bound at all, and hence cannot play the 
role of energy: at best it could be used as a certain constraint for allowed states, in analogy 
with, say, the Hamiltonian constraint in the Hamiltonian formulation of gravity. For more de- 
tails of the Hamilton–Jacobi theory of Nambu dynamics, readers are referred to Ref. [ 3 ], where 
the variational principle of Nambu dynamics is also treated from a coherent and uni!ed stand- 
point. 

3 Actually, the naming “gauge” here is a misnomer, based only on a super!cial formal analogy, because 
πi itself is not a gauge !eld in any sense. However, for later convenience, we use this convention. 
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to serious readers that the whole of our discussion is extended to general n -dimensional cases 
straightforwardly. There are two short appendices: In Appendix A , for the purposes of mak- 
ing a comparison with the approach adopted in the main text, we will brie!y discuss a more 
phenomenological approach to statistical equilibrium states for Nambu dynamics, a Fokker–
Planck-type formalism in n dimensions, which is familiar in general statistical physics. In Ap- 
pendix B , we present a simpli"ed matrix-model analog that captures some crucial aspects of 
the kernel function, introduced in Section 5 for constructing a solvable model for the nonlocal 
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we have already stressed. The Liouville equation of Nambu dynamics for the density function 
ρ(x, t ) in Nambu phase space, which is treated as a 3D Euclidean space with the Descartes 
coordinates x ≡ (x1 , x2 , x3 ) , is 

∂ρ

∂t + X i (x) ∂i ρ = 0 , (6) 
with X i (x) ≡ εi jk ∂ j H (x ) ∂k K(x ) . The connection of this equation with the Nambu equations of 
motion can be made manifest by considering the Green function for Eq. ( 6 ): 

(
∂ 
∂t + X i (x ) ∂ 

∂xi 
)

Gr (x , t; x0 , t0 ) = δ3 (x − x0 ) δ(t − t0 ) , 
under the initial condition 

lim 
t→ t0 + Gr (x, t; x0 , t0 ) = δ3 (x − x0 ) . 

The solution is uniquely determined for t > t0 to be 
Gr (x, t; x0 , t0 ) = δ3 (x − x(t − t0 ; x0 )), 

where xi (t − t0 ; x0 ) is the solution of the Nambu equations of motion ( 1 ) with the initial condi- 
tion xi (0 ; x0 ) = xi 

0 : in fact, we have 
∂t δ3 (x − x(t − t0 ; x0 )) = −ẋi (t; x0 , t0 ) ∂i δ3 (x − x(t − t0 ; x0 ))

= −X i (x(t − t0 ; x0 ))∂i δ3 (x − x(t; x0 , t0 ))
= −X i (x ) ∂i δ3 (x − x (t − t0 ; x0 )), 

where, in the last equality, use has been made of a crucial property that the !ows described 
by the Nambu equations of motion satisfy the condition of incompressibility or, equivalently, 
Liouville’s theorem, 

∂i X i (x) = 0 . (7) 
2.2. The Liouville equation as a Hamilton–Jacobi theory of Nambu dynamics 
From a purely formal standpoint, the Liouville equation ( 6 ) can obviously be regarded, by mul- 
tiplying the Planck constant and the associated imaginary unit that are canceled out automat- 
ically, as a (time-dependent) Schrödinger equation with πi ≡ −i ! ∂i being the canonical mo- 
mentum operator that is conjugate to xi . Note that, in this interpretation, the phase-space coor- 
dinates xi are now treated as the canonical coordinates in 6D generalized phase space (xi , πi ) . 
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2.3. The N -symmetry 
As for the symmetry of the Hamiltonian H0 , it is important to notice that X i itself is invariant 
under the transformation (H, K ) → (H ′ , K ′ ) of energy functions such that 

∂ (H ′ , K ′ ) 
∂ (H, K ) = 1 , (10) 

which leads to 
{ H ′ , K ′ , xi } = 1 

2 εi jk ∂ (H ′ , K ′ ) 
∂ (H, K ) ∂ (H, K ) 

∂ (x j , xk ) = { H, K, xi } . 
In terms of di!erential forms, we can express this invariance as 

d H ∧ d K − d H ′ ∧ d K ′ = d (H d K − H ′ d K ′ ) = 0 . (11) 
Obviously, any pair (H, K ) obtained by this transformation plays a completely equivalent role in 
the dynamics of time evolution of the phase coordinates xi . For later convenience, let us call this 
symmetry the “N -symmetry”. Since the transformation (H, K ) → (H ′ .K ′ ) is, as a consequence 
of Eq. ( 11 ), generated by a single arbitrary function F = F (K, K ′ ) de"ned by 

H dK − H ′ dK ′ = dF ⇔ ∂F 
∂K = H,

∂F 
∂K ′ = −H ′ , 

the number of true degrees of freedom of the energy functions driving time evolution as ex- 
hibited in the speci"c form of the Nambu equations of motion is in fact one, in conformity 
with the existence of the single Hamiltonian H0 that is invariant under the N transformations, 
which is formally a sort of “gauge” transformation when H dK is interpreted as the Clebsch 
representation for a gauge potential in the space of all possible energy functions. 
2.4. Free many-body systems 
For a generic system with free N -body Nambu systems with the coordinates (x1 , . . . , xN ) , the 
density function ρ(x, t ) can naturally be expressed (for t > t0 ) as a formal superposition of that 
in a single-body case, 

ρ(x, t ) = N ∑ 
a =1 Gr (x, t : xa , t0 ) = N ∑ 

a =1 δ
3 (x − xa (t − t0 ; xa )),

∫ 
ρ(x, t ) d3 x = N, (12) 

where the initial condition for the system a is xi 
a (t0 ) = xi 

a (a = 1 , . . . , N ) , which still satis"es 
the same Liouville equation ( 6 ), owing to the linearity of the latter. In terms of the density 
function, the conservation law for the energy functions (H, K ) , for instance, is generalized to 
N -body systems: 

d 
dt 

∫ 
λ(H (x) , K(x)) ρ(x, t ) d3 x = − ∫ 

λ(H (x) , K(x)) X i (x) ∂i ρ(x, t ) d3 x 
= ∫ 

∂i λ(H (x) , K(x)) X i (x) ρ(x, t ) d3 x = 0 . (13) 
Note that 

∫ 
λ(H (x) , K(x)) ρ(x, t ) d3 x = n ∑ 

a =1 λ
(
H (xa ) , K(xa )). 

The simplest case λ = 1 gives the conservation of the number N of Nambu particles in the 
system. 
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by the Nambu equations of motion satisfy the condition of incompressibility or, equivalently, 
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∂i X i (x) = 0 . (7) 
2.2. The Liouville equation as a Hamilton–Jacobi theory of Nambu dynamics 
From a purely formal standpoint, the Liouville equation ( 6 ) can obviously be regarded, by mul- 
tiplying the Planck constant and the associated imaginary unit that are canceled out automat- 
ically, as a (time-dependent) Schrödinger equation with πi ≡ −i ! ∂i being the canonical mo- 
mentum operator that is conjugate to xi . Note that, in this interpretation, the phase-space coor- 
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2.3. The N -symmetry 
As for the symmetry of the Hamiltonian H0 , it is important to notice that X i itself is invariant 
under the transformation (H, K ) → (H ′ , K ′ ) of energy functions such that 

∂ (H ′ , K ′ ) 
∂ (H, K ) = 1 , (10) 

which leads to 
{ H ′ , K ′ , xi } = 1 
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Obviously, any pair (H, K ) obtained by this transformation plays a completely equivalent role in 
the dynamics of time evolution of the phase coordinates xi . For later convenience, let us call this 
symmetry the “N -symmetry”. Since the transformation (H, K ) → (H ′ .K ′ ) is, as a consequence 
of Eq. ( 11 ), generated by a single arbitrary function F = F (K, K ′ ) de"ned by 

H dK − H ′ dK ′ = dF ⇔ ∂F 
∂K = H,

∂F 
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the number of true degrees of freedom of the energy functions driving time evolution as ex- 
hibited in the speci"c form of the Nambu equations of motion is in fact one, in conformity 
with the existence of the single Hamiltonian H0 that is invariant under the N transformations, 
which is formally a sort of “gauge” transformation when H dK is interpreted as the Clebsch 
representation for a gauge potential in the space of all possible energy functions. 
2.4. Free many-body systems 
For a generic system with free N -body Nambu systems with the coordinates (x1 , . . . , xN ) , the 
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in a single-body case, 

ρ(x, t ) = N ∑ 
a =1 Gr (x, t : xa , t0 ) = N ∑ 

a =1 δ
3 (x − xa (t − t0 ; xa )),

∫ 
ρ(x, t ) d3 x = N, (12) 

where the initial condition for the system a is xi 
a (t0 ) = xi 

a (a = 1 , . . . , N ) , which still satis"es 
the same Liouville equation ( 6 ), owing to the linearity of the latter. In terms of the density 
function, the conservation law for the energy functions (H, K ) , for instance, is generalized to 
N -body systems: 

d 
dt 

∫ 
λ(H (x) , K(x)) ρ(x, t ) d3 x = − ∫ 

λ(H (x) , K(x)) X i (x) ∂i ρ(x, t ) d3 x 
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(
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∂K = H,
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hibited in the speci"c form of the Nambu equations of motion is in fact one, in conformity 
with the existence of the single Hamiltonian H0 that is invariant under the N transformations, 
which is formally a sort of “gauge” transformation when H dK is interpreted as the Clebsch 
representation for a gauge potential in the space of all possible energy functions. 
2.4. Free many-body systems 
For a generic system with free N -body Nambu systems with the coordinates (x1 , . . . , xN ) , the 
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the same Liouville equation ( 6 ), owing to the linearity of the latter. In terms of the density 
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d 
dt 

∫ 
λ(H (x) , K(x)) ρ(x, t ) d3 x = − ∫ 

λ(H (x) , K(x)) X i (x) ∂i ρ(x, t ) d3 x 
= ∫ 

∂i λ(H (x) , K(x)) X i (x) ρ(x, t ) d3 x = 0 . (13) 
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(
H (xa ) , K(xa )). 

The simplest case λ = 1 gives the conservation of the number N of Nambu particles in the 
system. 
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3. A !eld-theory formalism of many-body Nambu systems 
3.1. Field operators for Nambu particles 
Despite the fact that we veritably treat a classical system, in order to facilitate our statistical treat- 
ment of many-body systems with nonlocal interactions, we introduce a !eld operator ψ (x, t ) 
and its canonical conjugate ψ† (x, t ) as basic dynamical degrees of freedom, which we propose 
to call “Liouville !elds” for convenience. 4 They annihilate or create, respectively, a Nambu sys- 
tem, which from now on we call a “Nambu particle”, at a phase-space point xi at time t. The 
corresponding vacuum (ket and bra) states are denoted by | 0 〉 and 〈 0 | : 

[ ψ (x, t ) , ψ† (y, t )] = δ3 (x − y ) , [ ψ (x, t ) , ψ (y, t )] = 0 = [ ψ† (x, t ) , ψ† (y, t )] , (14) 
ψ (x, t ) | 0 〉 = 0 = 〈 0 | ψ† (x, t ) . (15) 

Throughout the present paper, we use bra-ket notation for classical many-body states on which 
the Liouville !elds are operating. 

The !eld equations for the Liouville !elds are postulated to be 
(
∂t + X i (x) ∂i )ψ (x, t ) = 0 = (

∂t + X i (x) ∂i )ψ† (x, t ) . (16) 
We can easily check that the compatibility of the !eld equations with the commutation rela- 
tions: for instance, taking the time derivative of the !rst of Eq. ( 14 ), we !nd 

∂t [ ψ (x, t ) , ψ† (y, t )] = −(
X i (x) ∂xi + X i (y ) ∂yi )[ ψ (x, t ) , ψ† (y, t )] 

= −(
X i (x) − X i (y ))∂xi δ3 (x − y ) = 0 

using ∂i X i = 0 . The density function ρ(x, t ) corresponds to the operator ψ† (x, t ) ψ (x, t ) , so that 
the Liouville equation ( 6 ) should now be regarded as a consequence of the !eld equation ( 16 ), 
justifying the name “Liouville” !elds. Their coincidence is due to the !rst-order nature, with 
respect to the derivatives, of these equations. 

The Liouville !eld operators ψ , ψ† enable us to reinterpret the single-body Green function 
Gr as the vacuum expectation value of a product of them placed at di"erent spacetime points, 
just as in quantum !eld theory: 

Gr (x, t : x0 , t0 ) = 〈 0 | T(
ψ (x, t ) ψ† (x0 , t0 ))| 0 〉 = [ ψ (x, t ) , ψ† (x0 , t0 )] θ (t − t0 ) (17) 

where T is the usual time-ordering operator and the trivial factor 〈 0 | 0 〉 ≡ 1 is suppressed in 
the last equality. From the discussion given in the previous section for the Green function, this 
describes the uniquely determined trajectory of a single Nambu particle in terms of the !eld 
operators, with initial coordinates that are set to be xi 

0 at t = t0 , without any spreading. Therefore 
4 After the submission of the present paper, I learnt that a treatment of the ordinary classical many-body 

Hamiltonian formalism in terms of !eld operators has been given in Ref. [ 5 ]. I would like to thank the 
referee for bringing this work to my attention. However, there is an obvious di"erence that is seemingly 
small at !rst sight but becomes important later: The latter work only consider time-independent !eld 
operators as a basis for de!ning a time-dependent distribution function (see e.g. Eqs. (12) and (51) of 
that reference), whereas in our work the !eld operators themselves are time-dependent from the out- 
set, satisfying always the !eld equation ( 16 ). Thus in Ref. [ 5 ] the Green function like our Eq. ( 17 ), for 
instance, was not introduced. See also the discussion after Eq. ( 41 ), and Section 7.3 in the concluding 
section. Besides all these, the most crucial di"erence between that work and the present paper from a 
physical viewpoint is that the dynamics of the approach to equilibrium, which is one of the main themes 
of our work, is not addressed in Ref. [ 5 ]: It only assumes a canonical (or microcanonical) distribution in 
a standard manner. 
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3. A !eld-theory formalism of many-body Nambu systems 
3.1. Field operators for Nambu particles 
Despite the fact that we veritably treat a classical system, in order to facilitate our statistical treat- 
ment of many-body systems with nonlocal interactions, we introduce a !eld operator ψ (x, t ) 
and its canonical conjugate ψ† (x, t ) as basic dynamical degrees of freedom, which we propose 
to call “Liouville !elds” for convenience. 4 They annihilate or create, respectively, a Nambu sys- 
tem, which from now on we call a “Nambu particle”, at a phase-space point xi at time t. The 
corresponding vacuum (ket and bra) states are denoted by | 0 〉 and 〈 0 | : 

[ ψ (x, t ) , ψ† (y, t )] = δ3 (x − y ) , [ ψ (x, t ) , ψ (y, t )] = 0 = [ ψ† (x, t ) , ψ† (y, t )] , (14) 
ψ (x, t ) | 0 〉 = 0 = 〈 0 | ψ† (x, t ) . (15) 

Throughout the present paper, we use bra-ket notation for classical many-body states on which 
the Liouville !elds are operating. 

The !eld equations for the Liouville !elds are postulated to be 
(
∂t + X i (x) ∂i )ψ (x, t ) = 0 = (

∂t + X i (x) ∂i )ψ† (x, t ) . (16) 
We can easily check that the compatibility of the !eld equations with the commutation rela- 
tions: for instance, taking the time derivative of the !rst of Eq. ( 14 ), we !nd 

∂t [ ψ (x, t ) , ψ† (y, t )] = −(
X i (x) ∂xi + X i (y ) ∂yi )[ ψ (x, t ) , ψ† (y, t )] 

= −(
X i (x) − X i (y ))∂xi δ3 (x − y ) = 0 

using ∂i X i = 0 . The density function ρ(x, t ) corresponds to the operator ψ† (x, t ) ψ (x, t ) , so that 
the Liouville equation ( 6 ) should now be regarded as a consequence of the !eld equation ( 16 ), 
justifying the name “Liouville” !elds. Their coincidence is due to the !rst-order nature, with 
respect to the derivatives, of these equations. 

The Liouville !eld operators ψ , ψ† enable us to reinterpret the single-body Green function 
Gr as the vacuum expectation value of a product of them placed at di"erent spacetime points, 
just as in quantum !eld theory: 

Gr (x, t : x0 , t0 ) = 〈 0 | T(
ψ (x, t ) ψ† (x0 , t0 ))| 0 〉 = [ ψ (x, t ) , ψ† (x0 , t0 )] θ (t − t0 ) (17) 

where T is the usual time-ordering operator and the trivial factor 〈 0 | 0 〉 ≡ 1 is suppressed in 
the last equality. From the discussion given in the previous section for the Green function, this 
describes the uniquely determined trajectory of a single Nambu particle in terms of the !eld 
operators, with initial coordinates that are set to be xi 

0 at t = t0 , without any spreading. Therefore 
4 After the submission of the present paper, I learnt that a treatment of the ordinary classical many-body 

Hamiltonian formalism in terms of !eld operators has been given in Ref. [ 5 ]. I would like to thank the 
referee for bringing this work to my attention. However, there is an obvious di"erence that is seemingly 
small at !rst sight but becomes important later: The latter work only consider time-independent !eld 
operators as a basis for de!ning a time-dependent distribution function (see e.g. Eqs. (12) and (51) of 
that reference), whereas in our work the !eld operators themselves are time-dependent from the out- 
set, satisfying always the !eld equation ( 16 ). Thus in Ref. [ 5 ] the Green function like our Eq. ( 17 ), for 
instance, was not introduced. See also the discussion after Eq. ( 41 ), and Section 7.3 in the concluding 
section. Besides all these, the most crucial di"erence between that work and the present paper from a 
physical viewpoint is that the dynamics of the approach to equilibrium, which is one of the main themes 
of our work, is not addressed in Ref. [ 5 ]: It only assumes a canonical (or microcanonical) distribution in 
a standard manner. 
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our !eld-theory formalism in terms of the Liouville !elds is completely equivalent to the usual 
approach of directly treating the individual equations of motion. 

It is important to notice that the !eld-theory formalism keeps the invariance of Nambu 
systems under canonical coordinate transformations: The Liouville !eld operators as well as 
the energy functions are scalar, ψ (x, t ) = ψ ′ (x′ , t ) , H (x) = H ′ (x′ ) , K(x) = K ′ (x′ ) , under general 
spatial coordinate transformation xi → x′ i . The de!ning properties of the Liouville !elds and 
the equations satis!ed by them are all form-invariant under the (time-independent) general 
canonical transformation, which is nothing but the volume-preserving di"eomorphism, vdi!3 , 
xi → x′ i = x′ i (x) , satisfying 

∂ (x′ 1 , x′ 2 , x′ 3 ) 
∂ (x1 , x2 , x3 ) = 1 . 

For example, the !eld equations take the following form in terms of the Nambu bracket, 
∂t ψ (x, t ) = −{ H (x ) , K(x ) , ψ (x , t ) } = −∂

(
H (x ) , K(x ) , ψ (x , t )

)

∂ (x1 , x2 , x3 ) , 
∂t ψ† (x, t ) = −{ H (x ) , K(x ) , ψ† (x , t ) } = −∂

(
H (x ) , K(x ) , ψ† (x , t )

)

∂ (x1 , x2 , x3 ) , 
which are manifestly invariant under the canonical transformations. The whole formalism (in- 
cluding nonlocal interactions to be included later) throughout the present paper will be invari- 
ant under the canonical transformations in the above sense. Compared with a direct treatment 
of many-body phase-space coordinates, as we noted in the introduction, this is a great merit of 
second-quantized !eld-theoretical formulation, enabling us to avoid completely the problems 
associated with interacting Nambu particles in the ordinary phase-space formulation. 

The !eld equations in operator form are given by the Heisenberg-type equations of motion, 
∂t ψ (x, t ) = [ ˆ H0 , ψ (x, t )] , ∂t ψ† (x, t ) = [ ˆ H0 , ψ† (x, t )] , 

by using the Hamiltonian operator 
ˆ H0 ≡

∫ 
ψ† (x, t ) H0 ψ (x, t ) d3 x 

= ∫ 
ψ† (x, t ) X i (x) ∂i ψ (x, t ) d3 x = − ∫ 

∂i ψ† (x, t ) X i (x) ψ (x, t ) d3 x = −H† 
0 , (18) 

which is by de!nition independent of time t owing to the !eld equations and thus is consistent 
with [ ˆ H0 , ˆ H0 ] ≡ 0 . Notice the complete absence of imaginary units in the present formalism. 
For example, the time evolution with no wave-packet spreading is implemented by similarity 
transformations (in fact unitary transformations due to the anti hermiticity of ˆ H0 ) consistently 
as 

ψ (x, t ) = e ˆ H0 (t−t0 ) ψ (x, t0 ) e− ˆ H0 (t−t0 ) , ψ† (x, t ) = e ˆ H0 (t−t0 ) ψ† (x, t0 ) e− ˆ H0 (t−t0 ) . (19) 
3.2. Symmetry transformations and the conservation laws in terms of "eld operators 
The conservation laws re#ecting the gauge symmetry ( 9 ) are 

[ ˆ H0 , ˆ H ] = 0 = [ ˆ H0 , ˆ K ] , (20) 
where we have de!ned the energy operators, 

ˆ H = ∫ 
ψ† (x, t ) H (x) ψ (x, t ) d3 x, ˆ K = ∫ 

ψ† (x, t ) K(x) ψ (x, t ) d3 x, (21) 
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4. Statistical ensembles in terms of classical state vectors 
4.1. Classical probability interpretation 
Let us now proceed to describe a statistical ensemble consisting of independent many-body 
systems, each with a !xed !nite number ( N ≥ 2 ) of Nambu particles, in terms of our operator 
formalism. If we use the language of traditional classical statistical mechanics, the Liouville 
!eld operators ψ (x, t ) and ψ† (x, t ) are de!ned on the “µ-space” of 3D Nambu phase space, 
while their action connects between the “Γ -spaces” of 3 N dimensions with di"erent N , either 
N → N − 1 or N → N + 1 , respectively. For notational brevity, we suppress the index N for 
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our !eld-theory formalism in terms of the Liouville !elds is completely equivalent to the usual 
approach of directly treating the individual equations of motion. 

It is important to notice that the !eld-theory formalism keeps the invariance of Nambu 
systems under canonical coordinate transformations: The Liouville !eld operators as well as 
the energy functions are scalar, ψ (x, t ) = ψ ′ (x′ , t ) , H (x) = H ′ (x′ ) , K(x) = K ′ (x′ ) , under general 
spatial coordinate transformation xi → x′ i . The de!ning properties of the Liouville !elds and 
the equations satis!ed by them are all form-invariant under the (time-independent) general 
canonical transformation, which is nothing but the volume-preserving di"eomorphism, vdi!3 , 
xi → x′ i = x′ i (x) , satisfying 

∂ (x′ 1 , x′ 2 , x′ 3 ) 
∂ (x1 , x2 , x3 ) = 1 . 

For example, the !eld equations take the following form in terms of the Nambu bracket, 
∂t ψ (x, t ) = −{ H (x ) , K(x ) , ψ (x , t ) } = −∂

(
H (x ) , K(x ) , ψ (x , t )

)

∂ (x1 , x2 , x3 ) , 
∂t ψ† (x, t ) = −{ H (x ) , K(x ) , ψ† (x , t ) } = −∂

(
H (x ) , K(x ) , ψ† (x , t )

)

∂ (x1 , x2 , x3 ) , 
which are manifestly invariant under the canonical transformations. The whole formalism (in- 
cluding nonlocal interactions to be included later) throughout the present paper will be invari- 
ant under the canonical transformations in the above sense. Compared with a direct treatment 
of many-body phase-space coordinates, as we noted in the introduction, this is a great merit of 
second-quantized !eld-theoretical formulation, enabling us to avoid completely the problems 
associated with interacting Nambu particles in the ordinary phase-space formulation. 

The !eld equations in operator form are given by the Heisenberg-type equations of motion, 
∂t ψ (x, t ) = [ ˆ H0 , ψ (x, t )] , ∂t ψ† (x, t ) = [ ˆ H0 , ψ† (x, t )] , 

by using the Hamiltonian operator 
ˆ H0 ≡

∫ 
ψ† (x, t ) H0 ψ (x, t ) d3 x 

= ∫ 
ψ† (x, t ) X i (x) ∂i ψ (x, t ) d3 x = − ∫ 

∂i ψ† (x, t ) X i (x) ψ (x, t ) d3 x = −H† 
0 , (18) 

which is by de!nition independent of time t owing to the !eld equations and thus is consistent 
with [ ˆ H0 , ˆ H0 ] ≡ 0 . Notice the complete absence of imaginary units in the present formalism. 
For example, the time evolution with no wave-packet spreading is implemented by similarity 
transformations (in fact unitary transformations due to the anti hermiticity of ˆ H0 ) consistently 
as 

ψ (x, t ) = e ˆ H0 (t−t0 ) ψ (x, t0 ) e− ˆ H0 (t−t0 ) , ψ† (x, t ) = e ˆ H0 (t−t0 ) ψ† (x, t0 ) e− ˆ H0 (t−t0 ) . (19) 
3.2. Symmetry transformations and the conservation laws in terms of "eld operators 
The conservation laws re#ecting the gauge symmetry ( 9 ) are 

[ ˆ H0 , ˆ H ] = 0 = [ ˆ H0 , ˆ K ] , (20) 
where we have de!ned the energy operators, 

ˆ H = ∫ 
ψ† (x, t ) H (x) ψ (x, t ) d3 x, ˆ K = ∫ 

ψ† (x, t ) K(x) ψ (x, t ) d3 x, (21) 
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which play the role of in!nitesimal generators for the gauge transformation. We note that, so 
long as we consider only free N -body systems, the conservation laws of H and K are valid for 
each independent system separately: Due to this feature, we can in fact generalize the conser- 
vation laws to 

[ ˆ H0 ,
∫ 

ψ† (x, t ) λ(
H (x) , K(x)

)
ψ (x, t ) d3 x] = 0 (22) 

with arbitrary function λ(H, K ) as in Eq. ( 13 ). The gauge transformations for the !eld operators 
generated by 

ˆ #(H, K ) ≡ ∫ 
ψ† (x , t ) λ(

H (x ) , K(x ))ψ (x , t ) d3 x 
are 

ψ (x, t ) → ei ˆ #(H,K) ψ (x, t ) e−i ˆ #(H,k) = e−iλ(H(x) ,K(x)) ψ (x, t ) , 
ψ† (x, t ) → ei ˆ #(H,K) ψ† (x, t ) e−i ˆ #(H,k) = eiλ(H(x) ,K(x)) ψ† (x, t ) , (23) 

under which the !eld equations and the Hamiltonian ˆ H0 are invariant. 
However, as soon as nonlocal interactions that necessarily shu"e the initial conditions spon- 

taneously are introduced as we have outlined in the previous section, the “gauge” invariance 
will be reduced to a subgroup of all such transformations, namely, to the linear versions ( 20 ) 
of the general conservation law with a linear function λ(x, y ) = c1 x + c2 y + c0 with constant ci 
( i = 0 , 1 , 2 ). Of course, this does not cause any trouble at all, since there is no physical gauge 
!eld associated with this symmetry. For the same reason, the N -symmetry ( 10 ) will also be 
reduced to its linearized form with constant (and real) matrix elements, 

( 
H ′ 
K ′ 

) 
=

( 
a b 
c d 

) ( 
H 
K 

) 
, ad − bc = 1 , (24) 

constituting a group SL(2, R ). We have the same transformation laws for the operators ( ˆ H , ˆ K ) . 
Even in this reduced linearized form, the existence of such symmetry transformations of energy 
functions is an important key feature of Nambu dynamics, signifying its characteristic feature 
that has no analog in the conventional Hamiltonian dynamics. Thus, keeping this symmetry 
as far as possible will be one of our guiding principles for developing an interacting !eld the- 
ory of Nambu dynamics. For later purposes of de!ning generalized canonical distributions, we 
assume that the energy functions H and K can be chosen to be nonnegative and be increas- 
ing inde!nitely for large absolute values of the phase coordinates, | x| → ∞ , by utilizing the 
N -symmetry appropriately. 
3.3. Basis states for classical many-body Nambu systems 
Now, as a set of basis ket- and bra-vectors for generic n -body states at time t, we choose the 
following Fock states: 

| [ x ] , t〉N ≡ 1 √ 
N ! $† 

N ([ x ] , t ) | 0 〉 , $
† 
N ([ x ] , t ) ≡ N ∏ 

a =1 ψ
† (xa , t ) . 

N 〈 [ x ] , t| ≡ 1 √ 
N ! 〈 0 | $N ([ x ] , t ) , $N ([ x ] , t ) ≡ N ∏ 

a =1 ψ (xa , t ) , (25) 
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which obey the normalization condition 
N 〈 [ x ] , t| [ x′ ] , t〉N ′ = δN N ′ 1 

N ! 
∑ 
P(a ) 

N ∏ 
a =1 δ

3 (xa − x′ 
P(a ) ) (26) 

with P (a ) signifying the permutations of the indices { a } = (1 , 2 , . . . , N ) . In this notation, the 
completeness relation of our classical phase space for an arbitrary number of Nambu particles 
is expressed as 

1 = ∞ ∑ 
N=0 

∫ 
| [ x ] , t ) 〉N N 〈 [ x ] , t| [ dx ]n , , [ dx ]N ≡ n ∏ 

a = N d
3 xa . (27) 

Since the N -body composite operator de!ned here satis!es 
(

∂ 
∂t +

N ∑ 
a =1 X

i (xa ) ∂ 
∂xi 

a 
)

#
† 
N ([ x] , t ) = 0 , (28) 

it is easy to check that the r.h.s. of the completeness relation ( 27 ) is independent of time t, by 
taking the time derivative (and using partial integration) directly. When we use the complete- 
ness relation, we usually set t = 0 and denote the states | [ x] , 0 〉 , 〈 [ x] , 0 | simply by | [ x] 〉 , 〈 [ x] | , 
unless otherwise stated explicitly. Note also that the formal use of partial integration for oper- 
ators is justi!ed since the completeness relation is practically supposed to be used always for 
well-de!ned matrix elements. Of course, the same has already been assumed tacitly in Eq. ( 18 ). 
Note also that the N -body operators #† 

N ([ x] , t ) and #N ([ x] , t ) are totally symmetric under per- 
mutations of the coordinates because of the commutation relations ( 14 ), the same symmetry 
of the classical density function ρ(x, t ) ( 12 ). Namely, we treat N Nambu particles as indistin- 
guishable, following the old proposal by Gibbs in his formulation of the principles of classical 
statistical mechanics. However, except for this indistinguishability, the above N -body state is 
still a precise (or dispersion-free) classical microstate with all the information available on a 
many-body system of Nambu particles at an instant of time t. 

In fact, the density operator de!ned by 
ˆ ρ(x, t ) = ψ† (x , t ) ψ (x , t ) 

satis!es 
ˆ ρ(x , t ) | [ x ] , t0 〉N = ρ(x , t ) | [ x ] , t0 〉N , ρ(x , t ) = N ∑ 

a =1 δ
3 (x − xa (t − t0 ; xa )), (29) 

as is easily veri!ed by a direct computation using Eq. ( 14 ). Namely, the basis state | [ x] , t0 〉N 
is an eigenstate of ˆ ρ(x, t ) with the density function ( 12 ) being the corresponding eigenvalue. 
Conversely, it seems appropriate to say that the density operator characterizes classical states 
with precise and maximum information on many-body states of Nambu particles by the fact 
that such microstates are eigenstates of the density operator. 

However, even classically such an eigenstate with completely de!nite values for the coordi- 
nates of particles is a highly idealized concept: this is so for any !nite N ≥ 2 , especially when 
particles are interacting with each other. It would be more natural and general to treat states 
with certain statistical spreading for each particle by introducing statistical ensembles. 
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∑ 
P(a ) 

N ∏ 
a =1 δ

3 (xa − x′ 
P(a ) ) (26) 

with P (a ) signifying the permutations of the indices { a } = (1 , 2 , . . . , N ) . In this notation, the 
completeness relation of our classical phase space for an arbitrary number of Nambu particles 
is expressed as 

1 = ∞ ∑ 
N=0 

∫ 
| [ x ] , t ) 〉N N 〈 [ x ] , t| [ dx ]n , , [ dx ]N ≡ n ∏ 

a = N d
3 xa . (27) 

Since the N -body composite operator de!ned here satis!es 
(

∂ 
∂t +

N ∑ 
a =1 X

i (xa ) ∂ 
∂xi 

a 
)

#
† 
N ([ x] , t ) = 0 , (28) 

it is easy to check that the r.h.s. of the completeness relation ( 27 ) is independent of time t, by 
taking the time derivative (and using partial integration) directly. When we use the complete- 
ness relation, we usually set t = 0 and denote the states | [ x] , 0 〉 , 〈 [ x] , 0 | simply by | [ x] 〉 , 〈 [ x] | , 
unless otherwise stated explicitly. Note also that the formal use of partial integration for oper- 
ators is justi!ed since the completeness relation is practically supposed to be used always for 
well-de!ned matrix elements. Of course, the same has already been assumed tacitly in Eq. ( 18 ). 
Note also that the N -body operators #† 

N ([ x] , t ) and #N ([ x] , t ) are totally symmetric under per- 
mutations of the coordinates because of the commutation relations ( 14 ), the same symmetry 
of the classical density function ρ(x, t ) ( 12 ). Namely, we treat N Nambu particles as indistin- 
guishable, following the old proposal by Gibbs in his formulation of the principles of classical 
statistical mechanics. However, except for this indistinguishability, the above N -body state is 
still a precise (or dispersion-free) classical microstate with all the information available on a 
many-body system of Nambu particles at an instant of time t. 

In fact, the density operator de!ned by 
ˆ ρ(x, t ) = ψ† (x , t ) ψ (x , t ) 

satis!es 
ˆ ρ(x , t ) | [ x ] , t0 〉N = ρ(x , t ) | [ x ] , t0 〉N , ρ(x , t ) = N ∑ 

a =1 δ
3 (x − xa (t − t0 ; xa )), (29) 

as is easily veri!ed by a direct computation using Eq. ( 14 ). Namely, the basis state | [ x] , t0 〉N 
is an eigenstate of ˆ ρ(x, t ) with the density function ( 12 ) being the corresponding eigenvalue. 
Conversely, it seems appropriate to say that the density operator characterizes classical states 
with precise and maximum information on many-body states of Nambu particles by the fact 
that such microstates are eigenstates of the density operator. 

However, even classically such an eigenstate with completely de!nite values for the coordi- 
nates of particles is a highly idealized concept: this is so for any !nite N ≥ 2 , especially when 
particles are interacting with each other. It would be more natural and general to treat states 
with certain statistical spreading for each particle by introducing statistical ensembles. 
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4. Statistical ensembles in terms of classical state vectors 
4.1. Classical probability interpretation 
Let us now proceed to describe a statistical ensemble consisting of independent many-body 
systems, each with a !xed !nite number ( N ≥ 2 ) of Nambu particles, in terms of our operator 
formalism. If we use the language of traditional classical statistical mechanics, the Liouville 
!eld operators ψ (x, t ) and ψ† (x, t ) are de!ned on the “µ-space” of 3D Nambu phase space, 
while their action connects between the “Γ -spaces” of 3 N dimensions with di"erent N , either 
N → N − 1 or N → N + 1 , respectively. For notational brevity, we suppress the index N for 
the state vectors throughout the present section, since we consider statistical states with a !xed 
number ( N ) of Nambu particles. 

We !rst note that the microstates with de!nite coordinate values satisfy the following integral 
condition: ∫ 

〈 [ x ] , t| [ x′ ] , t〉 [ dx ] = 1 = ∫ 
〈 [ x ] , t| [ x′ ] , t〉 [ dx′ ] . 

Given an arbitrary, real nonnegative function f [ x] = f (x1 , x2 , . . . , xN ) ( ≥ 0 ), which is totally 
symmetric under arbitrary permutations of N coordinates, we de!ne a classical statistical state 
by 

| f (t0 ) 〉 ≡
∫ 

f [ x ] | [ x ] , t0 〉 [ dx ] . (30) 
Note that, using Eq. ( 26 ), we have 

〈 [ x] , t0 | f (t0 ) 〉 =
∫ 

f [ x′ ] 〈 [ x ] , t0 | [ x′ ] , t0 〉 [ dx′ ] = f [ x] . (31) 
We can then directly interpret f [ x] as a probability density of Nambu particles in the ensemble 
at an initial time t = t0 , provided that the normalization condition 

∫ 
f [ x ][ dx ] = ∫ ∫ 

f [ x′ ] 〈 [ x ] , t0 | [ x′ ] , t0 〉 [ dx′ ][ dx ] = 1 (32) 
is satis!ed: f [ x] gives the probability distribution of N Nambu particles with respect to the 
3 N -dimensional “complexion” [ x] = (x1 , x2 , . . . , xN ) of their phase-space coordinates at time 
t = t0 . 

It should be clear by making comparison of Eq. ( 31 ) with the normalization condition ( 26 ) 
that, for a generic statistical state | f (t0 ) 〉 , the precise and maximum information embodied 
by the basis states | [ x] , t0 ) 〉 is diminished by the statistical superposition that necessarily ran- 
domizes microscopic information. Furthermore, it should also be clear by construction (and 
its probability interpretation hitherto given) that there is no interference e"ect, because the 
superpositions are restricted by de!nition with the condition that only nonnegative coe#cient 
functions f [ x] are allowed. This is a crucial feature of our formalism of a classical statistical 
!eld theory of Nambu dynamics, which the reader is required to keep in mind throughout the 
present paper; even though we use the concept of the Liouville !eld operators as formal tools, 
our interpretation with respect to probability associated with state vectors makes a stark con- 
trast to the situation in quantum mechanics, where the normalization condition is set for the 
absolute square of the (complex) coe#cient function. Another related comment relevant here 
is that the above classical probability interpretation excludes the possibility of a “fermionic”
Liouville !eld that satis!es the anticommutation relation instead of the commutation rela- 
tions ( 14 ), since clearly a nonnegative coe#cient function f [ x] cannot be antisymmetric under 
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our interpretation with respect to probability associated with state vectors makes a stark con- 
trast to the situation in quantum mechanics, where the normalization condition is set for the 
absolute square of the (complex) coe#cient function. Another related comment relevant here 
is that the above classical probability interpretation excludes the possibility of a “fermionic”
Liouville !eld that satis!es the anticommutation relation instead of the commutation rela- 
tions ( 14 ), since clearly a nonnegative coe#cient function f [ x] cannot be antisymmetric under 
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4. Statistical ensembles in terms of classical state vectors 
4.1. Classical probability interpretation 
Let us now proceed to describe a statistical ensemble consisting of independent many-body 
systems, each with a !xed !nite number ( N ≥ 2 ) of Nambu particles, in terms of our operator 
formalism. If we use the language of traditional classical statistical mechanics, the Liouville 
!eld operators ψ (x, t ) and ψ† (x, t ) are de!ned on the “µ-space” of 3D Nambu phase space, 
while their action connects between the “Γ -spaces” of 3 N dimensions with di"erent N , either 
N → N − 1 or N → N + 1 , respectively. For notational brevity, we suppress the index N for 
the state vectors throughout the present section, since we consider statistical states with a !xed 
number ( N ) of Nambu particles. 

We !rst note that the microstates with de!nite coordinate values satisfy the following integral 
condition: ∫ 

〈 [ x ] , t| [ x′ ] , t〉 [ dx ] = 1 = ∫ 
〈 [ x ] , t| [ x′ ] , t〉 [ dx′ ] . 

Given an arbitrary, real nonnegative function f [ x] = f (x1 , x2 , . . . , xN ) ( ≥ 0 ), which is totally 
symmetric under arbitrary permutations of N coordinates, we de!ne a classical statistical state 
by 

| f (t0 ) 〉 ≡
∫ 

f [ x ] | [ x ] , t0 〉 [ dx ] . (30) 
Note that, using Eq. ( 26 ), we have 

〈 [ x] , t0 | f (t0 ) 〉 =
∫ 

f [ x′ ] 〈 [ x ] , t0 | [ x′ ] , t0 〉 [ dx′ ] = f [ x] . (31) 
We can then directly interpret f [ x] as a probability density of Nambu particles in the ensemble 
at an initial time t = t0 , provided that the normalization condition 

∫ 
f [ x ][ dx ] = ∫ ∫ 

f [ x′ ] 〈 [ x ] , t0 | [ x′ ] , t0 〉 [ dx′ ][ dx ] = 1 (32) 
is satis!ed: f [ x] gives the probability distribution of N Nambu particles with respect to the 
3 N -dimensional “complexion” [ x] = (x1 , x2 , . . . , xN ) of their phase-space coordinates at time 
t = t0 . 

It should be clear by making comparison of Eq. ( 31 ) with the normalization condition ( 26 ) 
that, for a generic statistical state | f (t0 ) 〉 , the precise and maximum information embodied 
by the basis states | [ x] , t0 ) 〉 is diminished by the statistical superposition that necessarily ran- 
domizes microscopic information. Furthermore, it should also be clear by construction (and 
its probability interpretation hitherto given) that there is no interference e"ect, because the 
superpositions are restricted by de!nition with the condition that only nonnegative coe#cient 
functions f [ x] are allowed. This is a crucial feature of our formalism of a classical statistical 
!eld theory of Nambu dynamics, which the reader is required to keep in mind throughout the 
present paper; even though we use the concept of the Liouville !eld operators as formal tools, 
our interpretation with respect to probability associated with state vectors makes a stark con- 
trast to the situation in quantum mechanics, where the normalization condition is set for the 
absolute square of the (complex) coe#cient function. Another related comment relevant here 
is that the above classical probability interpretation excludes the possibility of a “fermionic”
Liouville !eld that satis!es the anticommutation relation instead of the commutation rela- 
tions ( 14 ), since clearly a nonnegative coe#cient function f [ x] cannot be antisymmetric under 
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4. Statistical ensembles in terms of classical state vectors 
4.1. Classical probability interpretation 
Let us now proceed to describe a statistical ensemble consisting of independent many-body 
systems, each with a !xed !nite number ( N ≥ 2 ) of Nambu particles, in terms of our operator 
formalism. If we use the language of traditional classical statistical mechanics, the Liouville 
!eld operators ψ (x, t ) and ψ† (x, t ) are de!ned on the “µ-space” of 3D Nambu phase space, 
while their action connects between the “Γ -spaces” of 3 N dimensions with di"erent N , either 
N → N − 1 or N → N + 1 , respectively. For notational brevity, we suppress the index N for 
the state vectors throughout the present section, since we consider statistical states with a !xed 
number ( N ) of Nambu particles. 

We !rst note that the microstates with de!nite coordinate values satisfy the following integral 
condition: ∫ 

〈 [ x ] , t| [ x′ ] , t〉 [ dx ] = 1 = ∫ 
〈 [ x ] , t| [ x′ ] , t〉 [ dx′ ] . 

Given an arbitrary, real nonnegative function f [ x] = f (x1 , x2 , . . . , xN ) ( ≥ 0 ), which is totally 
symmetric under arbitrary permutations of N coordinates, we de!ne a classical statistical state 
by 

| f (t0 ) 〉 ≡
∫ 

f [ x ] | [ x ] , t0 〉 [ dx ] . (30) 
Note that, using Eq. ( 26 ), we have 

〈 [ x] , t0 | f (t0 ) 〉 =
∫ 

f [ x′ ] 〈 [ x ] , t0 | [ x′ ] , t0 〉 [ dx′ ] = f [ x] . (31) 
We can then directly interpret f [ x] as a probability density of Nambu particles in the ensemble 
at an initial time t = t0 , provided that the normalization condition 

∫ 
f [ x ][ dx ] = ∫ ∫ 

f [ x′ ] 〈 [ x ] , t0 | [ x′ ] , t0 〉 [ dx′ ][ dx ] = 1 (32) 
is satis!ed: f [ x] gives the probability distribution of N Nambu particles with respect to the 
3 N -dimensional “complexion” [ x] = (x1 , x2 , . . . , xN ) of their phase-space coordinates at time 
t = t0 . 

It should be clear by making comparison of Eq. ( 31 ) with the normalization condition ( 26 ) 
that, for a generic statistical state | f (t0 ) 〉 , the precise and maximum information embodied 
by the basis states | [ x] , t0 ) 〉 is diminished by the statistical superposition that necessarily ran- 
domizes microscopic information. Furthermore, it should also be clear by construction (and 
its probability interpretation hitherto given) that there is no interference e"ect, because the 
superpositions are restricted by de!nition with the condition that only nonnegative coe#cient 
functions f [ x] are allowed. This is a crucial feature of our formalism of a classical statistical 
!eld theory of Nambu dynamics, which the reader is required to keep in mind throughout the 
present paper; even though we use the concept of the Liouville !eld operators as formal tools, 
our interpretation with respect to probability associated with state vectors makes a stark con- 
trast to the situation in quantum mechanics, where the normalization condition is set for the 
absolute square of the (complex) coe#cient function. Another related comment relevant here 
is that the above classical probability interpretation excludes the possibility of a “fermionic”
Liouville !eld that satis!es the anticommutation relation instead of the commutation rela- 
tions ( 14 ), since clearly a nonnegative coe#cient function f [ x] cannot be antisymmetric under 
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4. Statistical ensembles in terms of classical state vectors 
4.1. Classical probability interpretation 
Let us now proceed to describe a statistical ensemble consisting of independent many-body 
systems, each with a !xed !nite number ( N ≥ 2 ) of Nambu particles, in terms of our operator 
formalism. If we use the language of traditional classical statistical mechanics, the Liouville 
!eld operators ψ (x, t ) and ψ† (x, t ) are de!ned on the “µ-space” of 3D Nambu phase space, 
while their action connects between the “Γ -spaces” of 3 N dimensions with di"erent N , either 
N → N − 1 or N → N + 1 , respectively. For notational brevity, we suppress the index N for 
the state vectors throughout the present section, since we consider statistical states with a !xed 
number ( N ) of Nambu particles. 

We !rst note that the microstates with de!nite coordinate values satisfy the following integral 
condition: ∫ 

〈 [ x ] , t| [ x′ ] , t〉 [ dx ] = 1 = ∫ 
〈 [ x ] , t| [ x′ ] , t〉 [ dx′ ] . 

Given an arbitrary, real nonnegative function f [ x] = f (x1 , x2 , . . . , xN ) ( ≥ 0 ), which is totally 
symmetric under arbitrary permutations of N coordinates, we de!ne a classical statistical state 
by 

| f (t0 ) 〉 ≡
∫ 

f [ x ] | [ x ] , t0 〉 [ dx ] . (30) 
Note that, using Eq. ( 26 ), we have 

〈 [ x] , t0 | f (t0 ) 〉 =
∫ 

f [ x′ ] 〈 [ x ] , t0 | [ x′ ] , t0 〉 [ dx′ ] = f [ x] . (31) 
We can then directly interpret f [ x] as a probability density of Nambu particles in the ensemble 
at an initial time t = t0 , provided that the normalization condition 

∫ 
f [ x ][ dx ] = ∫ ∫ 

f [ x′ ] 〈 [ x ] , t0 | [ x′ ] , t0 〉 [ dx′ ][ dx ] = 1 (32) 
is satis!ed: f [ x] gives the probability distribution of N Nambu particles with respect to the 
3 N -dimensional “complexion” [ x] = (x1 , x2 , . . . , xN ) of their phase-space coordinates at time 
t = t0 . 

It should be clear by making comparison of Eq. ( 31 ) with the normalization condition ( 26 ) 
that, for a generic statistical state | f (t0 ) 〉 , the precise and maximum information embodied 
by the basis states | [ x] , t0 ) 〉 is diminished by the statistical superposition that necessarily ran- 
domizes microscopic information. Furthermore, it should also be clear by construction (and 
its probability interpretation hitherto given) that there is no interference e"ect, because the 
superpositions are restricted by de!nition with the condition that only nonnegative coe#cient 
functions f [ x] are allowed. This is a crucial feature of our formalism of a classical statistical 
!eld theory of Nambu dynamics, which the reader is required to keep in mind throughout the 
present paper; even though we use the concept of the Liouville !eld operators as formal tools, 
our interpretation with respect to probability associated with state vectors makes a stark con- 
trast to the situation in quantum mechanics, where the normalization condition is set for the 
absolute square of the (complex) coe#cient function. Another related comment relevant here 
is that the above classical probability interpretation excludes the possibility of a “fermionic”
Liouville !eld that satis!es the anticommutation relation instead of the commutation rela- 
tions ( 14 ), since clearly a nonnegative coe#cient function f [ x] cannot be antisymmetric under 
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4. Statistical ensembles in terms of classical state vectors 
4.1. Classical probability interpretation 
Let us now proceed to describe a statistical ensemble consisting of independent many-body 
systems, each with a !xed !nite number ( N ≥ 2 ) of Nambu particles, in terms of our operator 
formalism. If we use the language of traditional classical statistical mechanics, the Liouville 
!eld operators ψ (x, t ) and ψ† (x, t ) are de!ned on the “µ-space” of 3D Nambu phase space, 
while their action connects between the “Γ -spaces” of 3 N dimensions with di"erent N , either 
N → N − 1 or N → N + 1 , respectively. For notational brevity, we suppress the index N for 
the state vectors throughout the present section, since we consider statistical states with a !xed 
number ( N ) of Nambu particles. 

We !rst note that the microstates with de!nite coordinate values satisfy the following integral 
condition: ∫ 

〈 [ x ] , t| [ x′ ] , t〉 [ dx ] = 1 = ∫ 
〈 [ x ] , t| [ x′ ] , t〉 [ dx′ ] . 

Given an arbitrary, real nonnegative function f [ x] = f (x1 , x2 , . . . , xN ) ( ≥ 0 ), which is totally 
symmetric under arbitrary permutations of N coordinates, we de!ne a classical statistical state 
by 

| f (t0 ) 〉 ≡
∫ 

f [ x ] | [ x ] , t0 〉 [ dx ] . (30) 
Note that, using Eq. ( 26 ), we have 

〈 [ x] , t0 | f (t0 ) 〉 =
∫ 

f [ x′ ] 〈 [ x ] , t0 | [ x′ ] , t0 〉 [ dx′ ] = f [ x] . (31) 
We can then directly interpret f [ x] as a probability density of Nambu particles in the ensemble 
at an initial time t = t0 , provided that the normalization condition 

∫ 
f [ x ][ dx ] = ∫ ∫ 

f [ x′ ] 〈 [ x ] , t0 | [ x′ ] , t0 〉 [ dx′ ][ dx ] = 1 (32) 
is satis!ed: f [ x] gives the probability distribution of N Nambu particles with respect to the 
3 N -dimensional “complexion” [ x] = (x1 , x2 , . . . , xN ) of their phase-space coordinates at time 
t = t0 . 

It should be clear by making comparison of Eq. ( 31 ) with the normalization condition ( 26 ) 
that, for a generic statistical state | f (t0 ) 〉 , the precise and maximum information embodied 
by the basis states | [ x] , t0 ) 〉 is diminished by the statistical superposition that necessarily ran- 
domizes microscopic information. Furthermore, it should also be clear by construction (and 
its probability interpretation hitherto given) that there is no interference e"ect, because the 
superpositions are restricted by de!nition with the condition that only nonnegative coe#cient 
functions f [ x] are allowed. This is a crucial feature of our formalism of a classical statistical 
!eld theory of Nambu dynamics, which the reader is required to keep in mind throughout the 
present paper; even though we use the concept of the Liouville !eld operators as formal tools, 
our interpretation with respect to probability associated with state vectors makes a stark con- 
trast to the situation in quantum mechanics, where the normalization condition is set for the 
absolute square of the (complex) coe#cient function. Another related comment relevant here 
is that the above classical probability interpretation excludes the possibility of a “fermionic”
Liouville !eld that satis!es the anticommutation relation instead of the commutation rela- 
tions ( 14 ), since clearly a nonnegative coe#cient function f [ x] cannot be antisymmetric under 
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4. Statistical ensembles in terms of classical state vectors 
4.1. Classical probability interpretation 
Let us now proceed to describe a statistical ensemble consisting of independent many-body 
systems, each with a !xed !nite number ( N ≥ 2 ) of Nambu particles, in terms of our operator 
formalism. If we use the language of traditional classical statistical mechanics, the Liouville 
!eld operators ψ (x, t ) and ψ† (x, t ) are de!ned on the “µ-space” of 3D Nambu phase space, 
while their action connects between the “Γ -spaces” of 3 N dimensions with di"erent N , either 
N → N − 1 or N → N + 1 , respectively. For notational brevity, we suppress the index N for 
the state vectors throughout the present section, since we consider statistical states with a !xed 
number ( N ) of Nambu particles. 

We !rst note that the microstates with de!nite coordinate values satisfy the following integral 
condition: ∫ 

〈 [ x ] , t| [ x′ ] , t〉 [ dx ] = 1 = ∫ 
〈 [ x ] , t| [ x′ ] , t〉 [ dx′ ] . 

Given an arbitrary, real nonnegative function f [ x] = f (x1 , x2 , . . . , xN ) ( ≥ 0 ), which is totally 
symmetric under arbitrary permutations of N coordinates, we de!ne a classical statistical state 
by 

| f (t0 ) 〉 ≡
∫ 

f [ x ] | [ x ] , t0 〉 [ dx ] . (30) 
Note that, using Eq. ( 26 ), we have 

〈 [ x] , t0 | f (t0 ) 〉 =
∫ 

f [ x′ ] 〈 [ x ] , t0 | [ x′ ] , t0 〉 [ dx′ ] = f [ x] . (31) 
We can then directly interpret f [ x] as a probability density of Nambu particles in the ensemble 
at an initial time t = t0 , provided that the normalization condition 

∫ 
f [ x ][ dx ] = ∫ ∫ 

f [ x′ ] 〈 [ x ] , t0 | [ x′ ] , t0 〉 [ dx′ ][ dx ] = 1 (32) 
is satis!ed: f [ x] gives the probability distribution of N Nambu particles with respect to the 
3 N -dimensional “complexion” [ x] = (x1 , x2 , . . . , xN ) of their phase-space coordinates at time 
t = t0 . 

It should be clear by making comparison of Eq. ( 31 ) with the normalization condition ( 26 ) 
that, for a generic statistical state | f (t0 ) 〉 , the precise and maximum information embodied 
by the basis states | [ x] , t0 ) 〉 is diminished by the statistical superposition that necessarily ran- 
domizes microscopic information. Furthermore, it should also be clear by construction (and 
its probability interpretation hitherto given) that there is no interference e"ect, because the 
superpositions are restricted by de!nition with the condition that only nonnegative coe#cient 
functions f [ x] are allowed. This is a crucial feature of our formalism of a classical statistical 
!eld theory of Nambu dynamics, which the reader is required to keep in mind throughout the 
present paper; even though we use the concept of the Liouville !eld operators as formal tools, 
our interpretation with respect to probability associated with state vectors makes a stark con- 
trast to the situation in quantum mechanics, where the normalization condition is set for the 
absolute square of the (complex) coe#cient function. Another related comment relevant here 
is that the above classical probability interpretation excludes the possibility of a “fermionic”
Liouville !eld that satis!es the anticommutation relation instead of the commutation rela- 
tions ( 14 ), since clearly a nonnegative coe#cient function f [ x] cannot be antisymmetric under 
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4. Statistical ensembles in terms of classical state vectors 
4.1. Classical probability interpretation 
Let us now proceed to describe a statistical ensemble consisting of independent many-body 
systems, each with a !xed !nite number ( N ≥ 2 ) of Nambu particles, in terms of our operator 
formalism. If we use the language of traditional classical statistical mechanics, the Liouville 
!eld operators ψ (x, t ) and ψ† (x, t ) are de!ned on the “µ-space” of 3D Nambu phase space, 
while their action connects between the “Γ -spaces” of 3 N dimensions with di"erent N , either 
N → N − 1 or N → N + 1 , respectively. For notational brevity, we suppress the index N for 
the state vectors throughout the present section, since we consider statistical states with a !xed 
number ( N ) of Nambu particles. 

We !rst note that the microstates with de!nite coordinate values satisfy the following integral 
condition: ∫ 

〈 [ x ] , t| [ x′ ] , t〉 [ dx ] = 1 = ∫ 
〈 [ x ] , t| [ x′ ] , t〉 [ dx′ ] . 

Given an arbitrary, real nonnegative function f [ x] = f (x1 , x2 , . . . , xN ) ( ≥ 0 ), which is totally 
symmetric under arbitrary permutations of N coordinates, we de!ne a classical statistical state 
by 

| f (t0 ) 〉 ≡
∫ 

f [ x ] | [ x ] , t0 〉 [ dx ] . (30) 
Note that, using Eq. ( 26 ), we have 

〈 [ x] , t0 | f (t0 ) 〉 =
∫ 

f [ x′ ] 〈 [ x ] , t0 | [ x′ ] , t0 〉 [ dx′ ] = f [ x] . (31) 
We can then directly interpret f [ x] as a probability density of Nambu particles in the ensemble 
at an initial time t = t0 , provided that the normalization condition 

∫ 
f [ x ][ dx ] = ∫ ∫ 

f [ x′ ] 〈 [ x ] , t0 | [ x′ ] , t0 〉 [ dx′ ][ dx ] = 1 (32) 
is satis!ed: f [ x] gives the probability distribution of N Nambu particles with respect to the 
3 N -dimensional “complexion” [ x] = (x1 , x2 , . . . , xN ) of their phase-space coordinates at time 
t = t0 . 

It should be clear by making comparison of Eq. ( 31 ) with the normalization condition ( 26 ) 
that, for a generic statistical state | f (t0 ) 〉 , the precise and maximum information embodied 
by the basis states | [ x] , t0 ) 〉 is diminished by the statistical superposition that necessarily ran- 
domizes microscopic information. Furthermore, it should also be clear by construction (and 
its probability interpretation hitherto given) that there is no interference e"ect, because the 
superpositions are restricted by de!nition with the condition that only nonnegative coe#cient 
functions f [ x] are allowed. This is a crucial feature of our formalism of a classical statistical 
!eld theory of Nambu dynamics, which the reader is required to keep in mind throughout the 
present paper; even though we use the concept of the Liouville !eld operators as formal tools, 
our interpretation with respect to probability associated with state vectors makes a stark con- 
trast to the situation in quantum mechanics, where the normalization condition is set for the 
absolute square of the (complex) coe#cient function. Another related comment relevant here 
is that the above classical probability interpretation excludes the possibility of a “fermionic”
Liouville !eld that satis!es the anticommutation relation instead of the commutation rela- 
tions ( 14 ), since clearly a nonnegative coe#cient function f [ x] cannot be antisymmetric under 
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4. Statistical ensembles in terms of classical state vectors 
4.1. Classical probability interpretation 
Let us now proceed to describe a statistical ensemble consisting of independent many-body 
systems, each with a !xed !nite number ( N ≥ 2 ) of Nambu particles, in terms of our operator 
formalism. If we use the language of traditional classical statistical mechanics, the Liouville 
!eld operators ψ (x, t ) and ψ† (x, t ) are de!ned on the “µ-space” of 3D Nambu phase space, 
while their action connects between the “Γ -spaces” of 3 N dimensions with di"erent N , either 
N → N − 1 or N → N + 1 , respectively. For notational brevity, we suppress the index N for 
the state vectors throughout the present section, since we consider statistical states with a !xed 
number ( N ) of Nambu particles. 

We !rst note that the microstates with de!nite coordinate values satisfy the following integral 
condition: ∫ 

〈 [ x ] , t| [ x′ ] , t〉 [ dx ] = 1 = ∫ 
〈 [ x ] , t| [ x′ ] , t〉 [ dx′ ] . 

Given an arbitrary, real nonnegative function f [ x] = f (x1 , x2 , . . . , xN ) ( ≥ 0 ), which is totally 
symmetric under arbitrary permutations of N coordinates, we de!ne a classical statistical state 
by 

| f (t0 ) 〉 ≡
∫ 

f [ x ] | [ x ] , t0 〉 [ dx ] . (30) 
Note that, using Eq. ( 26 ), we have 

〈 [ x] , t0 | f (t0 ) 〉 =
∫ 

f [ x′ ] 〈 [ x ] , t0 | [ x′ ] , t0 〉 [ dx′ ] = f [ x] . (31) 
We can then directly interpret f [ x] as a probability density of Nambu particles in the ensemble 
at an initial time t = t0 , provided that the normalization condition 

∫ 
f [ x ][ dx ] = ∫ ∫ 

f [ x′ ] 〈 [ x ] , t0 | [ x′ ] , t0 〉 [ dx′ ][ dx ] = 1 (32) 
is satis!ed: f [ x] gives the probability distribution of N Nambu particles with respect to the 
3 N -dimensional “complexion” [ x] = (x1 , x2 , . . . , xN ) of their phase-space coordinates at time 
t = t0 . 

It should be clear by making comparison of Eq. ( 31 ) with the normalization condition ( 26 ) 
that, for a generic statistical state | f (t0 ) 〉 , the precise and maximum information embodied 
by the basis states | [ x] , t0 ) 〉 is diminished by the statistical superposition that necessarily ran- 
domizes microscopic information. Furthermore, it should also be clear by construction (and 
its probability interpretation hitherto given) that there is no interference e"ect, because the 
superpositions are restricted by de!nition with the condition that only nonnegative coe#cient 
functions f [ x] are allowed. This is a crucial feature of our formalism of a classical statistical 
!eld theory of Nambu dynamics, which the reader is required to keep in mind throughout the 
present paper; even though we use the concept of the Liouville !eld operators as formal tools, 
our interpretation with respect to probability associated with state vectors makes a stark con- 
trast to the situation in quantum mechanics, where the normalization condition is set for the 
absolute square of the (complex) coe#cient function. Another related comment relevant here 
is that the above classical probability interpretation excludes the possibility of a “fermionic”
Liouville !eld that satis!es the anticommutation relation instead of the commutation rela- 
tions ( 14 ), since clearly a nonnegative coe#cient function f [ x] cannot be antisymmetric under 
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exchanges of the coordinates. As a matter of course, a fermionic !eld is intrinsically quantum 
in its nature, and hence is foreign to our classical statistical system. 
4.2. Further properties of the statistical states 
Even if the distribution function f [ x] itself is independent of time t, the statistical state ( 30 ) 
in general has a nontrivial time dependence, because of the microscopic streaming of Nambu 
particles that obey the Nambu equations of motion: Using Eqs. ( 28 ) and ( 7 ), we can write 

∂t0 | f (t0 ) 〉 = ˆ H0 | f (t0 ) 〉 
= ∫ N ∑ 

a =1 
(

X i (xa )∂ f [ x] 
∂xi 

a 
)

| [ x ] , t0 〉 [ dx ] . (33) 
It is important to notice that 

∫ 
〈 [ x] , t0 | ∂t0 | f (t0 ) 〉 [ dx] = ∫ N ∑ 

a =1 
(

X i (xa )∂ f [ x] 
∂xi 

a 
)

[ dx] 

= − ∫ N ∑ 
a =1 

(
∂i X i (xa ) f [ x ])[ dx ] = 0 . 

More generally, the Liouville equation ensures that the integrated N -body operators themselves 
with the "at distribution function and hence the integrated state ∫ 

〈 [ x ] , t| [ dx ] and its conjugate 
are independent of time t: 

d 
dt 

∫ 
〈 [ x ] , t| [ dx ] = 0 = d 

dt 
∫ 

| [ x ] , t〉 [ dx ] . (34) 
Although the integrated states themselves are not normalizable since they correspond to the 
constant distribution function f [ x] = 1 , Eq. ( 34 ) is meaningful in a formal sense, since their 
scalar products with any normalizable statistical states | f (t0 ) 〉 or 〈 f (t0 ) | are supposed to be well 
de!ned. 

Thus we can represent the normalization condition ( 32 ) equivalently by 
∫ 

〈 [ x ] , t|| f (t0 ) 〉 [ dx ] = 1 
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In fact, we can express the evolution of a generic statistical state at a later time t > t0 explicitly 
as 

〈 [ y ] , t| f (t0 ) 〉 =
∫ ∑ 

P(a ) f [ x ] 1 
N ! 

[ N ∏ 
a =1 δ

3 (yP(a ) − x (t − t0 ; xa ))
]

[ dx ] . (35) 
Owing to the volume-preserving property of time evolution, we have the identity 

δ3 (y − x(t − t0 ; x0 )) = δ3 (x0 − x−1 (t − t0 ; y ))
)

where x−1 (t − t0 ; y ) represents the inversion of the equation y = x(t − t0 ; x0 ) , being obtained 
uniquely by solving x0 in terms of y . Therefore Eq. ( 35 ) is written equivalently as 

〈 [ y ] , t| f (t0 ) 〉 = 1 
N ! 

∫ ∑ 
P(a ) f [ x ][ N ∏ 

a =1 δ
3 (xa − x−1 (t − t0 ; yP(a ) ))

]
[ dx ] 

= f
(
x−1 (t − t0 ; y1 ) , x−1 (t − t0 ; y2 ) , . . . , x−1 (t − t0 ; yN )). (36) 

In particular, when the initial distribution takes a factorized form as f [ x] = ∏ N 
a =1 f (xa ) in terms 

of a single function f (x) satisfying ∫ f (x) dx = 1 , we have 
〈 [ y ] , t| f (t0 ) 〉 = N ∏ 

a =1 f
(
x−1 (t − t0 ; ya )). 

These matrix elements are simply nothing but a generalization of the single-body Green func- 
tion Gr (x, t; x0 , t0 ) to the N -body case with a statistical average over the initial conditions with a 
given distribution function f [ x] contained in | f (t0 ) 〉 , and as such also satisfy the “many-body”
equations of motion, 

(
∂ 
∂t +

N ∑ 
a =1 X

i (ya ) ∂ 
∂yi 

a 
)

〈 [ y ] , t| f (t0 ) 〉 = 0 , 
with the initial condition 

lim 
t→ t0 〈 [ y ] , t| f (t0 ) 〉 = f [ y ] . 

When Eq. ( 33 ) vanishes, namely, the following “constraint” is satis!ed, 
ˆ H0 | f (t0 ) 〉 = 0 , (37) 

we say that the ensemble corresponding to the statistical state | f (t0 ) 〉 is stationary. Namely, in 
that case, | f (t0 ) 〉 is actually independent of t0 . Obviously, a set of the distribution function f [ x] 
of the following form, 

f (0) [ x] ≡ g
(
H (x1 ) , H (x2 ) , . . . , H (xn ) ; K(x1 ) , K(x2 ) , . . . , K(xn )), 

which has dependence on the coordinates xa of the Nambu particles composing the en- 
semble only through the energy functions H and K, gives a stationary ensemble, since 
X i (xa ) ∂xi 

a f (0) [ x] = 0 for each a with an arbitrary function g of 2 N variables. 
Now, it should be clear that, as long as we remain within the realm of the usual Nambu 

equations of motion governed by the Hamiltonian ˆ H0 , there is no possibility of a dynamical 
mechanism for attaining equilibrium distributions, as we have already stressed in the introduc- 
tion. Thus, an important next issue is to what extent it is possible set up nontrivial kinds of 
interactions for Nambu particles consistently, such that an ensemble may reach an equilibrium 
statistical state, starting with a class of initial states that can be, most typically, a stationary sta- 
tistical state with the distribution function f (0) [ x] of the above general form. We are now ready 
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tion Gr (x, t; x0 , t0 ) to the N -body case with a statistical average over the initial conditions with a 
given distribution function f [ x] contained in | f (t0 ) 〉 , and as such also satisfy the “many-body”
equations of motion, 

(
∂ 
∂t +

N ∑ 
a =1 X

i (ya ) ∂ 
∂yi 

a 
)

〈 [ y ] , t| f (t0 ) 〉 = 0 , 
with the initial condition 

lim 
t→ t0 〈 [ y ] , t| f (t0 ) 〉 = f [ y ] . 
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a f (0) [ x] = 0 for each a with an arbitrary function g of 2 N variables. 
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equations of motion governed by the Hamiltonian ˆ H0 , there is no possibility of a dynamical 
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tion. Thus, an important next issue is to what extent it is possible set up nontrivial kinds of 
interactions for Nambu particles consistently, such that an ensemble may reach an equilibrium 
statistical state, starting with a class of initial states that can be, most typically, a stationary sta- 
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exchanges of the coordinates. As a matter of course, a fermionic !eld is intrinsically quantum 
in its nature, and hence is foreign to our classical statistical system. 
4.2. Further properties of the statistical states 
Even if the distribution function f [ x] itself is independent of time t, the statistical state ( 30 ) 
in general has a nontrivial time dependence, because of the microscopic streaming of Nambu 
particles that obey the Nambu equations of motion: Using Eqs. ( 28 ) and ( 7 ), we can write 

∂t0 | f (t0 ) 〉 = ˆ H0 | f (t0 ) 〉 
= ∫ N ∑ 

a =1 
(

X i (xa )∂ f [ x] 
∂xi 

a 
)

| [ x ] , t0 〉 [ dx ] . (33) 
It is important to notice that 

∫ 
〈 [ x] , t0 | ∂t0 | f (t0 ) 〉 [ dx] = ∫ N ∑ 

a =1 
(

X i (xa )∂ f [ x] 
∂xi 

a 
)

[ dx] 

= − ∫ N ∑ 
a =1 

(
∂i X i (xa ) f [ x ])[ dx ] = 0 . 

More generally, the Liouville equation ensures that the integrated N -body operators themselves 
with the "at distribution function and hence the integrated state ∫ 

〈 [ x ] , t| [ dx ] and its conjugate 
are independent of time t: 

d 
dt 

∫ 
〈 [ x ] , t| [ dx ] = 0 = d 

dt 
∫ 

| [ x ] , t〉 [ dx ] . (34) 
Although the integrated states themselves are not normalizable since they correspond to the 
constant distribution function f [ x] = 1 , Eq. ( 34 ) is meaningful in a formal sense, since their 
scalar products with any normalizable statistical states | f (t0 ) 〉 or 〈 f (t0 ) | are supposed to be well 
de!ned. 

Thus we can represent the normalization condition ( 32 ) equivalently by 
∫ 

〈 [ x ] , t|| f (t0 ) 〉 [ dx ] = 1 
for arbitrary t and t0 . This expresses the conservation law for the classical probability distribu- 
tion introduced above, since the matrix element 〈 [ x] , t| f (t0 ) 〉 is interpreted as a distribution at 
an arbitrary time t, given the initial condition represented by f [ x] at time t0 . For convenience, 
we designate the integrated N -particle state with the "at distribution by a special symbol as 

〈 Z| ≡ ∫ 
〈 [ x ] , t| [ dx ] ≡ ∫ 

〈 [ x ][ dx ] , | Z〉 ≡ ∫ 
| [ x ] , t〉 [ dx ] ≡ ∫ 

〈 [ x ] | [ dx ] , 
which are to be called the “Z -vacuum”, satisfying by de!nition 

〈 Z| f (t0 ) 〉 = 1 , 
for an arbitrary statistical state | f (t0 ) 〉 . With an arbitrary physical operator ˆ G (t ) , which is ex- 
pressed as a functional of the !eld operators at any time t, its expectation value for a statistical 
state | f (t0 ) 〉 is now given by 

〈 ˆ G 〉 f (t0 ) (t ) = 〈 Z| ˆ G (t ) | f (t0 ) 〉 . 
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In fact, we can express the evolution of a generic statistical state at a later time t > t0 explicitly 
as 

〈 [ y ] , t| f (t0 ) 〉 =
∫ ∑ 

P(a ) f [ x ] 1 
N ! 

[ N ∏ 
a =1 δ

3 (yP(a ) − x (t − t0 ; xa ))
]

[ dx ] . (35) 
Owing to the volume-preserving property of time evolution, we have the identity 

δ3 (y − x(t − t0 ; x0 )) = δ3 (x0 − x−1 (t − t0 ; y ))
)

where x−1 (t − t0 ; y ) represents the inversion of the equation y = x(t − t0 ; x0 ) , being obtained 
uniquely by solving x0 in terms of y . Therefore Eq. ( 35 ) is written equivalently as 

〈 [ y ] , t| f (t0 ) 〉 = 1 
N ! 

∫ ∑ 
P(a ) f [ x ][ N ∏ 

a =1 δ
3 (xa − x−1 (t − t0 ; yP(a ) ))

]
[ dx ] 

= f
(
x−1 (t − t0 ; y1 ) , x−1 (t − t0 ; y2 ) , . . . , x−1 (t − t0 ; yN )). (36) 

In particular, when the initial distribution takes a factorized form as f [ x] = ∏ N 
a =1 f (xa ) in terms 

of a single function f (x) satisfying ∫ f (x) dx = 1 , we have 
〈 [ y ] , t| f (t0 ) 〉 = N ∏ 

a =1 f
(
x−1 (t − t0 ; ya )). 

These matrix elements are simply nothing but a generalization of the single-body Green func- 
tion Gr (x, t; x0 , t0 ) to the N -body case with a statistical average over the initial conditions with a 
given distribution function f [ x] contained in | f (t0 ) 〉 , and as such also satisfy the “many-body”
equations of motion, 

(
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∂yi 

a 
)

〈 [ y ] , t| f (t0 ) 〉 = 0 , 
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In fact, we can express the evolution of a generic statistical state at a later time t > t0 explicitly 
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= f
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a =1 f
(
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In fact, we can express the evolution of a generic statistical state at a later time t > t0 explicitly 
as 

〈 [ y ] , t| f (t0 ) 〉 =
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(
x−1 (t − t0 ; ya )). 
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equations of motion, 
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with the initial condition 

lim 
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When Eq. ( 33 ) vanishes, namely, the following “constraint” is satis!ed, 
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we say that the ensemble corresponding to the statistical state | f (t0 ) 〉 is stationary. Namely, in 
that case, | f (t0 ) 〉 is actually independent of t0 . Obviously, a set of the distribution function f [ x] 
of the following form, 
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which has dependence on the coordinates xa of the Nambu particles composing the en- 
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a f (0) [ x] = 0 for each a with an arbitrary function g of 2 N variables. 
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In fact, we can express the evolution of a generic statistical state at a later time t > t0 explicitly 
as 

〈 [ y ] , t| f (t0 ) 〉 =
∫ ∑ 

P(a ) f [ x ] 1 
N ! 

[ N ∏ 
a =1 δ

3 (yP(a ) − x (t − t0 ; xa ))
]

[ dx ] . (35) 
Owing to the volume-preserving property of time evolution, we have the identity 

δ3 (y − x(t − t0 ; x0 )) = δ3 (x0 − x−1 (t − t0 ; y ))
)

where x−1 (t − t0 ; y ) represents the inversion of the equation y = x(t − t0 ; x0 ) , being obtained 
uniquely by solving x0 in terms of y . Therefore Eq. ( 35 ) is written equivalently as 

〈 [ y ] , t| f (t0 ) 〉 = 1 
N ! 

∫ ∑ 
P(a ) f [ x ][ N ∏ 

a =1 δ
3 (xa − x−1 (t − t0 ; yP(a ) ))

]
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= f
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x−1 (t − t0 ; y1 ) , x−1 (t − t0 ; y2 ) , . . . , x−1 (t − t0 ; yN )). (36) 

In particular, when the initial distribution takes a factorized form as f [ x] = ∏ N 
a =1 f (xa ) in terms 

of a single function f (x) satisfying ∫ f (x) dx = 1 , we have 
〈 [ y ] , t| f (t0 ) 〉 = N ∏ 

a =1 f
(
x−1 (t − t0 ; ya )). 

These matrix elements are simply nothing but a generalization of the single-body Green func- 
tion Gr (x, t; x0 , t0 ) to the N -body case with a statistical average over the initial conditions with a 
given distribution function f [ x] contained in | f (t0 ) 〉 , and as such also satisfy the “many-body”
equations of motion, 

(
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∂t +
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i (ya ) ∂ 
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a 
)

〈 [ y ] , t| f (t0 ) 〉 = 0 , 
with the initial condition 

lim 
t→ t0 〈 [ y ] , t| f (t0 ) 〉 = f [ y ] . 

When Eq. ( 33 ) vanishes, namely, the following “constraint” is satis!ed, 
ˆ H0 | f (t0 ) 〉 = 0 , (37) 

we say that the ensemble corresponding to the statistical state | f (t0 ) 〉 is stationary. Namely, in 
that case, | f (t0 ) 〉 is actually independent of t0 . Obviously, a set of the distribution function f [ x] 
of the following form, 

f (0) [ x] ≡ g
(
H (x1 ) , H (x2 ) , . . . , H (xn ) ; K(x1 ) , K(x2 ) , . . . , K(xn )), 

which has dependence on the coordinates xa of the Nambu particles composing the en- 
semble only through the energy functions H and K, gives a stationary ensemble, since 
X i (xa ) ∂xi 

a f (0) [ x] = 0 for each a with an arbitrary function g of 2 N variables. 
Now, it should be clear that, as long as we remain within the realm of the usual Nambu 

equations of motion governed by the Hamiltonian ˆ H0 , there is no possibility of a dynamical 
mechanism for attaining equilibrium distributions, as we have already stressed in the introduc- 
tion. Thus, an important next issue is to what extent it is possible set up nontrivial kinds of 
interactions for Nambu particles consistently, such that an ensemble may reach an equilibrium 
statistical state, starting with a class of initial states that can be, most typically, a stationary sta- 
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In fact, we can express the evolution of a generic statistical state at a later time t > t0 explicitly 
as 

〈 [ y ] , t| f (t0 ) 〉 =
∫ ∑ 

P(a ) f [ x ] 1 
N ! 

[ N ∏ 
a =1 δ

3 (yP(a ) − x (t − t0 ; xa ))
]

[ dx ] . (35) 
Owing to the volume-preserving property of time evolution, we have the identity 

δ3 (y − x(t − t0 ; x0 )) = δ3 (x0 − x−1 (t − t0 ; y ))
)

where x−1 (t − t0 ; y ) represents the inversion of the equation y = x(t − t0 ; x0 ) , being obtained 
uniquely by solving x0 in terms of y . Therefore Eq. ( 35 ) is written equivalently as 

〈 [ y ] , t| f (t0 ) 〉 = 1 
N ! 
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In particular, when the initial distribution takes a factorized form as f [ x] = ∏ N 
a =1 f (xa ) in terms 

of a single function f (x) satisfying ∫ f (x) dx = 1 , we have 
〈 [ y ] , t| f (t0 ) 〉 = N ∏ 

a =1 f
(
x−1 (t − t0 ; ya )). 

These matrix elements are simply nothing but a generalization of the single-body Green func- 
tion Gr (x, t; x0 , t0 ) to the N -body case with a statistical average over the initial conditions with a 
given distribution function f [ x] contained in | f (t0 ) 〉 , and as such also satisfy the “many-body”
equations of motion, 

(
∂ 
∂t +

N ∑ 
a =1 X

i (ya ) ∂ 
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)

〈 [ y ] , t| f (t0 ) 〉 = 0 , 
with the initial condition 

lim 
t→ t0 〈 [ y ] , t| f (t0 ) 〉 = f [ y ] . 

When Eq. ( 33 ) vanishes, namely, the following “constraint” is satis!ed, 
ˆ H0 | f (t0 ) 〉 = 0 , (37) 

we say that the ensemble corresponding to the statistical state | f (t0 ) 〉 is stationary. Namely, in 
that case, | f (t0 ) 〉 is actually independent of t0 . Obviously, a set of the distribution function f [ x] 
of the following form, 

f (0) [ x] ≡ g
(
H (x1 ) , H (x2 ) , . . . , H (xn ) ; K(x1 ) , K(x2 ) , . . . , K(xn )), 

which has dependence on the coordinates xa of the Nambu particles composing the en- 
semble only through the energy functions H and K, gives a stationary ensemble, since 
X i (xa ) ∂xi 

a f (0) [ x] = 0 for each a with an arbitrary function g of 2 N variables. 
Now, it should be clear that, as long as we remain within the realm of the usual Nambu 

equations of motion governed by the Hamiltonian ˆ H0 , there is no possibility of a dynamical 
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In fact, we can express the evolution of a generic statistical state at a later time t > t0 explicitly 
as 

〈 [ y ] , t| f (t0 ) 〉 =
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P(a ) f [ x ] 1 
N ! 

[ N ∏ 
a =1 δ

3 (yP(a ) − x (t − t0 ; xa ))
]

[ dx ] . (35) 
Owing to the volume-preserving property of time evolution, we have the identity 

δ3 (y − x(t − t0 ; x0 )) = δ3 (x0 − x−1 (t − t0 ; y ))
)

where x−1 (t − t0 ; y ) represents the inversion of the equation y = x(t − t0 ; x0 ) , being obtained 
uniquely by solving x0 in terms of y . Therefore Eq. ( 35 ) is written equivalently as 

〈 [ y ] , t| f (t0 ) 〉 = 1 
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of a single function f (x) satisfying ∫ f (x) dx = 1 , we have 
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a =1 f
(
x−1 (t − t0 ; ya )). 
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tion Gr (x, t; x0 , t0 ) to the N -body case with a statistical average over the initial conditions with a 
given distribution function f [ x] contained in | f (t0 ) 〉 , and as such also satisfy the “many-body”
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with the initial condition 

lim 
t→ t0 〈 [ y ] , t| f (t0 ) 〉 = f [ y ] . 

When Eq. ( 33 ) vanishes, namely, the following “constraint” is satis!ed, 
ˆ H0 | f (t0 ) 〉 = 0 , (37) 

we say that the ensemble corresponding to the statistical state | f (t0 ) 〉 is stationary. Namely, in 
that case, | f (t0 ) 〉 is actually independent of t0 . Obviously, a set of the distribution function f [ x] 
of the following form, 
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(
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In fact, we can express the evolution of a generic statistical state at a later time t > t0 explicitly 
as 

〈 [ y ] , t| f (t0 ) 〉 =
∫ ∑ 

P(a ) f [ x ] 1 
N ! 

[ N ∏ 
a =1 δ

3 (yP(a ) − x (t − t0 ; xa ))
]

[ dx ] . (35) 
Owing to the volume-preserving property of time evolution, we have the identity 

δ3 (y − x(t − t0 ; x0 )) = δ3 (x0 − x−1 (t − t0 ; y ))
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where x−1 (t − t0 ; y ) represents the inversion of the equation y = x(t − t0 ; x0 ) , being obtained 
uniquely by solving x0 in terms of y . Therefore Eq. ( 35 ) is written equivalently as 

〈 [ y ] , t| f (t0 ) 〉 = 1 
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When Eq. ( 33 ) vanishes, namely, the following “constraint” is satis!ed, 
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we say that the ensemble corresponding to the statistical state | f (t0 ) 〉 is stationary. Namely, in 
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to explore this new territory, the core of the present paper, on the basis of the general apparatus 
hitherto constructed. 
5. A model of nonlocal interaction 
5.1. Dynamical evolution of classical statistical states as a Markov process 
A time-dependent statistical N (≥ 2) -body state after including interaction will be denoted by 
| F (t ) 〉 from now on. The initial statistical state is assumed to be 

| F (0) 〉 = ∫ 
f (0) [ x ] | [ x ] , t0 〉 [ dx ] , 

which is actually stationary with respect to the free Hamiltonian ˆ H0 , i.e. independent of t0 , 
satisfying 

ˆ H0 | F (0) 〉 = 0 . 
For de!niteness and notational brevity, we set t0 = 0 and denote the basis N -body state by 
| [ x] , 0 〉 = | [ x] 〉 . A basic premise for investigating the dynamics of | F (t ) 〉 with interaction is that 
the time evolution is described as 

| F (t + !t ) 〉 = e!t ˆ HI (t ) | F (t ) 〉 # (1 + !t ˆ HI (t )) | F (t ) 〉 (38) 
for in!nitesimally small !t, with some interaction Hamiltonian ˆ HI , which is to be de!ned in- 
dependently of statistical states | F (t ) 〉 as a realization of the intuitive picture of nonlocal inter- 
action discussed in the introduction. Thus, we have a simple linear di"erential equation of !rst 
order with respect to time: 

∂t | F (t ) 〉 = ˆ HI (t ) | F (t ) 〉 . (39) 
In other words, we assume that the dynamics of nonlocal interaction that is supposed to cause 
the change of the distributions of stationary statistical states is treated as a “Markov process”
in continuum time in the space of classical statistical states. 

Therefore, we now have to treat a time-dependent distribution function, 
F ([ x] , t ) ≡ F (x1 , . . . , xn , t ) , 

instead of the time-independent distribution function f [ x] contained in | f (t0 ) 〉 of the previous 
section: namely, we can set 

| F (t ) 〉 = ∫ 
F ([ x ] , t ) | [ x ] 〉 [ dx ] , 

with the initial condition F ([ x] , 0) = f (0) [ x] . For convenience, we will call Eq. ( 39 ) the “master 
equation”. In our statistical !eld theory, the master equation plays the role of the Schrödinger 
equation in quantum mechanics. 
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which is actually stationary with respect to the free Hamiltonian ˆ H0 , i.e. independent of t0 , 
satisfying 

ˆ H0 | F (0) 〉 = 0 . 
For de!niteness and notational brevity, we set t0 = 0 and denote the basis N -body state by 
| [ x] , 0 〉 = | [ x] 〉 . A basic premise for investigating the dynamics of | F (t ) 〉 with interaction is that 
the time evolution is described as 

| F (t + !t ) 〉 = e!t ˆ HI (t ) | F (t ) 〉 # (1 + !t ˆ HI (t )) | F (t ) 〉 (38) 
for in!nitesimally small !t, with some interaction Hamiltonian ˆ HI , which is to be de!ned in- 
dependently of statistical states | F (t ) 〉 as a realization of the intuitive picture of nonlocal inter- 
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the time evolution is described as 

| F (t + !t ) 〉 = e!t ˆ HI (t ) | F (t ) 〉 # (1 + !t ˆ HI (t )) | F (t ) 〉 (38) 
for in!nitesimally small !t, with some interaction Hamiltonian ˆ HI , which is to be de!ned in- 
dependently of statistical states | F (t ) 〉 as a realization of the intuitive picture of nonlocal inter- 
action discussed in the introduction. Thus, we have a simple linear di"erential equation of !rst 
order with respect to time: 

∂t | F (t ) 〉 = ˆ HI (t ) | F (t ) 〉 . (39) 
In other words, we assume that the dynamics of nonlocal interaction that is supposed to cause 
the change of the distributions of stationary statistical states is treated as a “Markov process”
in continuum time in the space of classical statistical states. 

Therefore, we now have to treat a time-dependent distribution function, 
F ([ x] , t ) ≡ F (x1 , . . . , xn , t ) , 

instead of the time-independent distribution function f [ x] contained in | f (t0 ) 〉 of the previous 
section: namely, we can set 

| F (t ) 〉 = ∫ 
F ([ x ] , t ) | [ x ] 〉 [ dx ] , 

with the initial condition F ([ x] , 0) = f (0) [ x] . For convenience, we will call Eq. ( 39 ) the “master 
equation”. In our statistical !eld theory, the master equation plays the role of the Schrödinger 
equation in quantum mechanics. 

Since the interaction of our interest involves a certain nonlocality that cannot be dealt with 
within the usual framework of the Liouville equation, we may call the above operator ˆ HI a 
“stochastic” interaction Hamiltonian. However, to avoid possible confusion, we emphasize that, 
in our case, the “stochasticity” is fundamental and intrinsic in a closed system of N Nambu par- 
ticles; in other words, the Markov process described by Eq. ( 39 ) is autonomous in the sense that 
it is not caused by any external agent, such as a heat bath as in conventional stochasticity, which 
is familiar in the usual stochastic dynamics of open systems. As a matter of course, if we focus 
our attention only on a single Nambu particle in any closed many-body Nambu system, the for- 
mer can be regarded e"ectively as an open system immersed in the latter. A simple example of 
such e"ective approaches will be treated brie#y for the purpose of comparison with the present 

16/44

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2026/5/053A01/8586469 by guest on 25 M

ay 2026

PTEP 2026, 053A01 T. Yoneya

to explore this new territory, the core of the present paper, on the basis of the general apparatus 
hitherto constructed. 
5. A model of nonlocal interaction 
5.1. Dynamical evolution of classical statistical states as a Markov process 
A time-dependent statistical N (≥ 2) -body state after including interaction will be denoted by 
| F (t ) 〉 from now on. The initial statistical state is assumed to be 

| F (0) 〉 = ∫ 
f (0) [ x ] | [ x ] , t0 〉 [ dx ] , 

which is actually stationary with respect to the free Hamiltonian ˆ H0 , i.e. independent of t0 , 
satisfying 

ˆ H0 | F (0) 〉 = 0 . 
For de!niteness and notational brevity, we set t0 = 0 and denote the basis N -body state by 
| [ x] , 0 〉 = | [ x] 〉 . A basic premise for investigating the dynamics of | F (t ) 〉 with interaction is that 
the time evolution is described as 

| F (t + !t ) 〉 = e!t ˆ HI (t ) | F (t ) 〉 # (1 + !t ˆ HI (t )) | F (t ) 〉 (38) 
for in!nitesimally small !t, with some interaction Hamiltonian ˆ HI , which is to be de!ned in- 
dependently of statistical states | F (t ) 〉 as a realization of the intuitive picture of nonlocal inter- 
action discussed in the introduction. Thus, we have a simple linear di"erential equation of !rst 
order with respect to time: 

∂t | F (t ) 〉 = ˆ HI (t ) | F (t ) 〉 . (39) 
In other words, we assume that the dynamics of nonlocal interaction that is supposed to cause 
the change of the distributions of stationary statistical states is treated as a “Markov process”
in continuum time in the space of classical statistical states. 

Therefore, we now have to treat a time-dependent distribution function, 
F ([ x] , t ) ≡ F (x1 , . . . , xn , t ) , 

instead of the time-independent distribution function f [ x] contained in | f (t0 ) 〉 of the previous 
section: namely, we can set 

| F (t ) 〉 = ∫ 
F ([ x ] , t ) | [ x ] 〉 [ dx ] , 

with the initial condition F ([ x] , 0) = f (0) [ x] . For convenience, we will call Eq. ( 39 ) the “master 
equation”. In our statistical !eld theory, the master equation plays the role of the Schrödinger 
equation in quantum mechanics. 

Since the interaction of our interest involves a certain nonlocality that cannot be dealt with 
within the usual framework of the Liouville equation, we may call the above operator ˆ HI a 
“stochastic” interaction Hamiltonian. However, to avoid possible confusion, we emphasize that, 
in our case, the “stochasticity” is fundamental and intrinsic in a closed system of N Nambu par- 
ticles; in other words, the Markov process described by Eq. ( 39 ) is autonomous in the sense that 
it is not caused by any external agent, such as a heat bath as in conventional stochasticity, which 
is familiar in the usual stochastic dynamics of open systems. As a matter of course, if we focus 
our attention only on a single Nambu particle in any closed many-body Nambu system, the for- 
mer can be regarded e"ectively as an open system immersed in the latter. A simple example of 
such e"ective approaches will be treated brie#y for the purpose of comparison with the present 

16/44

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2026/5/053A01/8586469 by guest on 25 M

ay 2026

PTEP 2026, 053A01 T. Yoneya

to explore this new territory, the core of the present paper, on the basis of the general apparatus 
hitherto constructed. 
5. A model of nonlocal interaction 
5.1. Dynamical evolution of classical statistical states as a Markov process 
A time-dependent statistical N (≥ 2) -body state after including interaction will be denoted by 
| F (t ) 〉 from now on. The initial statistical state is assumed to be 

| F (0) 〉 = ∫ 
f (0) [ x ] | [ x ] , t0 〉 [ dx ] , 

which is actually stationary with respect to the free Hamiltonian ˆ H0 , i.e. independent of t0 , 
satisfying 

ˆ H0 | F (0) 〉 = 0 . 
For de!niteness and notational brevity, we set t0 = 0 and denote the basis N -body state by 
| [ x] , 0 〉 = | [ x] 〉 . A basic premise for investigating the dynamics of | F (t ) 〉 with interaction is that 
the time evolution is described as 

| F (t + !t ) 〉 = e!t ˆ HI (t ) | F (t ) 〉 # (1 + !t ˆ HI (t )) | F (t ) 〉 (38) 
for in!nitesimally small !t, with some interaction Hamiltonian ˆ HI , which is to be de!ned in- 
dependently of statistical states | F (t ) 〉 as a realization of the intuitive picture of nonlocal inter- 
action discussed in the introduction. Thus, we have a simple linear di"erential equation of !rst 
order with respect to time: 

∂t | F (t ) 〉 = ˆ HI (t ) | F (t ) 〉 . (39) 
In other words, we assume that the dynamics of nonlocal interaction that is supposed to cause 
the change of the distributions of stationary statistical states is treated as a “Markov process”
in continuum time in the space of classical statistical states. 

Therefore, we now have to treat a time-dependent distribution function, 
F ([ x] , t ) ≡ F (x1 , . . . , xn , t ) , 

instead of the time-independent distribution function f [ x] contained in | f (t0 ) 〉 of the previous 
section: namely, we can set 

| F (t ) 〉 = ∫ 
F ([ x ] , t ) | [ x ] 〉 [ dx ] , 

with the initial condition F ([ x] , 0) = f (0) [ x] . For convenience, we will call Eq. ( 39 ) the “master 
equation”. In our statistical !eld theory, the master equation plays the role of the Schrödinger 
equation in quantum mechanics. 

Since the interaction of our interest involves a certain nonlocality that cannot be dealt with 
within the usual framework of the Liouville equation, we may call the above operator ˆ HI a 
“stochastic” interaction Hamiltonian. However, to avoid possible confusion, we emphasize that, 
in our case, the “stochasticity” is fundamental and intrinsic in a closed system of N Nambu par- 
ticles; in other words, the Markov process described by Eq. ( 39 ) is autonomous in the sense that 
it is not caused by any external agent, such as a heat bath as in conventional stochasticity, which 
is familiar in the usual stochastic dynamics of open systems. As a matter of course, if we focus 
our attention only on a single Nambu particle in any closed many-body Nambu system, the for- 
mer can be regarded e"ectively as an open system immersed in the latter. A simple example of 
such e"ective approaches will be treated brie#y for the purpose of comparison with the present 

16/44

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2026/5/053A01/8586469 by guest on 25 M

ay 2026

PTEP 2026, 053A01 T. Yoneya

to explore this new territory, the core of the present paper, on the basis of the general apparatus 
hitherto constructed. 
5. A model of nonlocal interaction 
5.1. Dynamical evolution of classical statistical states as a Markov process 
A time-dependent statistical N (≥ 2) -body state after including interaction will be denoted by 
| F (t ) 〉 from now on. The initial statistical state is assumed to be 

| F (0) 〉 = ∫ 
f (0) [ x ] | [ x ] , t0 〉 [ dx ] , 

which is actually stationary with respect to the free Hamiltonian ˆ H0 , i.e. independent of t0 , 
satisfying 

ˆ H0 | F (0) 〉 = 0 . 
For de!niteness and notational brevity, we set t0 = 0 and denote the basis N -body state by 
| [ x] , 0 〉 = | [ x] 〉 . A basic premise for investigating the dynamics of | F (t ) 〉 with interaction is that 
the time evolution is described as 

| F (t + !t ) 〉 = e!t ˆ HI (t ) | F (t ) 〉 # (1 + !t ˆ HI (t )) | F (t ) 〉 (38) 
for in!nitesimally small !t, with some interaction Hamiltonian ˆ HI , which is to be de!ned in- 
dependently of statistical states | F (t ) 〉 as a realization of the intuitive picture of nonlocal inter- 
action discussed in the introduction. Thus, we have a simple linear di"erential equation of !rst 
order with respect to time: 

∂t | F (t ) 〉 = ˆ HI (t ) | F (t ) 〉 . (39) 
In other words, we assume that the dynamics of nonlocal interaction that is supposed to cause 
the change of the distributions of stationary statistical states is treated as a “Markov process”
in continuum time in the space of classical statistical states. 

Therefore, we now have to treat a time-dependent distribution function, 
F ([ x] , t ) ≡ F (x1 , . . . , xn , t ) , 

instead of the time-independent distribution function f [ x] contained in | f (t0 ) 〉 of the previous 
section: namely, we can set 

| F (t ) 〉 = ∫ 
F ([ x ] , t ) | [ x ] 〉 [ dx ] , 

with the initial condition F ([ x] , 0) = f (0) [ x] . For convenience, we will call Eq. ( 39 ) the “master 
equation”. In our statistical !eld theory, the master equation plays the role of the Schrödinger 
equation in quantum mechanics. 

Since the interaction of our interest involves a certain nonlocality that cannot be dealt with 
within the usual framework of the Liouville equation, we may call the above operator ˆ HI a 
“stochastic” interaction Hamiltonian. However, to avoid possible confusion, we emphasize that, 
in our case, the “stochasticity” is fundamental and intrinsic in a closed system of N Nambu par- 
ticles; in other words, the Markov process described by Eq. ( 39 ) is autonomous in the sense that 
it is not caused by any external agent, such as a heat bath as in conventional stochasticity, which 
is familiar in the usual stochastic dynamics of open systems. As a matter of course, if we focus 
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to explore this new territory, the core of the present paper, on the basis of the general apparatus 
hitherto constructed. 
5. A model of nonlocal interaction 
5.1. Dynamical evolution of classical statistical states as a Markov process 
A time-dependent statistical N (≥ 2) -body state after including interaction will be denoted by 
| F (t ) 〉 from now on. The initial statistical state is assumed to be 

| F (0) 〉 = ∫ 
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which is actually stationary with respect to the free Hamiltonian ˆ H0 , i.e. independent of t0 , 
satisfying 

ˆ H0 | F (0) 〉 = 0 . 
For de!niteness and notational brevity, we set t0 = 0 and denote the basis N -body state by 
| [ x] , 0 〉 = | [ x] 〉 . A basic premise for investigating the dynamics of | F (t ) 〉 with interaction is that 
the time evolution is described as 

| F (t + !t ) 〉 = e!t ˆ HI (t ) | F (t ) 〉 # (1 + !t ˆ HI (t )) | F (t ) 〉 (38) 
for in!nitesimally small !t, with some interaction Hamiltonian ˆ HI , which is to be de!ned in- 
dependently of statistical states | F (t ) 〉 as a realization of the intuitive picture of nonlocal inter- 
action discussed in the introduction. Thus, we have a simple linear di"erential equation of !rst 
order with respect to time: 

∂t | F (t ) 〉 = ˆ HI (t ) | F (t ) 〉 . (39) 
In other words, we assume that the dynamics of nonlocal interaction that is supposed to cause 
the change of the distributions of stationary statistical states is treated as a “Markov process”
in continuum time in the space of classical statistical states. 

Therefore, we now have to treat a time-dependent distribution function, 
F ([ x] , t ) ≡ F (x1 , . . . , xn , t ) , 

instead of the time-independent distribution function f [ x] contained in | f (t0 ) 〉 of the previous 
section: namely, we can set 

| F (t ) 〉 = ∫ 
F ([ x ] , t ) | [ x ] 〉 [ dx ] , 

with the initial condition F ([ x] , 0) = f (0) [ x] . For convenience, we will call Eq. ( 39 ) the “master 
equation”. In our statistical !eld theory, the master equation plays the role of the Schrödinger 
equation in quantum mechanics. 

Since the interaction of our interest involves a certain nonlocality that cannot be dealt with 
within the usual framework of the Liouville equation, we may call the above operator ˆ HI a 
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formalism in Appendix A . Remember that, after all, the concept of the heat bath itself must be 
based on the existence of microscopic interactions at a more fundamental level. 

For simplicity, we consider a two-body self-interaction of the following type, 
ˆ HI (t ) = 1 

4 
∫ ∫ ∫ ∫ 

ψ† (x3 , t ) ψ† (x4 , t ) V (x3 , x4 ; x1 , x2 ) ψ (x1 , t ) ψ (x2 , t )
4 ∏ 

a =1 d
3 xa (40) 

where the kernel function V (x3 , x4 ; x1 , x2 ) is a scalar under the general canonical transforma- 
tion, just like the energy functions, being independent of time, and is assumed to be real and 
symmetric under interchanges x1 ↔ x2 , x3 ↔ x4 , and (x1 , x2 ) ↔ (x3 , x3 ) of the phase-space co- 
ordinates, the last of which means that transitions caused by stochastic interaction are re- 
versible (a property usually called microscopic reversibility in the theory of Markov processes). 
Hence the interaction Hamiltonian is Hermitian ˆ HI = ˆ H† 

I , in contrast to the antihermiticity of 
the free Hamiltonian ˆ H0 = − ˆ H† 

0 , yielding (real) symmetric matrix elements with respect to the 
basis vectors: 

〈 [ x] | ˆ HI (t ) | [ y ] 〉 = 〈 [ y ] | ˆ HI (t ) | [ x] 〉 . (41) 
It should be kept in mind that, by de!nition, the time dependence of the Liouville !eld op- 

erators, ψ (x, t ) , ψ† (x, t ) , is always governed by the original free-!eld equations, the Liouville 
equations ( 16 ), in our formalism. In that sense, even though we are treating a genuinely classi- 
cal statistical system with the corresponding classical probabilistic interpretation as formulated 
in Section 4 , our formalism is in close proximity to the so-called “interaction representation”, 
which is familiar in perturbative quantum !eld theories. This essentially re"ects our intuitive 
picture of stochastic interactions in which, except for instantaneous self-interactions shu#ing 
initial conditions randomly, each Nambu particle obeys the Nambu equations of motion with 
its own unique trajectory, piecewise in the Nambu “phase spacetime” to any !nite orders of 
interactions. 

It is also to be noticed that we could formally start out with the “Schrödinger representation”
in writing down the master equation, instead of the interaction representation: 

∂t | ˜ F (t ) 〉 = − ˆ H | ˜ F (t ) 〉 , ˆ H ≡ ˆ H0 − ˆ HI , (42) 
where the total Hamitonian ˆ H is non -Hermitian, ( ˆ H0 − ˆ HI )† = −( ˆ H0 + ˆ HI ) , and de!ned in 
terms of the time-independent Liouville !eld operators ψ (x, 0) , ψ† (x, 0) . Then by making a sim- 
ilarity (actually also unitary) transformation 

| ˜ F (t ) 〉 = e− ˆ H0 t | F (t ) 〉 , (43) 
Eq. ( 42 ) is rewritten as 

e ˆ H0 t ∂t (e− ˆ H0 t | F (t ) 〉) = −e ˆ H0 t ( ˆ H0 − ˆ HI ) e− ˆ H0 t | F (t ) 〉 , 
which reduces to the master equation ( 39 ) with 

ˆ HI (t ) = e ˆ H0 t ˆ HI e− ˆ H0 t . 
This is consistent with our original de!nition of basic time-dependent !eld operators, ψ (x, t ) = 
e ˆ H0 t ψ (x, 0) e− ˆ H0 t , ψ† (x, t ) = e ˆ H0 t ψ† (x, 0) e− ˆ H0 t . Thus from a formal viewpoint, the role of the 
transformation ( 43 ) is to separate cleanly the Hermitian and anti-Hermitian parts of the to- 
tal Hamiltonian. Note also that the transformation ( 43 ) does not violate the nonnegativity of 
the distribution function, since the action of the operator e− ˆ H0 t simply induces the Nambu 
equations of motion for the probability distribution embodied in | F (t ) 〉 , as is clear from the 
discussions of Section 3 . 
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discussions of Section 3 . 
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formalism in Appendix A . Remember that, after all, the concept of the heat bath itself must be 
based on the existence of microscopic interactions at a more fundamental level. 

For simplicity, we consider a two-body self-interaction of the following type, 
ˆ HI (t ) = 1 

4 
∫ ∫ ∫ ∫ 

ψ† (x3 , t ) ψ† (x4 , t ) V (x3 , x4 ; x1 , x2 ) ψ (x1 , t ) ψ (x2 , t )
4 ∏ 

a =1 d
3 xa (40) 

where the kernel function V (x3 , x4 ; x1 , x2 ) is a scalar under the general canonical transforma- 
tion, just like the energy functions, being independent of time, and is assumed to be real and 
symmetric under interchanges x1 ↔ x2 , x3 ↔ x4 , and (x1 , x2 ) ↔ (x3 , x3 ) of the phase-space co- 
ordinates, the last of which means that transitions caused by stochastic interaction are re- 
versible (a property usually called microscopic reversibility in the theory of Markov processes). 
Hence the interaction Hamiltonian is Hermitian ˆ HI = ˆ H† 

I , in contrast to the antihermiticity of 
the free Hamiltonian ˆ H0 = − ˆ H† 

0 , yielding (real) symmetric matrix elements with respect to the 
basis vectors: 

〈 [ x] | ˆ HI (t ) | [ y ] 〉 = 〈 [ y ] | ˆ HI (t ) | [ x] 〉 . (41) 
It should be kept in mind that, by de!nition, the time dependence of the Liouville !eld op- 

erators, ψ (x, t ) , ψ† (x, t ) , is always governed by the original free-!eld equations, the Liouville 
equations ( 16 ), in our formalism. In that sense, even though we are treating a genuinely classi- 
cal statistical system with the corresponding classical probabilistic interpretation as formulated 
in Section 4 , our formalism is in close proximity to the so-called “interaction representation”, 
which is familiar in perturbative quantum !eld theories. This essentially re"ects our intuitive 
picture of stochastic interactions in which, except for instantaneous self-interactions shu#ing 
initial conditions randomly, each Nambu particle obeys the Nambu equations of motion with 
its own unique trajectory, piecewise in the Nambu “phase spacetime” to any !nite orders of 
interactions. 

It is also to be noticed that we could formally start out with the “Schrödinger representation”
in writing down the master equation, instead of the interaction representation: 

∂t | ˜ F (t ) 〉 = − ˆ H | ˜ F (t ) 〉 , ˆ H ≡ ˆ H0 − ˆ HI , (42) 
where the total Hamitonian ˆ H is non -Hermitian, ( ˆ H0 − ˆ HI )† = −( ˆ H0 + ˆ HI ) , and de!ned in 
terms of the time-independent Liouville !eld operators ψ (x, 0) , ψ† (x, 0) . Then by making a sim- 
ilarity (actually also unitary) transformation 

| ˜ F (t ) 〉 = e− ˆ H0 t | F (t ) 〉 , (43) 
Eq. ( 42 ) is rewritten as 

e ˆ H0 t ∂t (e− ˆ H0 t | F (t ) 〉) = −e ˆ H0 t ( ˆ H0 − ˆ HI ) e− ˆ H0 t | F (t ) 〉 , 
which reduces to the master equation ( 39 ) with 

ˆ HI (t ) = e ˆ H0 t ˆ HI e− ˆ H0 t . 
This is consistent with our original de!nition of basic time-dependent !eld operators, ψ (x, t ) = 
e ˆ H0 t ψ (x, 0) e− ˆ H0 t , ψ† (x, t ) = e ˆ H0 t ψ† (x, 0) e− ˆ H0 t . Thus from a formal viewpoint, the role of the 
transformation ( 43 ) is to separate cleanly the Hermitian and anti-Hermitian parts of the to- 
tal Hamiltonian. Note also that the transformation ( 43 ) does not violate the nonnegativity of 
the distribution function, since the action of the operator e− ˆ H0 t simply induces the Nambu 
equations of motion for the probability distribution embodied in | F (t ) 〉 , as is clear from the 
discussions of Section 3 . 
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formalism in Appendix A . Remember that, after all, the concept of the heat bath itself must be 
based on the existence of microscopic interactions at a more fundamental level. 

For simplicity, we consider a two-body self-interaction of the following type, 
ˆ HI (t ) = 1 

4 
∫ ∫ ∫ ∫ 

ψ† (x3 , t ) ψ† (x4 , t ) V (x3 , x4 ; x1 , x2 ) ψ (x1 , t ) ψ (x2 , t )
4 ∏ 

a =1 d
3 xa (40) 

where the kernel function V (x3 , x4 ; x1 , x2 ) is a scalar under the general canonical transforma- 
tion, just like the energy functions, being independent of time, and is assumed to be real and 
symmetric under interchanges x1 ↔ x2 , x3 ↔ x4 , and (x1 , x2 ) ↔ (x3 , x3 ) of the phase-space co- 
ordinates, the last of which means that transitions caused by stochastic interaction are re- 
versible (a property usually called microscopic reversibility in the theory of Markov processes). 
Hence the interaction Hamiltonian is Hermitian ˆ HI = ˆ H† 

I , in contrast to the antihermiticity of 
the free Hamiltonian ˆ H0 = − ˆ H† 

0 , yielding (real) symmetric matrix elements with respect to the 
basis vectors: 

〈 [ x] | ˆ HI (t ) | [ y ] 〉 = 〈 [ y ] | ˆ HI (t ) | [ x] 〉 . (41) 
It should be kept in mind that, by de!nition, the time dependence of the Liouville !eld op- 

erators, ψ (x, t ) , ψ† (x, t ) , is always governed by the original free-!eld equations, the Liouville 
equations ( 16 ), in our formalism. In that sense, even though we are treating a genuinely classi- 
cal statistical system with the corresponding classical probabilistic interpretation as formulated 
in Section 4 , our formalism is in close proximity to the so-called “interaction representation”, 
which is familiar in perturbative quantum !eld theories. This essentially re"ects our intuitive 
picture of stochastic interactions in which, except for instantaneous self-interactions shu#ing 
initial conditions randomly, each Nambu particle obeys the Nambu equations of motion with 
its own unique trajectory, piecewise in the Nambu “phase spacetime” to any !nite orders of 
interactions. 

It is also to be noticed that we could formally start out with the “Schrödinger representation”
in writing down the master equation, instead of the interaction representation: 

∂t | ˜ F (t ) 〉 = − ˆ H | ˜ F (t ) 〉 , ˆ H ≡ ˆ H0 − ˆ HI , (42) 
where the total Hamitonian ˆ H is non -Hermitian, ( ˆ H0 − ˆ HI )† = −( ˆ H0 + ˆ HI ) , and de!ned in 
terms of the time-independent Liouville !eld operators ψ (x, 0) , ψ† (x, 0) . Then by making a sim- 
ilarity (actually also unitary) transformation 

| ˜ F (t ) 〉 = e− ˆ H0 t | F (t ) 〉 , (43) 
Eq. ( 42 ) is rewritten as 

e ˆ H0 t ∂t (e− ˆ H0 t | F (t ) 〉) = −e ˆ H0 t ( ˆ H0 − ˆ HI ) e− ˆ H0 t | F (t ) 〉 , 
which reduces to the master equation ( 39 ) with 

ˆ HI (t ) = e ˆ H0 t ˆ HI e− ˆ H0 t . 
This is consistent with our original de!nition of basic time-dependent !eld operators, ψ (x, t ) = 
e ˆ H0 t ψ (x, 0) e− ˆ H0 t , ψ† (x, t ) = e ˆ H0 t ψ† (x, 0) e− ˆ H0 t . Thus from a formal viewpoint, the role of the 
transformation ( 43 ) is to separate cleanly the Hermitian and anti-Hermitian parts of the to- 
tal Hamiltonian. Note also that the transformation ( 43 ) does not violate the nonnegativity of 
the distribution function, since the action of the operator e− ˆ H0 t simply induces the Nambu 
equations of motion for the probability distribution embodied in | F (t ) 〉 , as is clear from the 
discussions of Section 3 . 
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formalism in Appendix A . Remember that, after all, the concept of the heat bath itself must be 
based on the existence of microscopic interactions at a more fundamental level. 

For simplicity, we consider a two-body self-interaction of the following type, 
ˆ HI (t ) = 1 

4 
∫ ∫ ∫ ∫ 

ψ† (x3 , t ) ψ† (x4 , t ) V (x3 , x4 ; x1 , x2 ) ψ (x1 , t ) ψ (x2 , t )
4 ∏ 

a =1 d
3 xa (40) 

where the kernel function V (x3 , x4 ; x1 , x2 ) is a scalar under the general canonical transforma- 
tion, just like the energy functions, being independent of time, and is assumed to be real and 
symmetric under interchanges x1 ↔ x2 , x3 ↔ x4 , and (x1 , x2 ) ↔ (x3 , x3 ) of the phase-space co- 
ordinates, the last of which means that transitions caused by stochastic interaction are re- 
versible (a property usually called microscopic reversibility in the theory of Markov processes). 
Hence the interaction Hamiltonian is Hermitian ˆ HI = ˆ H† 

I , in contrast to the antihermiticity of 
the free Hamiltonian ˆ H0 = − ˆ H† 

0 , yielding (real) symmetric matrix elements with respect to the 
basis vectors: 

〈 [ x] | ˆ HI (t ) | [ y ] 〉 = 〈 [ y ] | ˆ HI (t ) | [ x] 〉 . (41) 
It should be kept in mind that, by de!nition, the time dependence of the Liouville !eld op- 

erators, ψ (x, t ) , ψ† (x, t ) , is always governed by the original free-!eld equations, the Liouville 
equations ( 16 ), in our formalism. In that sense, even though we are treating a genuinely classi- 
cal statistical system with the corresponding classical probabilistic interpretation as formulated 
in Section 4 , our formalism is in close proximity to the so-called “interaction representation”, 
which is familiar in perturbative quantum !eld theories. This essentially re"ects our intuitive 
picture of stochastic interactions in which, except for instantaneous self-interactions shu#ing 
initial conditions randomly, each Nambu particle obeys the Nambu equations of motion with 
its own unique trajectory, piecewise in the Nambu “phase spacetime” to any !nite orders of 
interactions. 

It is also to be noticed that we could formally start out with the “Schrödinger representation”
in writing down the master equation, instead of the interaction representation: 

∂t | ˜ F (t ) 〉 = − ˆ H | ˜ F (t ) 〉 , ˆ H ≡ ˆ H0 − ˆ HI , (42) 
where the total Hamitonian ˆ H is non -Hermitian, ( ˆ H0 − ˆ HI )† = −( ˆ H0 + ˆ HI ) , and de!ned in 
terms of the time-independent Liouville !eld operators ψ (x, 0) , ψ† (x, 0) . Then by making a sim- 
ilarity (actually also unitary) transformation 

| ˜ F (t ) 〉 = e− ˆ H0 t | F (t ) 〉 , (43) 
Eq. ( 42 ) is rewritten as 

e ˆ H0 t ∂t (e− ˆ H0 t | F (t ) 〉) = −e ˆ H0 t ( ˆ H0 − ˆ HI ) e− ˆ H0 t | F (t ) 〉 , 
which reduces to the master equation ( 39 ) with 

ˆ HI (t ) = e ˆ H0 t ˆ HI e− ˆ H0 t . 
This is consistent with our original de!nition of basic time-dependent !eld operators, ψ (x, t ) = 
e ˆ H0 t ψ (x, 0) e− ˆ H0 t , ψ† (x, t ) = e ˆ H0 t ψ† (x, 0) e− ˆ H0 t . Thus from a formal viewpoint, the role of the 
transformation ( 43 ) is to separate cleanly the Hermitian and anti-Hermitian parts of the to- 
tal Hamiltonian. Note also that the transformation ( 43 ) does not violate the nonnegativity of 
the distribution function, since the action of the operator e− ˆ H0 t simply induces the Nambu 
equations of motion for the probability distribution embodied in | F (t ) 〉 , as is clear from the 
discussions of Section 3 . 
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formalism in Appendix A . Remember that, after all, the concept of the heat bath itself must be 
based on the existence of microscopic interactions at a more fundamental level. 

For simplicity, we consider a two-body self-interaction of the following type, 
ˆ HI (t ) = 1 

4 
∫ ∫ ∫ ∫ 

ψ† (x3 , t ) ψ† (x4 , t ) V (x3 , x4 ; x1 , x2 ) ψ (x1 , t ) ψ (x2 , t )
4 ∏ 

a =1 d
3 xa (40) 

where the kernel function V (x3 , x4 ; x1 , x2 ) is a scalar under the general canonical transforma- 
tion, just like the energy functions, being independent of time, and is assumed to be real and 
symmetric under interchanges x1 ↔ x2 , x3 ↔ x4 , and (x1 , x2 ) ↔ (x3 , x3 ) of the phase-space co- 
ordinates, the last of which means that transitions caused by stochastic interaction are re- 
versible (a property usually called microscopic reversibility in the theory of Markov processes). 
Hence the interaction Hamiltonian is Hermitian ˆ HI = ˆ H† 

I , in contrast to the antihermiticity of 
the free Hamiltonian ˆ H0 = − ˆ H† 

0 , yielding (real) symmetric matrix elements with respect to the 
basis vectors: 

〈 [ x] | ˆ HI (t ) | [ y ] 〉 = 〈 [ y ] | ˆ HI (t ) | [ x] 〉 . (41) 
It should be kept in mind that, by de!nition, the time dependence of the Liouville !eld op- 

erators, ψ (x, t ) , ψ† (x, t ) , is always governed by the original free-!eld equations, the Liouville 
equations ( 16 ), in our formalism. In that sense, even though we are treating a genuinely classi- 
cal statistical system with the corresponding classical probabilistic interpretation as formulated 
in Section 4 , our formalism is in close proximity to the so-called “interaction representation”, 
which is familiar in perturbative quantum !eld theories. This essentially re"ects our intuitive 
picture of stochastic interactions in which, except for instantaneous self-interactions shu#ing 
initial conditions randomly, each Nambu particle obeys the Nambu equations of motion with 
its own unique trajectory, piecewise in the Nambu “phase spacetime” to any !nite orders of 
interactions. 

It is also to be noticed that we could formally start out with the “Schrödinger representation”
in writing down the master equation, instead of the interaction representation: 

∂t | ˜ F (t ) 〉 = − ˆ H | ˜ F (t ) 〉 , ˆ H ≡ ˆ H0 − ˆ HI , (42) 
where the total Hamitonian ˆ H is non -Hermitian, ( ˆ H0 − ˆ HI )† = −( ˆ H0 + ˆ HI ) , and de!ned in 
terms of the time-independent Liouville !eld operators ψ (x, 0) , ψ† (x, 0) . Then by making a sim- 
ilarity (actually also unitary) transformation 

| ˜ F (t ) 〉 = e− ˆ H0 t | F (t ) 〉 , (43) 
Eq. ( 42 ) is rewritten as 

e ˆ H0 t ∂t (e− ˆ H0 t | F (t ) 〉) = −e ˆ H0 t ( ˆ H0 − ˆ HI ) e− ˆ H0 t | F (t ) 〉 , 
which reduces to the master equation ( 39 ) with 

ˆ HI (t ) = e ˆ H0 t ˆ HI e− ˆ H0 t . 
This is consistent with our original de!nition of basic time-dependent !eld operators, ψ (x, t ) = 
e ˆ H0 t ψ (x, 0) e− ˆ H0 t , ψ† (x, t ) = e ˆ H0 t ψ† (x, 0) e− ˆ H0 t . Thus from a formal viewpoint, the role of the 
transformation ( 43 ) is to separate cleanly the Hermitian and anti-Hermitian parts of the to- 
tal Hamiltonian. Note also that the transformation ( 43 ) does not violate the nonnegativity of 
the distribution function, since the action of the operator e− ˆ H0 t simply induces the Nambu 
equations of motion for the probability distribution embodied in | F (t ) 〉 , as is clear from the 
discussions of Section 3 . 
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formalism in Appendix A . Remember that, after all, the concept of the heat bath itself must be 
based on the existence of microscopic interactions at a more fundamental level. 

For simplicity, we consider a two-body self-interaction of the following type, 
ˆ HI (t ) = 1 

4 
∫ ∫ ∫ ∫ 

ψ† (x3 , t ) ψ† (x4 , t ) V (x3 , x4 ; x1 , x2 ) ψ (x1 , t ) ψ (x2 , t )
4 ∏ 

a =1 d
3 xa (40) 

where the kernel function V (x3 , x4 ; x1 , x2 ) is a scalar under the general canonical transforma- 
tion, just like the energy functions, being independent of time, and is assumed to be real and 
symmetric under interchanges x1 ↔ x2 , x3 ↔ x4 , and (x1 , x2 ) ↔ (x3 , x3 ) of the phase-space co- 
ordinates, the last of which means that transitions caused by stochastic interaction are re- 
versible (a property usually called microscopic reversibility in the theory of Markov processes). 
Hence the interaction Hamiltonian is Hermitian ˆ HI = ˆ H† 

I , in contrast to the antihermiticity of 
the free Hamiltonian ˆ H0 = − ˆ H† 

0 , yielding (real) symmetric matrix elements with respect to the 
basis vectors: 

〈 [ x] | ˆ HI (t ) | [ y ] 〉 = 〈 [ y ] | ˆ HI (t ) | [ x] 〉 . (41) 
It should be kept in mind that, by de!nition, the time dependence of the Liouville !eld op- 

erators, ψ (x, t ) , ψ† (x, t ) , is always governed by the original free-!eld equations, the Liouville 
equations ( 16 ), in our formalism. In that sense, even though we are treating a genuinely classi- 
cal statistical system with the corresponding classical probabilistic interpretation as formulated 
in Section 4 , our formalism is in close proximity to the so-called “interaction representation”, 
which is familiar in perturbative quantum !eld theories. This essentially re"ects our intuitive 
picture of stochastic interactions in which, except for instantaneous self-interactions shu#ing 
initial conditions randomly, each Nambu particle obeys the Nambu equations of motion with 
its own unique trajectory, piecewise in the Nambu “phase spacetime” to any !nite orders of 
interactions. 

It is also to be noticed that we could formally start out with the “Schrödinger representation”
in writing down the master equation, instead of the interaction representation: 

∂t | ˜ F (t ) 〉 = − ˆ H | ˜ F (t ) 〉 , ˆ H ≡ ˆ H0 − ˆ HI , (42) 
where the total Hamitonian ˆ H is non -Hermitian, ( ˆ H0 − ˆ HI )† = −( ˆ H0 + ˆ HI ) , and de!ned in 
terms of the time-independent Liouville !eld operators ψ (x, 0) , ψ† (x, 0) . Then by making a sim- 
ilarity (actually also unitary) transformation 

| ˜ F (t ) 〉 = e− ˆ H0 t | F (t ) 〉 , (43) 
Eq. ( 42 ) is rewritten as 

e ˆ H0 t ∂t (e− ˆ H0 t | F (t ) 〉) = −e ˆ H0 t ( ˆ H0 − ˆ HI ) e− ˆ H0 t | F (t ) 〉 , 
which reduces to the master equation ( 39 ) with 

ˆ HI (t ) = e ˆ H0 t ˆ HI e− ˆ H0 t . 
This is consistent with our original de!nition of basic time-dependent !eld operators, ψ (x, t ) = 
e ˆ H0 t ψ (x, 0) e− ˆ H0 t , ψ† (x, t ) = e ˆ H0 t ψ† (x, 0) e− ˆ H0 t . Thus from a formal viewpoint, the role of the 
transformation ( 43 ) is to separate cleanly the Hermitian and anti-Hermitian parts of the to- 
tal Hamiltonian. Note also that the transformation ( 43 ) does not violate the nonnegativity of 
the distribution function, since the action of the operator e− ˆ H0 t simply induces the Nambu 
equations of motion for the probability distribution embodied in | F (t ) 〉 , as is clear from the 
discussions of Section 3 . 
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to explore this new territory, the core of the present paper, on the basis of the general apparatus 
hitherto constructed. 
5. A model of nonlocal interaction 
5.1. Dynamical evolution of classical statistical states as a Markov process 
A time-dependent statistical N (≥ 2) -body state after including interaction will be denoted by 
| F (t ) 〉 from now on. The initial statistical state is assumed to be 

| F (0) 〉 = ∫ 
f (0) [ x ] | [ x ] , t0 〉 [ dx ] , 

which is actually stationary with respect to the free Hamiltonian ˆ H0 , i.e. independent of t0 , 
satisfying 

ˆ H0 | F (0) 〉 = 0 . 
For de!niteness and notational brevity, we set t0 = 0 and denote the basis N -body state by 
| [ x] , 0 〉 = | [ x] 〉 . A basic premise for investigating the dynamics of | F (t ) 〉 with interaction is that 
the time evolution is described as 

| F (t + !t ) 〉 = e!t ˆ HI (t ) | F (t ) 〉 # (1 + !t ˆ HI (t )) | F (t ) 〉 (38) 
for in!nitesimally small !t, with some interaction Hamiltonian ˆ HI , which is to be de!ned in- 
dependently of statistical states | F (t ) 〉 as a realization of the intuitive picture of nonlocal inter- 
action discussed in the introduction. Thus, we have a simple linear di"erential equation of !rst 
order with respect to time: 

∂t | F (t ) 〉 = ˆ HI (t ) | F (t ) 〉 . (39) 
In other words, we assume that the dynamics of nonlocal interaction that is supposed to cause 
the change of the distributions of stationary statistical states is treated as a “Markov process”
in continuum time in the space of classical statistical states. 

Therefore, we now have to treat a time-dependent distribution function, 
F ([ x] , t ) ≡ F (x1 , . . . , xn , t ) , 

instead of the time-independent distribution function f [ x] contained in | f (t0 ) 〉 of the previous 
section: namely, we can set 

| F (t ) 〉 = ∫ 
F ([ x ] , t ) | [ x ] 〉 [ dx ] , 

with the initial condition F ([ x] , 0) = f (0) [ x] . For convenience, we will call Eq. ( 39 ) the “master 
equation”. In our statistical !eld theory, the master equation plays the role of the Schrödinger 
equation in quantum mechanics. 

Since the interaction of our interest involves a certain nonlocality that cannot be dealt with 
within the usual framework of the Liouville equation, we may call the above operator ˆ HI a 
“stochastic” interaction Hamiltonian. However, to avoid possible confusion, we emphasize that, 
in our case, the “stochasticity” is fundamental and intrinsic in a closed system of N Nambu par- 
ticles; in other words, the Markov process described by Eq. ( 39 ) is autonomous in the sense that 
it is not caused by any external agent, such as a heat bath as in conventional stochasticity, which 
is familiar in the usual stochastic dynamics of open systems. As a matter of course, if we focus 
our attention only on a single Nambu particle in any closed many-body Nambu system, the for- 
mer can be regarded e"ectively as an open system immersed in the latter. A simple example of 
such e"ective approaches will be treated brie#y for the purpose of comparison with the present 
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formalism in Appendix A . Remember that, after all, the concept of the heat bath itself must be 
based on the existence of microscopic interactions at a more fundamental level. 

For simplicity, we consider a two-body self-interaction of the following type, 
ˆ HI (t ) = 1 

4 
∫ ∫ ∫ ∫ 

ψ† (x3 , t ) ψ† (x4 , t ) V (x3 , x4 ; x1 , x2 ) ψ (x1 , t ) ψ (x2 , t )
4 ∏ 

a =1 d
3 xa (40) 

where the kernel function V (x3 , x4 ; x1 , x2 ) is a scalar under the general canonical transforma- 
tion, just like the energy functions, being independent of time, and is assumed to be real and 
symmetric under interchanges x1 ↔ x2 , x3 ↔ x4 , and (x1 , x2 ) ↔ (x3 , x3 ) of the phase-space co- 
ordinates, the last of which means that transitions caused by stochastic interaction are re- 
versible (a property usually called microscopic reversibility in the theory of Markov processes). 
Hence the interaction Hamiltonian is Hermitian ˆ HI = ˆ H† 

I , in contrast to the antihermiticity of 
the free Hamiltonian ˆ H0 = − ˆ H† 

0 , yielding (real) symmetric matrix elements with respect to the 
basis vectors: 

〈 [ x] | ˆ HI (t ) | [ y ] 〉 = 〈 [ y ] | ˆ HI (t ) | [ x] 〉 . (41) 
It should be kept in mind that, by de!nition, the time dependence of the Liouville !eld op- 

erators, ψ (x, t ) , ψ† (x, t ) , is always governed by the original free-!eld equations, the Liouville 
equations ( 16 ), in our formalism. In that sense, even though we are treating a genuinely classi- 
cal statistical system with the corresponding classical probabilistic interpretation as formulated 
in Section 4 , our formalism is in close proximity to the so-called “interaction representation”, 
which is familiar in perturbative quantum !eld theories. This essentially re"ects our intuitive 
picture of stochastic interactions in which, except for instantaneous self-interactions shu#ing 
initial conditions randomly, each Nambu particle obeys the Nambu equations of motion with 
its own unique trajectory, piecewise in the Nambu “phase spacetime” to any !nite orders of 
interactions. 

It is also to be noticed that we could formally start out with the “Schrödinger representation”
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tal Hamiltonian. Note also that the transformation ( 43 ) does not violate the nonnegativity of 
the distribution function, since the action of the operator e− ˆ H0 t simply induces the Nambu 
equations of motion for the probability distribution embodied in | F (t ) 〉 , as is clear from the 
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Finally, we stress that, despite the microscopic reversibility ( 41 ) of the Hermitian interac- 
tion operator ˆ HI (t ) , the master equation ( 39 ) itself cannot be time-reversal invariant in general. 
The situation is the same as in the case of the standard di!usion equation. In other words, the 
time evolution described by the master equation cannot be unitary . This is in contrast to the 
Schrödinger equation: in the latter case, the invariance under time reversal t → −t is achieved 
by complex conjugation of the complex wave function, due to the presence of the imaginary unit 
on its left-hand side, which is of course absent in Eq. ( 39 ) that deals with the real nonnegative 
distribution functions directly. 
5.2. Requirements for the stochastic interaction 
Let us now enumerate the conditions required for the interaction Hamiltonian in order to keep 
the basic probability interpretation as formulated in the previous section. 

(i) Nonnegativity: the o!-diagonal matrix elements of ˆ HI (t ) must be nonnegative , since the 
distribution functions cannot be negative at any time. That this must be so is easily seen 
by considering in"nitesimal time development ( 38 ). In contrast to the o!-diagonal matrix 
elements, the signs of diagonal matrix elements of 1 + !t ˆ HI (t ) are dominated by the "rst 
term (i.e. identity operator) in the parenthesis on its right-hand side, and consequently 
any requirement with respect to the sign of the diagonal matrix elements is not needed. 

(ii) Conservation of probability: to be consistent with the conservation of probability, we have 
to demand 

〈 Z| ˆ HI (t ) = 0 = ˆ HI (t ) | Z〉 , (44) 
since we must have 〈 Z| T(

e
∫ t 

0 ˆ HI (t ) dt )| F (0) 〉 = 1 for an arbitrary initial state | F (0) 〉 at any 
time t. Equivalently, 

〈 Z| ˆ HI (t ) | F (t ) 〉 = ∫ 
〈 [ x] | ˆ HI (t ) | F (t ) 〉 [ dx] = 0 , 

where for de"niteness the time variable of the Z-vacuum is set at t = 0 , remembering 
that the Z-vacuum represented as a Fock state constructed through the operation of "eld 
operators is ensured to be independent of time. 
In addition to these two fundamental conditions, we must assume a conservation law for 
energy functions, namely, 

(iii) Conservation of energies: the conservation of two independent kinds of energies sepa- 
rately, 

[ ˆ HI (t ) , ˆ H ] = 0 = [ ˆ HI (t ) , ˆ K ] , (45) 
where ˆ H and ˆ K are de"ned by Eq. ( 21 ). In more concrete terms, this amounts to assuming 
that each of the energies H and K is conserved additively, since we have, for a generic N - 
body state | [ x] 〉 , 

ˆ H | [ x] 〉 = ( N ∑ 
i =1 H (xi )

)
| [ x] 〉 , ˆ K | [ x] 〉 = ( N ∑ 

i =1 K(xi )
)

| [ x] 〉 . 
As is the case in any molecular dynamical theory of gases within the framework of or- 
dinary Hamiltonian statistical mechanics, the conservation law for energy functions at 
the microscopic level of interacting Nambu particles is one of the basic premises of the 
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Let us now enumerate the conditions required for the interaction Hamiltonian in order to keep 
the basic probability interpretation as formulated in the previous section. 

(i) Nonnegativity: the o!-diagonal matrix elements of ˆ HI (t ) must be nonnegative , since the 
distribution functions cannot be negative at any time. That this must be so is easily seen 
by considering in"nitesimal time development ( 38 ). In contrast to the o!-diagonal matrix 
elements, the signs of diagonal matrix elements of 1 + !t ˆ HI (t ) are dominated by the "rst 
term (i.e. identity operator) in the parenthesis on its right-hand side, and consequently 
any requirement with respect to the sign of the diagonal matrix elements is not needed. 

(ii) Conservation of probability: to be consistent with the conservation of probability, we have 
to demand 

〈 Z| ˆ HI (t ) = 0 = ˆ HI (t ) | Z〉 , (44) 
since we must have 〈 Z| T(

e
∫ t 

0 ˆ HI (t ) dt )| F (0) 〉 = 1 for an arbitrary initial state | F (0) 〉 at any 
time t. Equivalently, 

〈 Z| ˆ HI (t ) | F (t ) 〉 = ∫ 
〈 [ x] | ˆ HI (t ) | F (t ) 〉 [ dx] = 0 , 

where for de"niteness the time variable of the Z-vacuum is set at t = 0 , remembering 
that the Z-vacuum represented as a Fock state constructed through the operation of "eld 
operators is ensured to be independent of time. 
In addition to these two fundamental conditions, we must assume a conservation law for 
energy functions, namely, 

(iii) Conservation of energies: the conservation of two independent kinds of energies sepa- 
rately, 

[ ˆ HI (t ) , ˆ H ] = 0 = [ ˆ HI (t ) , ˆ K ] , (45) 
where ˆ H and ˆ K are de"ned by Eq. ( 21 ). In more concrete terms, this amounts to assuming 
that each of the energies H and K is conserved additively, since we have, for a generic N - 
body state | [ x] 〉 , 

ˆ H | [ x] 〉 = ( N ∑ 
i =1 H (xi )

)
| [ x] 〉 , ˆ K | [ x] 〉 = ( N ∑ 

i =1 K(xi )
)

| [ x] 〉 . 
As is the case in any molecular dynamical theory of gases within the framework of or- 
dinary Hamiltonian statistical mechanics, the conservation law for energy functions at 
the microscopic level of interacting Nambu particles is one of the basic premises of the 
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Finally, we stress that, despite the microscopic reversibility ( 41 ) of the Hermitian interac- 
tion operator ˆ HI (t ) , the master equation ( 39 ) itself cannot be time-reversal invariant in general. 
The situation is the same as in the case of the standard di!usion equation. In other words, the 
time evolution described by the master equation cannot be unitary . This is in contrast to the 
Schrödinger equation: in the latter case, the invariance under time reversal t → −t is achieved 
by complex conjugation of the complex wave function, due to the presence of the imaginary unit 
on its left-hand side, which is of course absent in Eq. ( 39 ) that deals with the real nonnegative 
distribution functions directly. 
5.2. Requirements for the stochastic interaction 
Let us now enumerate the conditions required for the interaction Hamiltonian in order to keep 
the basic probability interpretation as formulated in the previous section. 

(i) Nonnegativity: the o!-diagonal matrix elements of ˆ HI (t ) must be nonnegative , since the 
distribution functions cannot be negative at any time. That this must be so is easily seen 
by considering in"nitesimal time development ( 38 ). In contrast to the o!-diagonal matrix 
elements, the signs of diagonal matrix elements of 1 + !t ˆ HI (t ) are dominated by the "rst 
term (i.e. identity operator) in the parenthesis on its right-hand side, and consequently 
any requirement with respect to the sign of the diagonal matrix elements is not needed. 

(ii) Conservation of probability: to be consistent with the conservation of probability, we have 
to demand 

〈 Z| ˆ HI (t ) = 0 = ˆ HI (t ) | Z〉 , (44) 
since we must have 〈 Z| T(

e
∫ t 

0 ˆ HI (t ) dt )| F (0) 〉 = 1 for an arbitrary initial state | F (0) 〉 at any 
time t. Equivalently, 

〈 Z| ˆ HI (t ) | F (t ) 〉 = ∫ 
〈 [ x] | ˆ HI (t ) | F (t ) 〉 [ dx] = 0 , 

where for de"niteness the time variable of the Z-vacuum is set at t = 0 , remembering 
that the Z-vacuum represented as a Fock state constructed through the operation of "eld 
operators is ensured to be independent of time. 
In addition to these two fundamental conditions, we must assume a conservation law for 
energy functions, namely, 

(iii) Conservation of energies: the conservation of two independent kinds of energies sepa- 
rately, 

[ ˆ HI (t ) , ˆ H ] = 0 = [ ˆ HI (t ) , ˆ K ] , (45) 
where ˆ H and ˆ K are de"ned by Eq. ( 21 ). In more concrete terms, this amounts to assuming 
that each of the energies H and K is conserved additively, since we have, for a generic N - 
body state | [ x] 〉 , 

ˆ H | [ x] 〉 = ( N ∑ 
i =1 H (xi )

)
| [ x] 〉 , ˆ K | [ x] 〉 = ( N ∑ 

i =1 K(xi )
)

| [ x] 〉 . 
As is the case in any molecular dynamical theory of gases within the framework of or- 
dinary Hamiltonian statistical mechanics, the conservation law for energy functions at 
the microscopic level of interacting Nambu particles is one of the basic premises of the 
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to explore this new territory, the core of the present paper, on the basis of the general apparatus 
hitherto constructed. 
5. A model of nonlocal interaction 
5.1. Dynamical evolution of classical statistical states as a Markov process 
A time-dependent statistical N (≥ 2) -body state after including interaction will be denoted by 
| F (t ) 〉 from now on. The initial statistical state is assumed to be 

| F (0) 〉 = ∫ 
f (0) [ x ] | [ x ] , t0 〉 [ dx ] , 

which is actually stationary with respect to the free Hamiltonian ˆ H0 , i.e. independent of t0 , 
satisfying 

ˆ H0 | F (0) 〉 = 0 . 
For de!niteness and notational brevity, we set t0 = 0 and denote the basis N -body state by 
| [ x] , 0 〉 = | [ x] 〉 . A basic premise for investigating the dynamics of | F (t ) 〉 with interaction is that 
the time evolution is described as 

| F (t + !t ) 〉 = e!t ˆ HI (t ) | F (t ) 〉 # (1 + !t ˆ HI (t )) | F (t ) 〉 (38) 
for in!nitesimally small !t, with some interaction Hamiltonian ˆ HI , which is to be de!ned in- 
dependently of statistical states | F (t ) 〉 as a realization of the intuitive picture of nonlocal inter- 
action discussed in the introduction. Thus, we have a simple linear di"erential equation of !rst 
order with respect to time: 

∂t | F (t ) 〉 = ˆ HI (t ) | F (t ) 〉 . (39) 
In other words, we assume that the dynamics of nonlocal interaction that is supposed to cause 
the change of the distributions of stationary statistical states is treated as a “Markov process”
in continuum time in the space of classical statistical states. 

Therefore, we now have to treat a time-dependent distribution function, 
F ([ x] , t ) ≡ F (x1 , . . . , xn , t ) , 

instead of the time-independent distribution function f [ x] contained in | f (t0 ) 〉 of the previous 
section: namely, we can set 

| F (t ) 〉 = ∫ 
F ([ x ] , t ) | [ x ] 〉 [ dx ] , 

with the initial condition F ([ x] , 0) = f (0) [ x] . For convenience, we will call Eq. ( 39 ) the “master 
equation”. In our statistical !eld theory, the master equation plays the role of the Schrödinger 
equation in quantum mechanics. 

Since the interaction of our interest involves a certain nonlocality that cannot be dealt with 
within the usual framework of the Liouville equation, we may call the above operator ˆ HI a 
“stochastic” interaction Hamiltonian. However, to avoid possible confusion, we emphasize that, 
in our case, the “stochasticity” is fundamental and intrinsic in a closed system of N Nambu par- 
ticles; in other words, the Markov process described by Eq. ( 39 ) is autonomous in the sense that 
it is not caused by any external agent, such as a heat bath as in conventional stochasticity, which 
is familiar in the usual stochastic dynamics of open systems. As a matter of course, if we focus 
our attention only on a single Nambu particle in any closed many-body Nambu system, the for- 
mer can be regarded e"ectively as an open system immersed in the latter. A simple example of 
such e"ective approaches will be treated brie#y for the purpose of comparison with the present 
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Finally, we stress that, despite the microscopic reversibility ( 41 ) of the Hermitian interac- 
tion operator ˆ HI (t ) , the master equation ( 39 ) itself cannot be time-reversal invariant in general. 
The situation is the same as in the case of the standard di!usion equation. In other words, the 
time evolution described by the master equation cannot be unitary . This is in contrast to the 
Schrödinger equation: in the latter case, the invariance under time reversal t → −t is achieved 
by complex conjugation of the complex wave function, due to the presence of the imaginary unit 
on its left-hand side, which is of course absent in Eq. ( 39 ) that deals with the real nonnegative 
distribution functions directly. 
5.2. Requirements for the stochastic interaction 
Let us now enumerate the conditions required for the interaction Hamiltonian in order to keep 
the basic probability interpretation as formulated in the previous section. 

(i) Nonnegativity: the o!-diagonal matrix elements of ˆ HI (t ) must be nonnegative , since the 
distribution functions cannot be negative at any time. That this must be so is easily seen 
by considering in"nitesimal time development ( 38 ). In contrast to the o!-diagonal matrix 
elements, the signs of diagonal matrix elements of 1 + !t ˆ HI (t ) are dominated by the "rst 
term (i.e. identity operator) in the parenthesis on its right-hand side, and consequently 
any requirement with respect to the sign of the diagonal matrix elements is not needed. 

(ii) Conservation of probability: to be consistent with the conservation of probability, we have 
to demand 

〈 Z| ˆ HI (t ) = 0 = ˆ HI (t ) | Z〉 , (44) 
since we must have 〈 Z| T(

e
∫ t 

0 ˆ HI (t ) dt )| F (0) 〉 = 1 for an arbitrary initial state | F (0) 〉 at any 
time t. Equivalently, 

〈 Z| ˆ HI (t ) | F (t ) 〉 = ∫ 
〈 [ x] | ˆ HI (t ) | F (t ) 〉 [ dx] = 0 , 

where for de"niteness the time variable of the Z-vacuum is set at t = 0 , remembering 
that the Z-vacuum represented as a Fock state constructed through the operation of "eld 
operators is ensured to be independent of time. 
In addition to these two fundamental conditions, we must assume a conservation law for 
energy functions, namely, 

(iii) Conservation of energies: the conservation of two independent kinds of energies sepa- 
rately, 

[ ˆ HI (t ) , ˆ H ] = 0 = [ ˆ HI (t ) , ˆ K ] , (45) 
where ˆ H and ˆ K are de"ned by Eq. ( 21 ). In more concrete terms, this amounts to assuming 
that each of the energies H and K is conserved additively, since we have, for a generic N - 
body state | [ x] 〉 , 

ˆ H | [ x] 〉 = ( N ∑ 
i =1 H (xi )

)
| [ x] 〉 , ˆ K | [ x] 〉 = ( N ∑ 

i =1 K(xi )
)

| [ x] 〉 . 
As is the case in any molecular dynamical theory of gases within the framework of or- 
dinary Hamiltonian statistical mechanics, the conservation law for energy functions at 
the microscopic level of interacting Nambu particles is one of the basic premises of the 
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Finally, we stress that, despite the microscopic reversibility ( 41 ) of the Hermitian interac- 
tion operator ˆ HI (t ) , the master equation ( 39 ) itself cannot be time-reversal invariant in general. 
The situation is the same as in the case of the standard di!usion equation. In other words, the 
time evolution described by the master equation cannot be unitary . This is in contrast to the 
Schrödinger equation: in the latter case, the invariance under time reversal t → −t is achieved 
by complex conjugation of the complex wave function, due to the presence of the imaginary unit 
on its left-hand side, which is of course absent in Eq. ( 39 ) that deals with the real nonnegative 
distribution functions directly. 
5.2. Requirements for the stochastic interaction 
Let us now enumerate the conditions required for the interaction Hamiltonian in order to keep 
the basic probability interpretation as formulated in the previous section. 

(i) Nonnegativity: the o!-diagonal matrix elements of ˆ HI (t ) must be nonnegative , since the 
distribution functions cannot be negative at any time. That this must be so is easily seen 
by considering in"nitesimal time development ( 38 ). In contrast to the o!-diagonal matrix 
elements, the signs of diagonal matrix elements of 1 + !t ˆ HI (t ) are dominated by the "rst 
term (i.e. identity operator) in the parenthesis on its right-hand side, and consequently 
any requirement with respect to the sign of the diagonal matrix elements is not needed. 

(ii) Conservation of probability: to be consistent with the conservation of probability, we have 
to demand 

〈 Z| ˆ HI (t ) = 0 = ˆ HI (t ) | Z〉 , (44) 
since we must have 〈 Z| T(

e
∫ t 

0 ˆ HI (t ) dt )| F (0) 〉 = 1 for an arbitrary initial state | F (0) 〉 at any 
time t. Equivalently, 

〈 Z| ˆ HI (t ) | F (t ) 〉 = ∫ 
〈 [ x] | ˆ HI (t ) | F (t ) 〉 [ dx] = 0 , 

where for de"niteness the time variable of the Z-vacuum is set at t = 0 , remembering 
that the Z-vacuum represented as a Fock state constructed through the operation of "eld 
operators is ensured to be independent of time. 
In addition to these two fundamental conditions, we must assume a conservation law for 
energy functions, namely, 

(iii) Conservation of energies: the conservation of two independent kinds of energies sepa- 
rately, 

[ ˆ HI (t ) , ˆ H ] = 0 = [ ˆ HI (t ) , ˆ K ] , (45) 
where ˆ H and ˆ K are de"ned by Eq. ( 21 ). In more concrete terms, this amounts to assuming 
that each of the energies H and K is conserved additively, since we have, for a generic N - 
body state | [ x] 〉 , 

ˆ H | [ x] 〉 = ( N ∑ 
i =1 H (xi )

)
| [ x] 〉 , ˆ K | [ x] 〉 = ( N ∑ 

i =1 K(xi )
)

| [ x] 〉 . 
As is the case in any molecular dynamical theory of gases within the framework of or- 
dinary Hamiltonian statistical mechanics, the conservation law for energy functions at 
the microscopic level of interacting Nambu particles is one of the basic premises of the 
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Finally, we stress that, despite the microscopic reversibility ( 41 ) of the Hermitian interac- 
tion operator ˆ HI (t ) , the master equation ( 39 ) itself cannot be time-reversal invariant in general. 
The situation is the same as in the case of the standard di!usion equation. In other words, the 
time evolution described by the master equation cannot be unitary . This is in contrast to the 
Schrödinger equation: in the latter case, the invariance under time reversal t → −t is achieved 
by complex conjugation of the complex wave function, due to the presence of the imaginary unit 
on its left-hand side, which is of course absent in Eq. ( 39 ) that deals with the real nonnegative 
distribution functions directly. 
5.2. Requirements for the stochastic interaction 
Let us now enumerate the conditions required for the interaction Hamiltonian in order to keep 
the basic probability interpretation as formulated in the previous section. 

(i) Nonnegativity: the o!-diagonal matrix elements of ˆ HI (t ) must be nonnegative , since the 
distribution functions cannot be negative at any time. That this must be so is easily seen 
by considering in"nitesimal time development ( 38 ). In contrast to the o!-diagonal matrix 
elements, the signs of diagonal matrix elements of 1 + !t ˆ HI (t ) are dominated by the "rst 
term (i.e. identity operator) in the parenthesis on its right-hand side, and consequently 
any requirement with respect to the sign of the diagonal matrix elements is not needed. 

(ii) Conservation of probability: to be consistent with the conservation of probability, we have 
to demand 

〈 Z| ˆ HI (t ) = 0 = ˆ HI (t ) | Z〉 , (44) 
since we must have 〈 Z| T(

e
∫ t 

0 ˆ HI (t ) dt )| F (0) 〉 = 1 for an arbitrary initial state | F (0) 〉 at any 
time t. Equivalently, 

〈 Z| ˆ HI (t ) | F (t ) 〉 = ∫ 
〈 [ x] | ˆ HI (t ) | F (t ) 〉 [ dx] = 0 , 

where for de"niteness the time variable of the Z-vacuum is set at t = 0 , remembering 
that the Z-vacuum represented as a Fock state constructed through the operation of "eld 
operators is ensured to be independent of time. 
In addition to these two fundamental conditions, we must assume a conservation law for 
energy functions, namely, 

(iii) Conservation of energies: the conservation of two independent kinds of energies sepa- 
rately, 

[ ˆ HI (t ) , ˆ H ] = 0 = [ ˆ HI (t ) , ˆ K ] , (45) 
where ˆ H and ˆ K are de"ned by Eq. ( 21 ). In more concrete terms, this amounts to assuming 
that each of the energies H and K is conserved additively, since we have, for a generic N - 
body state | [ x] 〉 , 

ˆ H | [ x] 〉 = ( N ∑ 
i =1 H (xi )

)
| [ x] 〉 , ˆ K | [ x] 〉 = ( N ∑ 

i =1 K(xi )
)

| [ x] 〉 . 
As is the case in any molecular dynamical theory of gases within the framework of or- 
dinary Hamiltonian statistical mechanics, the conservation law for energy functions at 
the microscopic level of interacting Nambu particles is one of the basic premises of the 
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Finally, we stress that, despite the microscopic reversibility ( 41 ) of the Hermitian interac- 
tion operator ˆ HI (t ) , the master equation ( 39 ) itself cannot be time-reversal invariant in general. 
The situation is the same as in the case of the standard di!usion equation. In other words, the 
time evolution described by the master equation cannot be unitary . This is in contrast to the 
Schrödinger equation: in the latter case, the invariance under time reversal t → −t is achieved 
by complex conjugation of the complex wave function, due to the presence of the imaginary unit 
on its left-hand side, which is of course absent in Eq. ( 39 ) that deals with the real nonnegative 
distribution functions directly. 
5.2. Requirements for the stochastic interaction 
Let us now enumerate the conditions required for the interaction Hamiltonian in order to keep 
the basic probability interpretation as formulated in the previous section. 

(i) Nonnegativity: the o!-diagonal matrix elements of ˆ HI (t ) must be nonnegative , since the 
distribution functions cannot be negative at any time. That this must be so is easily seen 
by considering in"nitesimal time development ( 38 ). In contrast to the o!-diagonal matrix 
elements, the signs of diagonal matrix elements of 1 + !t ˆ HI (t ) are dominated by the "rst 
term (i.e. identity operator) in the parenthesis on its right-hand side, and consequently 
any requirement with respect to the sign of the diagonal matrix elements is not needed. 

(ii) Conservation of probability: to be consistent with the conservation of probability, we have 
to demand 

〈 Z| ˆ HI (t ) = 0 = ˆ HI (t ) | Z〉 , (44) 
since we must have 〈 Z| T(

e
∫ t 

0 ˆ HI (t ) dt )| F (0) 〉 = 1 for an arbitrary initial state | F (0) 〉 at any 
time t. Equivalently, 

〈 Z| ˆ HI (t ) | F (t ) 〉 = ∫ 
〈 [ x] | ˆ HI (t ) | F (t ) 〉 [ dx] = 0 , 

where for de"niteness the time variable of the Z-vacuum is set at t = 0 , remembering 
that the Z-vacuum represented as a Fock state constructed through the operation of "eld 
operators is ensured to be independent of time. 
In addition to these two fundamental conditions, we must assume a conservation law for 
energy functions, namely, 

(iii) Conservation of energies: the conservation of two independent kinds of energies sepa- 
rately, 

[ ˆ HI (t ) , ˆ H ] = 0 = [ ˆ HI (t ) , ˆ K ] , (45) 
where ˆ H and ˆ K are de"ned by Eq. ( 21 ). In more concrete terms, this amounts to assuming 
that each of the energies H and K is conserved additively, since we have, for a generic N - 
body state | [ x] 〉 , 

ˆ H | [ x] 〉 = ( N ∑ 
i =1 H (xi )

)
| [ x] 〉 , ˆ K | [ x] 〉 = ( N ∑ 

i =1 K(xi )
)

| [ x] 〉 . 
As is the case in any molecular dynamical theory of gases within the framework of or- 
dinary Hamiltonian statistical mechanics, the conservation law for energy functions at 
the microscopic level of interacting Nambu particles is one of the basic premises of the 
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Finally, we stress that, despite the microscopic reversibility ( 41 ) of the Hermitian interac- 
tion operator ˆ HI (t ) , the master equation ( 39 ) itself cannot be time-reversal invariant in general. 
The situation is the same as in the case of the standard di!usion equation. In other words, the 
time evolution described by the master equation cannot be unitary . This is in contrast to the 
Schrödinger equation: in the latter case, the invariance under time reversal t → −t is achieved 
by complex conjugation of the complex wave function, due to the presence of the imaginary unit 
on its left-hand side, which is of course absent in Eq. ( 39 ) that deals with the real nonnegative 
distribution functions directly. 
5.2. Requirements for the stochastic interaction 
Let us now enumerate the conditions required for the interaction Hamiltonian in order to keep 
the basic probability interpretation as formulated in the previous section. 

(i) Nonnegativity: the o!-diagonal matrix elements of ˆ HI (t ) must be nonnegative , since the 
distribution functions cannot be negative at any time. That this must be so is easily seen 
by considering in"nitesimal time development ( 38 ). In contrast to the o!-diagonal matrix 
elements, the signs of diagonal matrix elements of 1 + !t ˆ HI (t ) are dominated by the "rst 
term (i.e. identity operator) in the parenthesis on its right-hand side, and consequently 
any requirement with respect to the sign of the diagonal matrix elements is not needed. 

(ii) Conservation of probability: to be consistent with the conservation of probability, we have 
to demand 

〈 Z| ˆ HI (t ) = 0 = ˆ HI (t ) | Z〉 , (44) 
since we must have 〈 Z| T(

e
∫ t 

0 ˆ HI (t ) dt )| F (0) 〉 = 1 for an arbitrary initial state | F (0) 〉 at any 
time t. Equivalently, 

〈 Z| ˆ HI (t ) | F (t ) 〉 = ∫ 
〈 [ x] | ˆ HI (t ) | F (t ) 〉 [ dx] = 0 , 

where for de"niteness the time variable of the Z-vacuum is set at t = 0 , remembering 
that the Z-vacuum represented as a Fock state constructed through the operation of "eld 
operators is ensured to be independent of time. 
In addition to these two fundamental conditions, we must assume a conservation law for 
energy functions, namely, 

(iii) Conservation of energies: the conservation of two independent kinds of energies sepa- 
rately, 

[ ˆ HI (t ) , ˆ H ] = 0 = [ ˆ HI (t ) , ˆ K ] , (45) 
where ˆ H and ˆ K are de"ned by Eq. ( 21 ). In more concrete terms, this amounts to assuming 
that each of the energies H and K is conserved additively, since we have, for a generic N - 
body state | [ x] 〉 , 

ˆ H | [ x] 〉 = ( N ∑ 
i =1 H (xi )

)
| [ x] 〉 , ˆ K | [ x] 〉 = ( N ∑ 

i =1 K(xi )
)

| [ x] 〉 . 
As is the case in any molecular dynamical theory of gases within the framework of or- 
dinary Hamiltonian statistical mechanics, the conservation law for energy functions at 
the microscopic level of interacting Nambu particles is one of the basic premises of the 
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exchanges of the coordinates. As a matter of course, a fermionic !eld is intrinsically quantum 
in its nature, and hence is foreign to our classical statistical system. 
4.2. Further properties of the statistical states 
Even if the distribution function f [ x] itself is independent of time t, the statistical state ( 30 ) 
in general has a nontrivial time dependence, because of the microscopic streaming of Nambu 
particles that obey the Nambu equations of motion: Using Eqs. ( 28 ) and ( 7 ), we can write 

∂t0 | f (t0 ) 〉 = ˆ H0 | f (t0 ) 〉 
= ∫ N ∑ 

a =1 
(

X i (xa )∂ f [ x] 
∂xi 

a 
)

| [ x ] , t0 〉 [ dx ] . (33) 
It is important to notice that 

∫ 
〈 [ x] , t0 | ∂t0 | f (t0 ) 〉 [ dx] = ∫ N ∑ 

a =1 
(

X i (xa )∂ f [ x] 
∂xi 

a 
)

[ dx] 

= − ∫ N ∑ 
a =1 

(
∂i X i (xa ) f [ x ])[ dx ] = 0 . 

More generally, the Liouville equation ensures that the integrated N -body operators themselves 
with the "at distribution function and hence the integrated state ∫ 

〈 [ x ] , t| [ dx ] and its conjugate 
are independent of time t: 

d 
dt 

∫ 
〈 [ x ] , t| [ dx ] = 0 = d 

dt 
∫ 

| [ x ] , t〉 [ dx ] . (34) 
Although the integrated states themselves are not normalizable since they correspond to the 
constant distribution function f [ x] = 1 , Eq. ( 34 ) is meaningful in a formal sense, since their 
scalar products with any normalizable statistical states | f (t0 ) 〉 or 〈 f (t0 ) | are supposed to be well 
de!ned. 

Thus we can represent the normalization condition ( 32 ) equivalently by 
∫ 

〈 [ x ] , t|| f (t0 ) 〉 [ dx ] = 1 
for arbitrary t and t0 . This expresses the conservation law for the classical probability distribu- 
tion introduced above, since the matrix element 〈 [ x] , t| f (t0 ) 〉 is interpreted as a distribution at 
an arbitrary time t, given the initial condition represented by f [ x] at time t0 . For convenience, 
we designate the integrated N -particle state with the "at distribution by a special symbol as 

〈 Z| ≡ ∫ 
〈 [ x ] , t| [ dx ] ≡ ∫ 

〈 [ x ][ dx ] , | Z〉 ≡ ∫ 
| [ x ] , t〉 [ dx ] ≡ ∫ 

〈 [ x ] | [ dx ] , 
which are to be called the “Z -vacuum”, satisfying by de!nition 

〈 Z| f (t0 ) 〉 = 1 , 
for an arbitrary statistical state | f (t0 ) 〉 . With an arbitrary physical operator ˆ G (t ) , which is ex- 
pressed as a functional of the !eld operators at any time t, its expectation value for a statistical 
state | f (t0 ) 〉 is now given by 

〈 ˆ G 〉 f (t0 ) (t ) = 〈 Z| ˆ G (t ) | f (t0 ) 〉 . 
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∂xi 

a 
)
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a 
)
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(
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Finally, we stress that, despite the microscopic reversibility ( 41 ) of the Hermitian interac- 
tion operator ˆ HI (t ) , the master equation ( 39 ) itself cannot be time-reversal invariant in general. 
The situation is the same as in the case of the standard di!usion equation. In other words, the 
time evolution described by the master equation cannot be unitary . This is in contrast to the 
Schrödinger equation: in the latter case, the invariance under time reversal t → −t is achieved 
by complex conjugation of the complex wave function, due to the presence of the imaginary unit 
on its left-hand side, which is of course absent in Eq. ( 39 ) that deals with the real nonnegative 
distribution functions directly. 
5.2. Requirements for the stochastic interaction 
Let us now enumerate the conditions required for the interaction Hamiltonian in order to keep 
the basic probability interpretation as formulated in the previous section. 

(i) Nonnegativity: the o!-diagonal matrix elements of ˆ HI (t ) must be nonnegative , since the 
distribution functions cannot be negative at any time. That this must be so is easily seen 
by considering in"nitesimal time development ( 38 ). In contrast to the o!-diagonal matrix 
elements, the signs of diagonal matrix elements of 1 + !t ˆ HI (t ) are dominated by the "rst 
term (i.e. identity operator) in the parenthesis on its right-hand side, and consequently 
any requirement with respect to the sign of the diagonal matrix elements is not needed. 

(ii) Conservation of probability: to be consistent with the conservation of probability, we have 
to demand 

〈 Z| ˆ HI (t ) = 0 = ˆ HI (t ) | Z〉 , (44) 
since we must have 〈 Z| T(

e
∫ t 

0 ˆ HI (t ) dt )| F (0) 〉 = 1 for an arbitrary initial state | F (0) 〉 at any 
time t. Equivalently, 

〈 Z| ˆ HI (t ) | F (t ) 〉 = ∫ 
〈 [ x] | ˆ HI (t ) | F (t ) 〉 [ dx] = 0 , 

where for de"niteness the time variable of the Z-vacuum is set at t = 0 , remembering 
that the Z-vacuum represented as a Fock state constructed through the operation of "eld 
operators is ensured to be independent of time. 
In addition to these two fundamental conditions, we must assume a conservation law for 
energy functions, namely, 

(iii) Conservation of energies: the conservation of two independent kinds of energies sepa- 
rately, 

[ ˆ HI (t ) , ˆ H ] = 0 = [ ˆ HI (t ) , ˆ K ] , (45) 
where ˆ H and ˆ K are de"ned by Eq. ( 21 ). In more concrete terms, this amounts to assuming 
that each of the energies H and K is conserved additively, since we have, for a generic N - 
body state | [ x] 〉 , 

ˆ H | [ x] 〉 = ( N ∑ 
i =1 H (xi )

)
| [ x] 〉 , ˆ K | [ x] 〉 = ( N ∑ 

i =1 K(xi )
)

| [ x] 〉 . 
As is the case in any molecular dynamical theory of gases within the framework of or- 
dinary Hamiltonian statistical mechanics, the conservation law for energy functions at 
the microscopic level of interacting Nambu particles is one of the basic premises of the 
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present paper, aiming towards a viable theory of many-body Nambu dynamics with inter- 
actions: Since the two conserved energy functions H and K play the role on a completely 
equal footing in the single-body Nambu dynamics, this assumption is more than natural 
in extending our treatments to many-body statistical Nambu dynamics. Otherwise, one 
would not be able even to de!ne statistical ensembles characterized by the probability 
distributions using the energies such as the canonical or microcanonical ensemble. 

Perhaps it is to be appreciated at this juncture that our formulation of interaction in terms 
of the Liouville !eld does not su"er at all from the problem of including interaction that (as 
explained in the introduction) Nambu faced in extending canonical transformations to mixed 
ones of N ( ≥ 2 ) canonical triplets xi of would-be interacting Nambu systems. This is because 
we do not need to introduce such many-body canonical triplets explicitly as fundamental dy- 
namical degrees of freedom. It should also be noted that we are treating here a closed system 
of Nambu particles without introducing any coupling with other degrees of freedom. In this 
situation, the three general conditions above are necessary, almost by de!nition, as the fun- 
damental “microscopic” characterization of the elementary process representing the nonlocal 
interaction: They are common universally to any dynamical theory of statistical mechanics, ir- 
respective of the ordinary Hamiltonian or Nambu dynamics. From this viewpoint, any violation 
of the basic conditions (i)–(iii) should be regarded as a signature of hidden coupling of some 
external degrees of freedom. 

Now, in order to ful!ll (i), it is su#cient to require that 
V (x1 , x2 ; x3 , x4 ) ≥ 0 for (x1 , x2 ) " = (x3 , x4 ) . (46) 

For (ii), we must have ∫ ∫ 
V (x3 , x4 ; x1 , x2 ) d3 x3 d3 x4 = 0 = ∫ ∫ 

V (x3 , x4 ; x1 , x2 ) d3 x1 d3 x2 . (47) 
Note that Eqs. ( 46 ) and ( 47 ) are not incompatible: they only suggest some δ-function-like be- 
havior for the diagonal matrix elements. For (iii), we need 

V (x3 , x4 ; x1 , x2 )(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) = 0 , 
V (x3 , x4 ; x1 , x2 )(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) = 0 . (48) 

In the present paper, we restrict ourselves to studying the simplest but nontrivial Markov 
process that can describe the evolution of statistical states to equilibrium states in terms of the 
language of the Liouville !elds. To simplify the technicality of our following treatments and 
make our discussions concrete as far as possible, we further assume that [ ˆ HI (t ) , ˆ H0 ] = 0 , which 
actually says that the t-dependence of the Liouville !eld operators is ignored for the interaction 
Hamiltonian. This is guaranteed when the coordinate dependence of the kernel function is 
assumed to occur only through the energy functions, because of the !eld equations for the 
time-dependent Liouville !elds. 

All of the above conditions are invariant under the linearized form of the N -symmetry trans- 
formations, namely, SL(2, R ) transformations ( 24 ), which are globally de!ned independently of 
the phase-space coordinates. Hence it is ensured that the stochastic interaction can be formu- 
lated in conformity with both the N -symmetry and the gauge symmetry under Eq. ( 23 ) with 
linear λ functions, simultaneously, as well as the symmetry under canonical phase-coordinate 
transformations. It is fairly obvious that, as long as we require the conservation laws for linear 
sums of the energy functions, it is impossible to extend the N -symmetry to a fully nonlinear 
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distributions using the energies such as the canonical or microcanonical ensemble. 
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of the Liouville !eld does not su"er at all from the problem of including interaction that (as 
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ones of N ( ≥ 2 ) canonical triplets xi of would-be interacting Nambu systems. This is because 
we do not need to introduce such many-body canonical triplets explicitly as fundamental dy- 
namical degrees of freedom. It should also be noted that we are treating here a closed system 
of Nambu particles without introducing any coupling with other degrees of freedom. In this 
situation, the three general conditions above are necessary, almost by de!nition, as the fun- 
damental “microscopic” characterization of the elementary process representing the nonlocal 
interaction: They are common universally to any dynamical theory of statistical mechanics, ir- 
respective of the ordinary Hamiltonian or Nambu dynamics. From this viewpoint, any violation 
of the basic conditions (i)–(iii) should be regarded as a signature of hidden coupling of some 
external degrees of freedom. 

Now, in order to ful!ll (i), it is su#cient to require that 
V (x1 , x2 ; x3 , x4 ) ≥ 0 for (x1 , x2 ) " = (x3 , x4 ) . (46) 

For (ii), we must have ∫ ∫ 
V (x3 , x4 ; x1 , x2 ) d3 x3 d3 x4 = 0 = ∫ ∫ 

V (x3 , x4 ; x1 , x2 ) d3 x1 d3 x2 . (47) 
Note that Eqs. ( 46 ) and ( 47 ) are not incompatible: they only suggest some δ-function-like be- 
havior for the diagonal matrix elements. For (iii), we need 

V (x3 , x4 ; x1 , x2 )(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) = 0 , 
V (x3 , x4 ; x1 , x2 )(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) = 0 . (48) 

In the present paper, we restrict ourselves to studying the simplest but nontrivial Markov 
process that can describe the evolution of statistical states to equilibrium states in terms of the 
language of the Liouville !elds. To simplify the technicality of our following treatments and 
make our discussions concrete as far as possible, we further assume that [ ˆ HI (t ) , ˆ H0 ] = 0 , which 
actually says that the t-dependence of the Liouville !eld operators is ignored for the interaction 
Hamiltonian. This is guaranteed when the coordinate dependence of the kernel function is 
assumed to occur only through the energy functions, because of the !eld equations for the 
time-dependent Liouville !elds. 

All of the above conditions are invariant under the linearized form of the N -symmetry trans- 
formations, namely, SL(2, R ) transformations ( 24 ), which are globally de!ned independently of 
the phase-space coordinates. Hence it is ensured that the stochastic interaction can be formu- 
lated in conformity with both the N -symmetry and the gauge symmetry under Eq. ( 23 ) with 
linear λ functions, simultaneously, as well as the symmetry under canonical phase-coordinate 
transformations. It is fairly obvious that, as long as we require the conservation laws for linear 
sums of the energy functions, it is impossible to extend the N -symmetry to a fully nonlinear 
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interaction: They are common universally to any dynamical theory of statistical mechanics, ir- 
respective of the ordinary Hamiltonian or Nambu dynamics. From this viewpoint, any violation 
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assumed to occur only through the energy functions, because of the !eld equations for the 
time-dependent Liouville !elds. 
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Note that Eqs. ( 46 ) and ( 47 ) are not incompatible: they only suggest some δ-function-like be- 
havior for the diagonal matrix elements. For (iii), we need 

V (x3 , x4 ; x1 , x2 )(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) = 0 , 
V (x3 , x4 ; x1 , x2 )(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) = 0 . (48) 

In the present paper, we restrict ourselves to studying the simplest but nontrivial Markov 
process that can describe the evolution of statistical states to equilibrium states in terms of the 
language of the Liouville !elds. To simplify the technicality of our following treatments and 
make our discussions concrete as far as possible, we further assume that [ ˆ HI (t ) , ˆ H0 ] = 0 , which 
actually says that the t-dependence of the Liouville !eld operators is ignored for the interaction 
Hamiltonian. This is guaranteed when the coordinate dependence of the kernel function is 
assumed to occur only through the energy functions, because of the !eld equations for the 
time-dependent Liouville !elds. 

All of the above conditions are invariant under the linearized form of the N -symmetry trans- 
formations, namely, SL(2, R ) transformations ( 24 ), which are globally de!ned independently of 
the phase-space coordinates. Hence it is ensured that the stochastic interaction can be formu- 
lated in conformity with both the N -symmetry and the gauge symmetry under Eq. ( 23 ) with 
linear λ functions, simultaneously, as well as the symmetry under canonical phase-coordinate 
transformations. It is fairly obvious that, as long as we require the conservation laws for linear 
sums of the energy functions, it is impossible to extend the N -symmetry to a fully nonlinear 
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present paper, aiming towards a viable theory of many-body Nambu dynamics with inter- 
actions: Since the two conserved energy functions H and K play the role on a completely 
equal footing in the single-body Nambu dynamics, this assumption is more than natural 
in extending our treatments to many-body statistical Nambu dynamics. Otherwise, one 
would not be able even to de!ne statistical ensembles characterized by the probability 
distributions using the energies such as the canonical or microcanonical ensemble. 

Perhaps it is to be appreciated at this juncture that our formulation of interaction in terms 
of the Liouville !eld does not su"er at all from the problem of including interaction that (as 
explained in the introduction) Nambu faced in extending canonical transformations to mixed 
ones of N ( ≥ 2 ) canonical triplets xi of would-be interacting Nambu systems. This is because 
we do not need to introduce such many-body canonical triplets explicitly as fundamental dy- 
namical degrees of freedom. It should also be noted that we are treating here a closed system 
of Nambu particles without introducing any coupling with other degrees of freedom. In this 
situation, the three general conditions above are necessary, almost by de!nition, as the fun- 
damental “microscopic” characterization of the elementary process representing the nonlocal 
interaction: They are common universally to any dynamical theory of statistical mechanics, ir- 
respective of the ordinary Hamiltonian or Nambu dynamics. From this viewpoint, any violation 
of the basic conditions (i)–(iii) should be regarded as a signature of hidden coupling of some 
external degrees of freedom. 

Now, in order to ful!ll (i), it is su#cient to require that 
V (x1 , x2 ; x3 , x4 ) ≥ 0 for (x1 , x2 ) " = (x3 , x4 ) . (46) 

For (ii), we must have ∫ ∫ 
V (x3 , x4 ; x1 , x2 ) d3 x3 d3 x4 = 0 = ∫ ∫ 

V (x3 , x4 ; x1 , x2 ) d3 x1 d3 x2 . (47) 
Note that Eqs. ( 46 ) and ( 47 ) are not incompatible: they only suggest some δ-function-like be- 
havior for the diagonal matrix elements. For (iii), we need 

V (x3 , x4 ; x1 , x2 )(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) = 0 , 
V (x3 , x4 ; x1 , x2 )(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) = 0 . (48) 

In the present paper, we restrict ourselves to studying the simplest but nontrivial Markov 
process that can describe the evolution of statistical states to equilibrium states in terms of the 
language of the Liouville !elds. To simplify the technicality of our following treatments and 
make our discussions concrete as far as possible, we further assume that [ ˆ HI (t ) , ˆ H0 ] = 0 , which 
actually says that the t-dependence of the Liouville !eld operators is ignored for the interaction 
Hamiltonian. This is guaranteed when the coordinate dependence of the kernel function is 
assumed to occur only through the energy functions, because of the !eld equations for the 
time-dependent Liouville !elds. 

All of the above conditions are invariant under the linearized form of the N -symmetry trans- 
formations, namely, SL(2, R ) transformations ( 24 ), which are globally de!ned independently of 
the phase-space coordinates. Hence it is ensured that the stochastic interaction can be formu- 
lated in conformity with both the N -symmetry and the gauge symmetry under Eq. ( 23 ) with 
linear λ functions, simultaneously, as well as the symmetry under canonical phase-coordinate 
transformations. It is fairly obvious that, as long as we require the conservation laws for linear 
sums of the energy functions, it is impossible to extend the N -symmetry to a fully nonlinear 
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damental “microscopic” characterization of the elementary process representing the nonlocal 
interaction: They are common universally to any dynamical theory of statistical mechanics, ir- 
respective of the ordinary Hamiltonian or Nambu dynamics. From this viewpoint, any violation 
of the basic conditions (i)–(iii) should be regarded as a signature of hidden coupling of some 
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In the present paper, we restrict ourselves to studying the simplest but nontrivial Markov 
process that can describe the evolution of statistical states to equilibrium states in terms of the 
language of the Liouville !elds. To simplify the technicality of our following treatments and 
make our discussions concrete as far as possible, we further assume that [ ˆ HI (t ) , ˆ H0 ] = 0 , which 
actually says that the t-dependence of the Liouville !eld operators is ignored for the interaction 
Hamiltonian. This is guaranteed when the coordinate dependence of the kernel function is 
assumed to occur only through the energy functions, because of the !eld equations for the 
time-dependent Liouville !elds. 

All of the above conditions are invariant under the linearized form of the N -symmetry trans- 
formations, namely, SL(2, R ) transformations ( 24 ), which are globally de!ned independently of 
the phase-space coordinates. Hence it is ensured that the stochastic interaction can be formu- 
lated in conformity with both the N -symmetry and the gauge symmetry under Eq. ( 23 ) with 
linear λ functions, simultaneously, as well as the symmetry under canonical phase-coordinate 
transformations. It is fairly obvious that, as long as we require the conservation laws for linear 
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present paper, aiming towards a viable theory of many-body Nambu dynamics with inter- 
actions: Since the two conserved energy functions H and K play the role on a completely 
equal footing in the single-body Nambu dynamics, this assumption is more than natural 
in extending our treatments to many-body statistical Nambu dynamics. Otherwise, one 
would not be able even to de!ne statistical ensembles characterized by the probability 
distributions using the energies such as the canonical or microcanonical ensemble. 

Perhaps it is to be appreciated at this juncture that our formulation of interaction in terms 
of the Liouville !eld does not su"er at all from the problem of including interaction that (as 
explained in the introduction) Nambu faced in extending canonical transformations to mixed 
ones of N ( ≥ 2 ) canonical triplets xi of would-be interacting Nambu systems. This is because 
we do not need to introduce such many-body canonical triplets explicitly as fundamental dy- 
namical degrees of freedom. It should also be noted that we are treating here a closed system 
of Nambu particles without introducing any coupling with other degrees of freedom. In this 
situation, the three general conditions above are necessary, almost by de!nition, as the fun- 
damental “microscopic” characterization of the elementary process representing the nonlocal 
interaction: They are common universally to any dynamical theory of statistical mechanics, ir- 
respective of the ordinary Hamiltonian or Nambu dynamics. From this viewpoint, any violation 
of the basic conditions (i)–(iii) should be regarded as a signature of hidden coupling of some 
external degrees of freedom. 

Now, in order to ful!ll (i), it is su#cient to require that 
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language of the Liouville !elds. To simplify the technicality of our following treatments and 
make our discussions concrete as far as possible, we further assume that [ ˆ HI (t ) , ˆ H0 ] = 0 , which 
actually says that the t-dependence of the Liouville !eld operators is ignored for the interaction 
Hamiltonian. This is guaranteed when the coordinate dependence of the kernel function is 
assumed to occur only through the energy functions, because of the !eld equations for the 
time-dependent Liouville !elds. 

All of the above conditions are invariant under the linearized form of the N -symmetry trans- 
formations, namely, SL(2, R ) transformations ( 24 ), which are globally de!ned independently of 
the phase-space coordinates. Hence it is ensured that the stochastic interaction can be formu- 
lated in conformity with both the N -symmetry and the gauge symmetry under Eq. ( 23 ) with 
linear λ functions, simultaneously, as well as the symmetry under canonical phase-coordinate 
transformations. It is fairly obvious that, as long as we require the conservation laws for linear 
sums of the energy functions, it is impossible to extend the N -symmetry to a fully nonlinear 
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form, once we include interactions. In other words, the SL(2, R ) group is essentially the maxi- 
mal possible symmetry group with respect to the transformations of the set of energy functions, 
which may be imposed upon nontrivially interacting Nambu dynamics. 
5.3. The H-theorem for the evolution of statistical states 
Next, we demonstrate that the time evolution governed by the master equation ( 39 ), with the 
general properties hitherto given, satis!es a version of the H-theorem, characterizing the ir- 
reversibility of the master equation. This is important to us, because it shows a characteristic 
feature of equilibrium statistical states in our formalism. To the best of the author’s knowledge, 
for standard Markov processes with !nite numbers ( r) of states with discrete time sequences, 
the H-theorem was originally established by Husimi [ 6 ] (and later also by Stueckelberg [ 7 ]). 
Fortunately, his argument can be extended straightforwardly to our case. 

In preparation, let us brie"y recapitulate Husimi’s proof. The basic condition required is that 
the transition probability pk j (!t ) (≥ 0) corresponding to the transition from a state j to a state 
k for a small time interval !t satis!es the normalization conditions with respect to both indices 
k, j: 

r ∑ 
k=1 pk j (!t ) = 1 and r ∑ 

j=1 pk j (!t ) = 1 . (49) 
The !rst equality comes from the de!nition of transition probability pk j (!t ) itself as usual. 
On the other hand, the second one is satis!ed automatically as a consequence of the !rst if 
we assume microscopic reversibility, namely, pk j (!t ) = p jk (!t ) . It is important to notice that 
the latter equality of Eq. ( 49 ) guarantees that pk j (!t ) provides the role of some probability 
distribution, designated by Pr-I, 

(
pk1 (!t ) , pk2 (!t ) , . . . , pkr (!t )) (50) 

with respect to the running index j with !xed k, in addition to the distribution, designated by 
Pr-0, 

(
p1 j (!t ) , p2 j (!t ) , . . . , pr j (!t ))

with respect to the running index k with !xed j as in the case of the !rst equality of Eq. ( 49 ). 
Consider the stochastic distribution functions ( f1 (t ) , f2 (t ) , . . . , fr (t )) at time t, satisfying by 

de!nition 
fi (t ) ≥ 0 , r ∑ 

i =1 fi (t ) = 1 , 
whose evolution is governed by the transition probability pk j (!t ) . Thus, at t + !t, distribution 
functions are given by fk (t + !t ) = r ∑ 

j=1 pk j (!t ) f j (t ) . We denote the expectation value of any 
function h ( f ) with respect to the probability distribution Pr-I ( 50 ), 

〈 h ( f ) 〉k ≡ ∑ 
j pk j h ( f j ) . 

If h ( f ) is chosen to be a (downward) convex function, we have the well-known inequality 
h (〈 f 〉k ) ≤ 〈 h ( f ) 〉k , 
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hence neither of a “box” of a !nite volume, enclosing our system of N Nambu particles by which 
we usually express the extensiveness, since we do not have any intrinsic distinction between 
canonical coordinates and the conjugate momenta. Remember also that the concept of volume 
itself presupposes the interaction of the system with the environment (as the “wall”), which 
is basically absent in the case of Nambu dynamics, at least at the outset, as we stressed in the 
introduction. 

The transition probability, corresponding to the above pk j , from a state function 〈 [ x] | F (t ) 〉 (in 
place of f j (t ) ) to a state function 〈 [ x] | F (t + !t ) 〉 (in place of fk (t + !t ) ) is given by the matrix 
element 

p([ x] , [ y ]) ≡ 〈 [ x] | e!t ˆ HI | [ y ] 〉 = 〈 [ y ] | e!t ˆ HI | [ x] 〉 ≡ p([ y ] , [ x]) , 
which is ensured to be symmetric and nonnegative due to our requirement (i). We have, using 
the completeness relation ( 27 ), 

〈 [ x] | F (t + !t ) 〉 = ∫ 
〈 [ x] | e!t ˆ HI | [ y ] 〉〈 [ y ] | F (t ) 〉 [ dy ] . 

Note also that Eq. ( 44 ) guarantees that 
∫ 

p([ x ] , [ y ])[ dx ] = 1 = ∫ 
p([ x] , [ y ])[ dy ] . 

Hence we safely obtain the H-theorem for the time evolution of | F (t ) 〉 governed by our master 
equation, 

H (t + !t ) = ∫ 
h
(
〈 [ x] | F (t + !t ) 〉)[ dx] ≤ ∫ 

h
(
〈 [ x] | F (t ) 〉)[ dx] = H (t ) . 

Consequently an equilibrium state | F (∞ ) 〉 , satisfying ˆ HI | F (∞ ) 〉 = 0 , must minimize the H- 
function 

H (∞ ) = ∫ 
h
(
〈 [ x] | F (∞ ) 〉)[ dx] = ∫ 

〈 [ x] | F (∞ ) 〉 log 〈 [ x] | F (∞ ) 〉 [ dx] (52) 
among all possible states that are connected through the master equation: here, it is important 
to keep in mind that the nature of equilibrium states | F (∞ ) 〉 in general depends on the initial 
state | F (0) 〉 and hence on conditions chosen for the initial distribution function f (0) [ x] . 

This minimum principle (essentially, “the principle of entropy” as in the usual statistical me- 
chanics), which is derived as a consequence of dynamics governed by the master equation from 
the H-theorem, will play a key role in characterizing the equilibrium states of statistical Nambu 
dynamics in the next section: It takes the place of the variational principles (which character- 
ize the Nambu equations of motion on the basis of Stokes’ theorem) in non statistical Nambu 
dynamics as elucidated in Ref. [ 3 ]. 
5.4. Ansatz for stochastic interaction: an exactly solvable model 
We now propose a simple toy model for the stochastic interaction that is exactly solvable and 
hence makes it possible to give a reasonably concrete discussion on the approach to equilibrium 
statistical states without invoking any further assumptions or advanced mathematical method- 
ologies. First we rewrite the condition ( 47 ) by rede!ning the kernel function as 

V (x3 , x4 ; x1 , x2 ) ≡ g2 (v (x3 , x4 ; x1 , x2 ) − i (x3 , x4 ; x1 , x2 )) (53) 
where g2 is a positive coupling constant, and 

i (x3 , x4 ; x1 , x2 ) ≡ 1 
2 
(
δ3 (x3 − x1 ) δ3 (x4 − x2 ) + δ3 (x3 − x2 ) δ3 (x4 − x1 )), 
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which is easily proven graphically. Thus, we have, in the sense of the distribution Pr-I, 
h
( ∑ 

j pk j (!t ) f j (t )
)

≤
∑ 

j pk j (!t ) h ( f j (t )) . 
By taking the sum over the remaining index k on both sides, we obtain, using the de!nition of 
Pr-0, 

∑ 
k h

(
fk (t + !t )

)
=

∑ 
k h

( ∑ 
j pk j (!t ) f j (t )

)
≤

∑ 
j h

(
f j (t )

)
. 

This shows that the “H-function”
H (t ) ≡ ∑ 

k h ( fk (t )) 
can only decrease, or remain constant. The latter case occurs for su"ciently large t when the 
evolution reaches an equilibrium, provided that ( f1 (∞ ) , f2 (∞ ) , . . . , fr (∞ )) is well de!ned. In 
particular, if we choose h ( f ) = f log f , −H in equilibrium is essentially the de!nition of en- 
tropy S, apart from the Boltzmann constant: 

−H = S = − ∑ 
k fk log fk . (51) 

It is important to notice that the assumptions that are essential in this argument are only the 
conditions ( 49 ), which are independent of the details of the dynamical mechanism of transi- 
tions: this is in sharp contrast to Boltzmann’s well-known H-theorem 5 in the case of gas theory. 
In the latter, further assumptions must be invoked, such as the “Stosszahlansatz” (often called 
the “scat tering assumption” or “molecular chaos”) for collision of gas molecules, in order to rec- 
oncile apparent contradictions of the H-theorem with the dynamical reversibility of classical 
Hamiltonian dynamics. 

Now, in our case of the Markov process governed by the master equation, all necessary as- 
sumptions are met, except for the fact that we are treating a continuously in!nite number of 
states with continuous indices denoted by the bra-vector 〈 [ x] | and a continuous state denoted 
by the ket-vector | F (t ) 〉 . We adopt the H-function of the above form ( 51 ) extended to the con- 
tinuous case: 

h (F (t )) = 〈 [ x ] | F (t ) 〉 log 〈 [ x ] | F (t ) 〉 . 
One rationale for this particular choice is that it naturally satis!es the following requirement: 
when we consider two systems S1 and S2 that are completely independent of each other with 
separate basis states | [ x1 ] 〉 and | [ x2 ] 〉 , the statistical state | F12 (t ) 〉 of the combined system S = 
S1 + S2 takes the form of a direct product 

〈 [ x1 ] |〈 [ x2 ] | F12 (t ) 〉 ≡ 〈 [ x1 ] | F1 (t ) 〉〈 [ x2 ] | F2 (t ) 〉 ,
∫ 

〈 [ xa ] | F (t ) 〉 [ dxa ] = 1 , (a = 1 , 2) . 
Then the H-function of the combined system is a direct sum of the H-functions of the two 
systems for arbitrary t: 

H12 (t ) = ∫ 
〈 [ x1 ] |〈 [ x2 ] | F12 (t ) 〉 log {〈 [ x1 ] |〈 [ x2 ] | F12 (t ) 〉} [ dx1 ][ dx2 ] = H1 (t ) + H2 (t ) , 

Ha (t ) = ∫ 
〈 [ xa ] | Fa (t ) 〉 log 〈 [ xa ] | Fa (t ) 〉 [ dxa ] , (a = 1 , 2) . 

The signi!cance of this trivial-looking property lies in that it corresponds to the “extensiveness”
of entropy: in our case of Nambu dynamics, we do not have a clear concept of “volume” and 

5 For a comprehensive modern account of the H-theorem in the framework of the standard statistical 
mechanics, see e.g. Ref. [ 8 ] in addition to Ref. [ 2 ]. 
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hence neither of a “box” of a !nite volume, enclosing our system of N Nambu particles by which 
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canonical coordinates and the conjugate momenta. Remember also that the concept of volume 
itself presupposes the interaction of the system with the environment (as the “wall”), which 
is basically absent in the case of Nambu dynamics, at least at the outset, as we stressed in the 
introduction. 

The transition probability, corresponding to the above pk j , from a state function 〈 [ x] | F (t ) 〉 (in 
place of f j (t ) ) to a state function 〈 [ x] | F (t + !t ) 〉 (in place of fk (t + !t ) ) is given by the matrix 
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p([ x] , [ y ]) ≡ 〈 [ x] | e!t ˆ HI | [ y ] 〉 = 〈 [ y ] | e!t ˆ HI | [ x] 〉 ≡ p([ y ] , [ x]) , 
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the completeness relation ( 27 ), 

〈 [ x] | F (t + !t ) 〉 = ∫ 
〈 [ x] | e!t ˆ HI | [ y ] 〉〈 [ y ] | F (t ) 〉 [ dy ] . 

Note also that Eq. ( 44 ) guarantees that 
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p([ x ] , [ y ])[ dx ] = 1 = ∫ 
p([ x] , [ y ])[ dy ] . 

Hence we safely obtain the H-theorem for the time evolution of | F (t ) 〉 governed by our master 
equation, 

H (t + !t ) = ∫ 
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(
〈 [ x] | F (t + !t ) 〉)[ dx] ≤ ∫ 
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(
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(
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among all possible states that are connected through the master equation: here, it is important 
to keep in mind that the nature of equilibrium states | F (∞ ) 〉 in general depends on the initial 
state | F (0) 〉 and hence on conditions chosen for the initial distribution function f (0) [ x] . 

This minimum principle (essentially, “the principle of entropy” as in the usual statistical me- 
chanics), which is derived as a consequence of dynamics governed by the master equation from 
the H-theorem, will play a key role in characterizing the equilibrium states of statistical Nambu 
dynamics in the next section: It takes the place of the variational principles (which character- 
ize the Nambu equations of motion on the basis of Stokes’ theorem) in non statistical Nambu 
dynamics as elucidated in Ref. [ 3 ]. 
5.4. Ansatz for stochastic interaction: an exactly solvable model 
We now propose a simple toy model for the stochastic interaction that is exactly solvable and 
hence makes it possible to give a reasonably concrete discussion on the approach to equilibrium 
statistical states without invoking any further assumptions or advanced mathematical method- 
ologies. First we rewrite the condition ( 47 ) by rede!ning the kernel function as 

V (x3 , x4 ; x1 , x2 ) ≡ g2 (v (x3 , x4 ; x1 , x2 ) − i (x3 , x4 ; x1 , x2 )) (53) 
where g2 is a positive coupling constant, and 

i (x3 , x4 ; x1 , x2 ) ≡ 1 
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hence neither of a “box” of a !nite volume, enclosing our system of N Nambu particles by which 
we usually express the extensiveness, since we do not have any intrinsic distinction between 
canonical coordinates and the conjugate momenta. Remember also that the concept of volume 
itself presupposes the interaction of the system with the environment (as the “wall”), which 
is basically absent in the case of Nambu dynamics, at least at the outset, as we stressed in the 
introduction. 

The transition probability, corresponding to the above pk j , from a state function 〈 [ x] | F (t ) 〉 (in 
place of f j (t ) ) to a state function 〈 [ x] | F (t + !t ) 〉 (in place of fk (t + !t ) ) is given by the matrix 
element 

p([ x] , [ y ]) ≡ 〈 [ x] | e!t ˆ HI | [ y ] 〉 = 〈 [ y ] | e!t ˆ HI | [ x] 〉 ≡ p([ y ] , [ x]) , 
which is ensured to be symmetric and nonnegative due to our requirement (i). We have, using 
the completeness relation ( 27 ), 

〈 [ x] | F (t + !t ) 〉 = ∫ 
〈 [ x] | e!t ˆ HI | [ y ] 〉〈 [ y ] | F (t ) 〉 [ dy ] . 

Note also that Eq. ( 44 ) guarantees that 
∫ 

p([ x ] , [ y ])[ dx ] = 1 = ∫ 
p([ x] , [ y ])[ dy ] . 

Hence we safely obtain the H-theorem for the time evolution of | F (t ) 〉 governed by our master 
equation, 

H (t + !t ) = ∫ 
h
(
〈 [ x] | F (t + !t ) 〉)[ dx] ≤ ∫ 

h
(
〈 [ x] | F (t ) 〉)[ dx] = H (t ) . 

Consequently an equilibrium state | F (∞ ) 〉 , satisfying ˆ HI | F (∞ ) 〉 = 0 , must minimize the H- 
function 

H (∞ ) = ∫ 
h
(
〈 [ x] | F (∞ ) 〉)[ dx] = ∫ 

〈 [ x] | F (∞ ) 〉 log 〈 [ x] | F (∞ ) 〉 [ dx] (52) 
among all possible states that are connected through the master equation: here, it is important 
to keep in mind that the nature of equilibrium states | F (∞ ) 〉 in general depends on the initial 
state | F (0) 〉 and hence on conditions chosen for the initial distribution function f (0) [ x] . 

This minimum principle (essentially, “the principle of entropy” as in the usual statistical me- 
chanics), which is derived as a consequence of dynamics governed by the master equation from 
the H-theorem, will play a key role in characterizing the equilibrium states of statistical Nambu 
dynamics in the next section: It takes the place of the variational principles (which character- 
ize the Nambu equations of motion on the basis of Stokes’ theorem) in non statistical Nambu 
dynamics as elucidated in Ref. [ 3 ]. 
5.4. Ansatz for stochastic interaction: an exactly solvable model 
We now propose a simple toy model for the stochastic interaction that is exactly solvable and 
hence makes it possible to give a reasonably concrete discussion on the approach to equilibrium 
statistical states without invoking any further assumptions or advanced mathematical method- 
ologies. First we rewrite the condition ( 47 ) by rede!ning the kernel function as 

V (x3 , x4 ; x1 , x2 ) ≡ g2 (v (x3 , x4 ; x1 , x2 ) − i (x3 , x4 ; x1 , x2 )) (53) 
where g2 is a positive coupling constant, and 

i (x3 , x4 ; x1 , x2 ) ≡ 1 
2 
(
δ3 (x3 − x1 ) δ3 (x4 − x2 ) + δ3 (x3 − x2 ) δ3 (x4 − x1 )), 

22/44

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2026/5/053A01/8586469 by guest on 25 M

ay 2026

PTEP 2026, 053A01 T. Yoneya

hence neither of a “box” of a !nite volume, enclosing our system of N Nambu particles by which 
we usually express the extensiveness, since we do not have any intrinsic distinction between 
canonical coordinates and the conjugate momenta. Remember also that the concept of volume 
itself presupposes the interaction of the system with the environment (as the “wall”), which 
is basically absent in the case of Nambu dynamics, at least at the outset, as we stressed in the 
introduction. 

The transition probability, corresponding to the above pk j , from a state function 〈 [ x] | F (t ) 〉 (in 
place of f j (t ) ) to a state function 〈 [ x] | F (t + !t ) 〉 (in place of fk (t + !t ) ) is given by the matrix 
element 

p([ x] , [ y ]) ≡ 〈 [ x] | e!t ˆ HI | [ y ] 〉 = 〈 [ y ] | e!t ˆ HI | [ x] 〉 ≡ p([ y ] , [ x]) , 
which is ensured to be symmetric and nonnegative due to our requirement (i). We have, using 
the completeness relation ( 27 ), 

〈 [ x] | F (t + !t ) 〉 = ∫ 
〈 [ x] | e!t ˆ HI | [ y ] 〉〈 [ y ] | F (t ) 〉 [ dy ] . 

Note also that Eq. ( 44 ) guarantees that 
∫ 

p([ x ] , [ y ])[ dx ] = 1 = ∫ 
p([ x] , [ y ])[ dy ] . 

Hence we safely obtain the H-theorem for the time evolution of | F (t ) 〉 governed by our master 
equation, 

H (t + !t ) = ∫ 
h
(
〈 [ x] | F (t + !t ) 〉)[ dx] ≤ ∫ 

h
(
〈 [ x] | F (t ) 〉)[ dx] = H (t ) . 

Consequently an equilibrium state | F (∞ ) 〉 , satisfying ˆ HI | F (∞ ) 〉 = 0 , must minimize the H- 
function 

H (∞ ) = ∫ 
h
(
〈 [ x] | F (∞ ) 〉)[ dx] = ∫ 

〈 [ x] | F (∞ ) 〉 log 〈 [ x] | F (∞ ) 〉 [ dx] (52) 
among all possible states that are connected through the master equation: here, it is important 
to keep in mind that the nature of equilibrium states | F (∞ ) 〉 in general depends on the initial 
state | F (0) 〉 and hence on conditions chosen for the initial distribution function f (0) [ x] . 

This minimum principle (essentially, “the principle of entropy” as in the usual statistical me- 
chanics), which is derived as a consequence of dynamics governed by the master equation from 
the H-theorem, will play a key role in characterizing the equilibrium states of statistical Nambu 
dynamics in the next section: It takes the place of the variational principles (which character- 
ize the Nambu equations of motion on the basis of Stokes’ theorem) in non statistical Nambu 
dynamics as elucidated in Ref. [ 3 ]. 
5.4. Ansatz for stochastic interaction: an exactly solvable model 
We now propose a simple toy model for the stochastic interaction that is exactly solvable and 
hence makes it possible to give a reasonably concrete discussion on the approach to equilibrium 
statistical states without invoking any further assumptions or advanced mathematical method- 
ologies. First we rewrite the condition ( 47 ) by rede!ning the kernel function as 

V (x3 , x4 ; x1 , x2 ) ≡ g2 (v (x3 , x4 ; x1 , x2 ) − i (x3 , x4 ; x1 , x2 )) (53) 
where g2 is a positive coupling constant, and 

i (x3 , x4 ; x1 , x2 ) ≡ 1 
2 
(
δ3 (x3 − x1 ) δ3 (x4 − x2 ) + δ3 (x3 − x2 ) δ3 (x4 − x1 )), 

22/44

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2026/5/053A01/8586469 by guest on 25 M

ay 2026

PTEP 2026, 053A01 T. Yoneya

hence neither of a “box” of a !nite volume, enclosing our system of N Nambu particles by which 
we usually express the extensiveness, since we do not have any intrinsic distinction between 
canonical coordinates and the conjugate momenta. Remember also that the concept of volume 
itself presupposes the interaction of the system with the environment (as the “wall”), which 
is basically absent in the case of Nambu dynamics, at least at the outset, as we stressed in the 
introduction. 

The transition probability, corresponding to the above pk j , from a state function 〈 [ x] | F (t ) 〉 (in 
place of f j (t ) ) to a state function 〈 [ x] | F (t + !t ) 〉 (in place of fk (t + !t ) ) is given by the matrix 
element 

p([ x] , [ y ]) ≡ 〈 [ x] | e!t ˆ HI | [ y ] 〉 = 〈 [ y ] | e!t ˆ HI | [ x] 〉 ≡ p([ y ] , [ x]) , 
which is ensured to be symmetric and nonnegative due to our requirement (i). We have, using 
the completeness relation ( 27 ), 

〈 [ x] | F (t + !t ) 〉 = ∫ 
〈 [ x] | e!t ˆ HI | [ y ] 〉〈 [ y ] | F (t ) 〉 [ dy ] . 

Note also that Eq. ( 44 ) guarantees that 
∫ 

p([ x ] , [ y ])[ dx ] = 1 = ∫ 
p([ x] , [ y ])[ dy ] . 

Hence we safely obtain the H-theorem for the time evolution of | F (t ) 〉 governed by our master 
equation, 

H (t + !t ) = ∫ 
h
(
〈 [ x] | F (t + !t ) 〉)[ dx] ≤ ∫ 

h
(
〈 [ x] | F (t ) 〉)[ dx] = H (t ) . 

Consequently an equilibrium state | F (∞ ) 〉 , satisfying ˆ HI | F (∞ ) 〉 = 0 , must minimize the H- 
function 

H (∞ ) = ∫ 
h
(
〈 [ x] | F (∞ ) 〉)[ dx] = ∫ 

〈 [ x] | F (∞ ) 〉 log 〈 [ x] | F (∞ ) 〉 [ dx] (52) 
among all possible states that are connected through the master equation: here, it is important 
to keep in mind that the nature of equilibrium states | F (∞ ) 〉 in general depends on the initial 
state | F (0) 〉 and hence on conditions chosen for the initial distribution function f (0) [ x] . 

This minimum principle (essentially, “the principle of entropy” as in the usual statistical me- 
chanics), which is derived as a consequence of dynamics governed by the master equation from 
the H-theorem, will play a key role in characterizing the equilibrium states of statistical Nambu 
dynamics in the next section: It takes the place of the variational principles (which character- 
ize the Nambu equations of motion on the basis of Stokes’ theorem) in non statistical Nambu 
dynamics as elucidated in Ref. [ 3 ]. 
5.4. Ansatz for stochastic interaction: an exactly solvable model 
We now propose a simple toy model for the stochastic interaction that is exactly solvable and 
hence makes it possible to give a reasonably concrete discussion on the approach to equilibrium 
statistical states without invoking any further assumptions or advanced mathematical method- 
ologies. First we rewrite the condition ( 47 ) by rede!ning the kernel function as 

V (x3 , x4 ; x1 , x2 ) ≡ g2 (v (x3 , x4 ; x1 , x2 ) − i (x3 , x4 ; x1 , x2 )) (53) 
where g2 is a positive coupling constant, and 

i (x3 , x4 ; x1 , x2 ) ≡ 1 
2 
(
δ3 (x3 − x1 ) δ3 (x4 − x2 ) + δ3 (x3 − x2 ) δ3 (x4 − x1 )), 

22/44

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2026/5/053A01/8586469 by guest on 25 M

ay 2026

PTEP 2026, 053A01 T. Yoneya

which is easily proven graphically. Thus, we have, in the sense of the distribution Pr-I, 
h
( ∑ 

j pk j (!t ) f j (t )
)

≤
∑ 

j pk j (!t ) h ( f j (t )) . 
By taking the sum over the remaining index k on both sides, we obtain, using the de!nition of 
Pr-0, 

∑ 
k h

(
fk (t + !t )

)
=

∑ 
k h

( ∑ 
j pk j (!t ) f j (t )

)
≤

∑ 
j h

(
f j (t )

)
. 

This shows that the “H-function”
H (t ) ≡ ∑ 

k h ( fk (t )) 
can only decrease, or remain constant. The latter case occurs for su"ciently large t when the 
evolution reaches an equilibrium, provided that ( f1 (∞ ) , f2 (∞ ) , . . . , fr (∞ )) is well de!ned. In 
particular, if we choose h ( f ) = f log f , −H in equilibrium is essentially the de!nition of en- 
tropy S, apart from the Boltzmann constant: 

−H = S = − ∑ 
k fk log fk . (51) 

It is important to notice that the assumptions that are essential in this argument are only the 
conditions ( 49 ), which are independent of the details of the dynamical mechanism of transi- 
tions: this is in sharp contrast to Boltzmann’s well-known H-theorem 5 in the case of gas theory. 
In the latter, further assumptions must be invoked, such as the “Stosszahlansatz” (often called 
the “scat tering assumption” or “molecular chaos”) for collision of gas molecules, in order to rec- 
oncile apparent contradictions of the H-theorem with the dynamical reversibility of classical 
Hamiltonian dynamics. 

Now, in our case of the Markov process governed by the master equation, all necessary as- 
sumptions are met, except for the fact that we are treating a continuously in!nite number of 
states with continuous indices denoted by the bra-vector 〈 [ x] | and a continuous state denoted 
by the ket-vector | F (t ) 〉 . We adopt the H-function of the above form ( 51 ) extended to the con- 
tinuous case: 

h (F (t )) = 〈 [ x ] | F (t ) 〉 log 〈 [ x ] | F (t ) 〉 . 
One rationale for this particular choice is that it naturally satis!es the following requirement: 
when we consider two systems S1 and S2 that are completely independent of each other with 
separate basis states | [ x1 ] 〉 and | [ x2 ] 〉 , the statistical state | F12 (t ) 〉 of the combined system S = 
S1 + S2 takes the form of a direct product 

〈 [ x1 ] |〈 [ x2 ] | F12 (t ) 〉 ≡ 〈 [ x1 ] | F1 (t ) 〉〈 [ x2 ] | F2 (t ) 〉 ,
∫ 

〈 [ xa ] | F (t ) 〉 [ dxa ] = 1 , (a = 1 , 2) . 
Then the H-function of the combined system is a direct sum of the H-functions of the two 
systems for arbitrary t: 

H12 (t ) = ∫ 
〈 [ x1 ] |〈 [ x2 ] | F12 (t ) 〉 log {〈 [ x1 ] |〈 [ x2 ] | F12 (t ) 〉} [ dx1 ][ dx2 ] = H1 (t ) + H2 (t ) , 

Ha (t ) = ∫ 
〈 [ xa ] | Fa (t ) 〉 log 〈 [ xa ] | Fa (t ) 〉 [ dxa ] , (a = 1 , 2) . 

The signi!cance of this trivial-looking property lies in that it corresponds to the “extensiveness”
of entropy: in our case of Nambu dynamics, we do not have a clear concept of “volume” and 

5 For a comprehensive modern account of the H-theorem in the framework of the standard statistical 
mechanics, see e.g. Ref. [ 8 ] in addition to Ref. [ 2 ]. 
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statistical states without invoking any further assumptions or advanced mathematical method- 
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satisfying 
∫ ∫ 

i (x3 , x4 ; x1 , x2 ) d3 x3 d3 x4 = 1 = ∫ ∫ 
i (x3 , x4 ; x1 , x2 ) d3 x1 d3 x2 . 

Then, Eq. ( 47 ) is equivalent to 
∫ ∫ 

v (x3 , x4 ; x1 , x2 ) d3 x3 d3 x4 = 1 = ∫ ∫ 
v (x3 , x4 ; x1 , x2 ) d3 x1 d3 x2 . (54) 

To ful!ll the condition ( 46 ), we require that the reduced kernel function v (x3 , x4 ; x1 , x2 ) is non- 
negative. Since the identity function i (x3 , x4 ; x1 , x2 ) by de!nition satis!es the conservation law 
( 48 ) identically, v must also obey 

v (x3 , x4 ; x1 , x2 )(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) = 0 , 
v (x3 , x4 ; x1 , x2 )(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) = 0 . (55) 

Thus, the reduced kernel function v (x3 , x4 ; x1 , x2 ) can have nonzero values only when k12 = 
k34 , h12 = h34 where kab ≡ K(xa ) + K(xb ) , hab ≡ H (xa ) + H (xb ) . 

For ful!llment of the conservation laws ( 55 ), it is natural to set 
v (x3 , x4 ; x1 , x2 ) = v̄ (x3 , x4 ; x1 , x2 ) 
×δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) . (56) 

In order to obtain a concrete example for the coe"cient function v̄ , it is convenient to rewrite 
the product of the delta-functions formally as 

δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) 
=

∫ ∫ ∫ ∫ 
δ(H (x1 ) + H (x2 ) − h12 ) δ(h12 − h34 ) δ(H (x3 ) + H (x4 ) − h34 ) 

×δ(K(x1 ) + K(x2 ) − k12 ) δ(k12 − k34 ) δ(K(x3 ) + K(x4 ) − k34 ) dh12 dh34 dk12 dk34 , 
introducing auxiliary integration variables (hi j , ki j ) with (i j) = (12) , (34) . Namely, we decom- 
pose the product of δ-functions according to the values of the sums of energy functions of 
the initial and !nal coordinates (x1 , x2 ) and (x3 , x4 ) . Due to our assumptions on the functions 
(H (x) , K(x)) stated previously, the following integral 

ρH,K (h, k) ≡ ∫ ∫ 
δ(H (x1 ) + H (x2 ) − h ) δ(K(x1 ) + K(x2 ) − k) d3 x1 d3 x2 (57) 

gives a well-de!ned function for generic positive values of the auxiliary variables (h, k) . This 
is nonvanishing only when two level hypersurfaces corresponding to the equality (H (x1 ) + 
H (x2 ) , K(x1 ) + K(x2 )) = (h, k) have intersections, and consequently its value is proportional to 
the volume of a compact 4D object embedded in 6D coordinate space (x1 , x2 ) , which increases 
monotonically for large values of h, k, with the constraints H (x1 ) + H (x2 ) = h, K(x1 ) + K(x2 ) = 
k. It is to be noted that in general the function ρH,K (h, k) depends on the functional form of the 
energy functions H (x) , K(x) : the lower su"x H, K is placed to signify this dependence explicitly. 

Now due to the de!nition of ρH,K (h, k) , the function v̄ can be chosen to be 
v̄ (x3 , x4 ; x1 , x2 ) = [ ρH,K (H (x3 ) + H (x4 ) , K(x3 ) + K(x4 )) 

×ρH,K (H (x1 ) + H (x2 ) , K(x1 ) + K(x2 ))]−1 / 2 . (58) 
Notice that, as this expression appears only as the coe"cient in front of a product of delta- 
functions, 

δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) , 
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satisfying 
∫ ∫ 

i (x3 , x4 ; x1 , x2 ) d3 x3 d3 x4 = 1 = ∫ ∫ 
i (x3 , x4 ; x1 , x2 ) d3 x1 d3 x2 . 

Then, Eq. ( 47 ) is equivalent to 
∫ ∫ 

v (x3 , x4 ; x1 , x2 ) d3 x3 d3 x4 = 1 = ∫ ∫ 
v (x3 , x4 ; x1 , x2 ) d3 x1 d3 x2 . (54) 

To ful!ll the condition ( 46 ), we require that the reduced kernel function v (x3 , x4 ; x1 , x2 ) is non- 
negative. Since the identity function i (x3 , x4 ; x1 , x2 ) by de!nition satis!es the conservation law 
( 48 ) identically, v must also obey 

v (x3 , x4 ; x1 , x2 )(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) = 0 , 
v (x3 , x4 ; x1 , x2 )(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) = 0 . (55) 

Thus, the reduced kernel function v (x3 , x4 ; x1 , x2 ) can have nonzero values only when k12 = 
k34 , h12 = h34 where kab ≡ K(xa ) + K(xb ) , hab ≡ H (xa ) + H (xb ) . 

For ful!llment of the conservation laws ( 55 ), it is natural to set 
v (x3 , x4 ; x1 , x2 ) = v̄ (x3 , x4 ; x1 , x2 ) 
×δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) . (56) 

In order to obtain a concrete example for the coe"cient function v̄ , it is convenient to rewrite 
the product of the delta-functions formally as 

δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) 
=

∫ ∫ ∫ ∫ 
δ(H (x1 ) + H (x2 ) − h12 ) δ(h12 − h34 ) δ(H (x3 ) + H (x4 ) − h34 ) 

×δ(K(x1 ) + K(x2 ) − k12 ) δ(k12 − k34 ) δ(K(x3 ) + K(x4 ) − k34 ) dh12 dh34 dk12 dk34 , 
introducing auxiliary integration variables (hi j , ki j ) with (i j) = (12) , (34) . Namely, we decom- 
pose the product of δ-functions according to the values of the sums of energy functions of 
the initial and !nal coordinates (x1 , x2 ) and (x3 , x4 ) . Due to our assumptions on the functions 
(H (x) , K(x)) stated previously, the following integral 

ρH,K (h, k) ≡ ∫ ∫ 
δ(H (x1 ) + H (x2 ) − h ) δ(K(x1 ) + K(x2 ) − k) d3 x1 d3 x2 (57) 

gives a well-de!ned function for generic positive values of the auxiliary variables (h, k) . This 
is nonvanishing only when two level hypersurfaces corresponding to the equality (H (x1 ) + 
H (x2 ) , K(x1 ) + K(x2 )) = (h, k) have intersections, and consequently its value is proportional to 
the volume of a compact 4D object embedded in 6D coordinate space (x1 , x2 ) , which increases 
monotonically for large values of h, k, with the constraints H (x1 ) + H (x2 ) = h, K(x1 ) + K(x2 ) = 
k. It is to be noted that in general the function ρH,K (h, k) depends on the functional form of the 
energy functions H (x) , K(x) : the lower su"x H, K is placed to signify this dependence explicitly. 

Now due to the de!nition of ρH,K (h, k) , the function v̄ can be chosen to be 
v̄ (x3 , x4 ; x1 , x2 ) = [ ρH,K (H (x3 ) + H (x4 ) , K(x3 ) + K(x4 )) 

×ρH,K (H (x1 ) + H (x2 ) , K(x1 ) + K(x2 ))]−1 / 2 . (58) 
Notice that, as this expression appears only as the coe"cient in front of a product of delta- 
functions, 
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satisfying 
∫ ∫ 

i (x3 , x4 ; x1 , x2 ) d3 x3 d3 x4 = 1 = ∫ ∫ 
i (x3 , x4 ; x1 , x2 ) d3 x1 d3 x2 . 

Then, Eq. ( 47 ) is equivalent to 
∫ ∫ 

v (x3 , x4 ; x1 , x2 ) d3 x3 d3 x4 = 1 = ∫ ∫ 
v (x3 , x4 ; x1 , x2 ) d3 x1 d3 x2 . (54) 

To ful!ll the condition ( 46 ), we require that the reduced kernel function v (x3 , x4 ; x1 , x2 ) is non- 
negative. Since the identity function i (x3 , x4 ; x1 , x2 ) by de!nition satis!es the conservation law 
( 48 ) identically, v must also obey 

v (x3 , x4 ; x1 , x2 )(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) = 0 , 
v (x3 , x4 ; x1 , x2 )(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) = 0 . (55) 

Thus, the reduced kernel function v (x3 , x4 ; x1 , x2 ) can have nonzero values only when k12 = 
k34 , h12 = h34 where kab ≡ K(xa ) + K(xb ) , hab ≡ H (xa ) + H (xb ) . 

For ful!llment of the conservation laws ( 55 ), it is natural to set 
v (x3 , x4 ; x1 , x2 ) = v̄ (x3 , x4 ; x1 , x2 ) 
×δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) . (56) 

In order to obtain a concrete example for the coe"cient function v̄ , it is convenient to rewrite 
the product of the delta-functions formally as 

δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) 
=

∫ ∫ ∫ ∫ 
δ(H (x1 ) + H (x2 ) − h12 ) δ(h12 − h34 ) δ(H (x3 ) + H (x4 ) − h34 ) 

×δ(K(x1 ) + K(x2 ) − k12 ) δ(k12 − k34 ) δ(K(x3 ) + K(x4 ) − k34 ) dh12 dh34 dk12 dk34 , 
introducing auxiliary integration variables (hi j , ki j ) with (i j) = (12) , (34) . Namely, we decom- 
pose the product of δ-functions according to the values of the sums of energy functions of 
the initial and !nal coordinates (x1 , x2 ) and (x3 , x4 ) . Due to our assumptions on the functions 
(H (x) , K(x)) stated previously, the following integral 

ρH,K (h, k) ≡ ∫ ∫ 
δ(H (x1 ) + H (x2 ) − h ) δ(K(x1 ) + K(x2 ) − k) d3 x1 d3 x2 (57) 

gives a well-de!ned function for generic positive values of the auxiliary variables (h, k) . This 
is nonvanishing only when two level hypersurfaces corresponding to the equality (H (x1 ) + 
H (x2 ) , K(x1 ) + K(x2 )) = (h, k) have intersections, and consequently its value is proportional to 
the volume of a compact 4D object embedded in 6D coordinate space (x1 , x2 ) , which increases 
monotonically for large values of h, k, with the constraints H (x1 ) + H (x2 ) = h, K(x1 ) + K(x2 ) = 
k. It is to be noted that in general the function ρH,K (h, k) depends on the functional form of the 
energy functions H (x) , K(x) : the lower su"x H, K is placed to signify this dependence explicitly. 

Now due to the de!nition of ρH,K (h, k) , the function v̄ can be chosen to be 
v̄ (x3 , x4 ; x1 , x2 ) = [ ρH,K (H (x3 ) + H (x4 ) , K(x3 ) + K(x4 )) 

×ρH,K (H (x1 ) + H (x2 ) , K(x1 ) + K(x2 ))]−1 / 2 . (58) 
Notice that, as this expression appears only as the coe"cient in front of a product of delta- 
functions, 

δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) , 
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satisfying 
∫ ∫ 

i (x3 , x4 ; x1 , x2 ) d3 x3 d3 x4 = 1 = ∫ ∫ 
i (x3 , x4 ; x1 , x2 ) d3 x1 d3 x2 . 

Then, Eq. ( 47 ) is equivalent to 
∫ ∫ 

v (x3 , x4 ; x1 , x2 ) d3 x3 d3 x4 = 1 = ∫ ∫ 
v (x3 , x4 ; x1 , x2 ) d3 x1 d3 x2 . (54) 

To ful!ll the condition ( 46 ), we require that the reduced kernel function v (x3 , x4 ; x1 , x2 ) is non- 
negative. Since the identity function i (x3 , x4 ; x1 , x2 ) by de!nition satis!es the conservation law 
( 48 ) identically, v must also obey 

v (x3 , x4 ; x1 , x2 )(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) = 0 , 
v (x3 , x4 ; x1 , x2 )(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) = 0 . (55) 

Thus, the reduced kernel function v (x3 , x4 ; x1 , x2 ) can have nonzero values only when k12 = 
k34 , h12 = h34 where kab ≡ K(xa ) + K(xb ) , hab ≡ H (xa ) + H (xb ) . 

For ful!llment of the conservation laws ( 55 ), it is natural to set 
v (x3 , x4 ; x1 , x2 ) = v̄ (x3 , x4 ; x1 , x2 ) 
×δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) . (56) 

In order to obtain a concrete example for the coe"cient function v̄ , it is convenient to rewrite 
the product of the delta-functions formally as 

δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) 
=

∫ ∫ ∫ ∫ 
δ(H (x1 ) + H (x2 ) − h12 ) δ(h12 − h34 ) δ(H (x3 ) + H (x4 ) − h34 ) 

×δ(K(x1 ) + K(x2 ) − k12 ) δ(k12 − k34 ) δ(K(x3 ) + K(x4 ) − k34 ) dh12 dh34 dk12 dk34 , 
introducing auxiliary integration variables (hi j , ki j ) with (i j) = (12) , (34) . Namely, we decom- 
pose the product of δ-functions according to the values of the sums of energy functions of 
the initial and !nal coordinates (x1 , x2 ) and (x3 , x4 ) . Due to our assumptions on the functions 
(H (x) , K(x)) stated previously, the following integral 

ρH,K (h, k) ≡ ∫ ∫ 
δ(H (x1 ) + H (x2 ) − h ) δ(K(x1 ) + K(x2 ) − k) d3 x1 d3 x2 (57) 

gives a well-de!ned function for generic positive values of the auxiliary variables (h, k) . This 
is nonvanishing only when two level hypersurfaces corresponding to the equality (H (x1 ) + 
H (x2 ) , K(x1 ) + K(x2 )) = (h, k) have intersections, and consequently its value is proportional to 
the volume of a compact 4D object embedded in 6D coordinate space (x1 , x2 ) , which increases 
monotonically for large values of h, k, with the constraints H (x1 ) + H (x2 ) = h, K(x1 ) + K(x2 ) = 
k. It is to be noted that in general the function ρH,K (h, k) depends on the functional form of the 
energy functions H (x) , K(x) : the lower su"x H, K is placed to signify this dependence explicitly. 

Now due to the de!nition of ρH,K (h, k) , the function v̄ can be chosen to be 
v̄ (x3 , x4 ; x1 , x2 ) = [ ρH,K (H (x3 ) + H (x4 ) , K(x3 ) + K(x4 )) 

×ρH,K (H (x1 ) + H (x2 ) , K(x1 ) + K(x2 ))]−1 / 2 . (58) 
Notice that, as this expression appears only as the coe"cient in front of a product of delta- 
functions, 

δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) , 
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satisfying 
∫ ∫ 

i (x3 , x4 ; x1 , x2 ) d3 x3 d3 x4 = 1 = ∫ ∫ 
i (x3 , x4 ; x1 , x2 ) d3 x1 d3 x2 . 

Then, Eq. ( 47 ) is equivalent to 
∫ ∫ 

v (x3 , x4 ; x1 , x2 ) d3 x3 d3 x4 = 1 = ∫ ∫ 
v (x3 , x4 ; x1 , x2 ) d3 x1 d3 x2 . (54) 

To ful!ll the condition ( 46 ), we require that the reduced kernel function v (x3 , x4 ; x1 , x2 ) is non- 
negative. Since the identity function i (x3 , x4 ; x1 , x2 ) by de!nition satis!es the conservation law 
( 48 ) identically, v must also obey 

v (x3 , x4 ; x1 , x2 )(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) = 0 , 
v (x3 , x4 ; x1 , x2 )(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) = 0 . (55) 

Thus, the reduced kernel function v (x3 , x4 ; x1 , x2 ) can have nonzero values only when k12 = 
k34 , h12 = h34 where kab ≡ K(xa ) + K(xb ) , hab ≡ H (xa ) + H (xb ) . 

For ful!llment of the conservation laws ( 55 ), it is natural to set 
v (x3 , x4 ; x1 , x2 ) = v̄ (x3 , x4 ; x1 , x2 ) 
×δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) . (56) 

In order to obtain a concrete example for the coe"cient function v̄ , it is convenient to rewrite 
the product of the delta-functions formally as 

δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) 
=

∫ ∫ ∫ ∫ 
δ(H (x1 ) + H (x2 ) − h12 ) δ(h12 − h34 ) δ(H (x3 ) + H (x4 ) − h34 ) 

×δ(K(x1 ) + K(x2 ) − k12 ) δ(k12 − k34 ) δ(K(x3 ) + K(x4 ) − k34 ) dh12 dh34 dk12 dk34 , 
introducing auxiliary integration variables (hi j , ki j ) with (i j) = (12) , (34) . Namely, we decom- 
pose the product of δ-functions according to the values of the sums of energy functions of 
the initial and !nal coordinates (x1 , x2 ) and (x3 , x4 ) . Due to our assumptions on the functions 
(H (x) , K(x)) stated previously, the following integral 

ρH,K (h, k) ≡ ∫ ∫ 
δ(H (x1 ) + H (x2 ) − h ) δ(K(x1 ) + K(x2 ) − k) d3 x1 d3 x2 (57) 

gives a well-de!ned function for generic positive values of the auxiliary variables (h, k) . This 
is nonvanishing only when two level hypersurfaces corresponding to the equality (H (x1 ) + 
H (x2 ) , K(x1 ) + K(x2 )) = (h, k) have intersections, and consequently its value is proportional to 
the volume of a compact 4D object embedded in 6D coordinate space (x1 , x2 ) , which increases 
monotonically for large values of h, k, with the constraints H (x1 ) + H (x2 ) = h, K(x1 ) + K(x2 ) = 
k. It is to be noted that in general the function ρH,K (h, k) depends on the functional form of the 
energy functions H (x) , K(x) : the lower su"x H, K is placed to signify this dependence explicitly. 

Now due to the de!nition of ρH,K (h, k) , the function v̄ can be chosen to be 
v̄ (x3 , x4 ; x1 , x2 ) = [ ρH,K (H (x3 ) + H (x4 ) , K(x3 ) + K(x4 )) 

×ρH,K (H (x1 ) + H (x2 ) , K(x1 ) + K(x2 ))]−1 / 2 . (58) 
Notice that, as this expression appears only as the coe"cient in front of a product of delta- 
functions, 

δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) , 
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satisfying 
∫ ∫ 

i (x3 , x4 ; x1 , x2 ) d3 x3 d3 x4 = 1 = ∫ ∫ 
i (x3 , x4 ; x1 , x2 ) d3 x1 d3 x2 . 

Then, Eq. ( 47 ) is equivalent to 
∫ ∫ 

v (x3 , x4 ; x1 , x2 ) d3 x3 d3 x4 = 1 = ∫ ∫ 
v (x3 , x4 ; x1 , x2 ) d3 x1 d3 x2 . (54) 

To ful!ll the condition ( 46 ), we require that the reduced kernel function v (x3 , x4 ; x1 , x2 ) is non- 
negative. Since the identity function i (x3 , x4 ; x1 , x2 ) by de!nition satis!es the conservation law 
( 48 ) identically, v must also obey 

v (x3 , x4 ; x1 , x2 )(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) = 0 , 
v (x3 , x4 ; x1 , x2 )(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) = 0 . (55) 

Thus, the reduced kernel function v (x3 , x4 ; x1 , x2 ) can have nonzero values only when k12 = 
k34 , h12 = h34 where kab ≡ K(xa ) + K(xb ) , hab ≡ H (xa ) + H (xb ) . 

For ful!llment of the conservation laws ( 55 ), it is natural to set 
v (x3 , x4 ; x1 , x2 ) = v̄ (x3 , x4 ; x1 , x2 ) 
×δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) . (56) 

In order to obtain a concrete example for the coe"cient function v̄ , it is convenient to rewrite 
the product of the delta-functions formally as 

δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) 
=

∫ ∫ ∫ ∫ 
δ(H (x1 ) + H (x2 ) − h12 ) δ(h12 − h34 ) δ(H (x3 ) + H (x4 ) − h34 ) 

×δ(K(x1 ) + K(x2 ) − k12 ) δ(k12 − k34 ) δ(K(x3 ) + K(x4 ) − k34 ) dh12 dh34 dk12 dk34 , 
introducing auxiliary integration variables (hi j , ki j ) with (i j) = (12) , (34) . Namely, we decom- 
pose the product of δ-functions according to the values of the sums of energy functions of 
the initial and !nal coordinates (x1 , x2 ) and (x3 , x4 ) . Due to our assumptions on the functions 
(H (x) , K(x)) stated previously, the following integral 

ρH,K (h, k) ≡ ∫ ∫ 
δ(H (x1 ) + H (x2 ) − h ) δ(K(x1 ) + K(x2 ) − k) d3 x1 d3 x2 (57) 

gives a well-de!ned function for generic positive values of the auxiliary variables (h, k) . This 
is nonvanishing only when two level hypersurfaces corresponding to the equality (H (x1 ) + 
H (x2 ) , K(x1 ) + K(x2 )) = (h, k) have intersections, and consequently its value is proportional to 
the volume of a compact 4D object embedded in 6D coordinate space (x1 , x2 ) , which increases 
monotonically for large values of h, k, with the constraints H (x1 ) + H (x2 ) = h, K(x1 ) + K(x2 ) = 
k. It is to be noted that in general the function ρH,K (h, k) depends on the functional form of the 
energy functions H (x) , K(x) : the lower su"x H, K is placed to signify this dependence explicitly. 

Now due to the de!nition of ρH,K (h, k) , the function v̄ can be chosen to be 
v̄ (x3 , x4 ; x1 , x2 ) = [ ρH,K (H (x3 ) + H (x4 ) , K(x3 ) + K(x4 )) 

×ρH,K (H (x1 ) + H (x2 ) , K(x1 ) + K(x2 ))]−1 / 2 . (58) 
Notice that, as this expression appears only as the coe"cient in front of a product of delta- 
functions, 
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satisfying 
∫ ∫ 
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To ful!ll the condition ( 46 ), we require that the reduced kernel function v (x3 , x4 ; x1 , x2 ) is non- 
negative. Since the identity function i (x3 , x4 ; x1 , x2 ) by de!nition satis!es the conservation law 
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v (x3 , x4 ; x1 , x2 ) = v̄ (x3 , x4 ; x1 , x2 ) 
×δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) . (56) 

In order to obtain a concrete example for the coe"cient function v̄ , it is convenient to rewrite 
the product of the delta-functions formally as 

δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) 
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∫ ∫ ∫ ∫ 
δ(H (x1 ) + H (x2 ) − h12 ) δ(h12 − h34 ) δ(H (x3 ) + H (x4 ) − h34 ) 

×δ(K(x1 ) + K(x2 ) − k12 ) δ(k12 − k34 ) δ(K(x3 ) + K(x4 ) − k34 ) dh12 dh34 dk12 dk34 , 
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the initial and !nal coordinates (x1 , x2 ) and (x3 , x4 ) . Due to our assumptions on the functions 
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ρH,K (h, k) ≡ ∫ ∫ 
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×ρH,K (H (x1 ) + H (x2 ) , K(x1 ) + K(x2 ))]−1 / 2 . (58) 
Notice that, as this expression appears only as the coe"cient in front of a product of delta- 
functions, 
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Fig. 1. The I-line at the intersection of the h -plane and the k-plane. 

3D space actually represents the 3D torus (θ1 , θ2 , θ3 ) (0 ≤ θ i ≤ 2 π ) . The intersection of the 
level planes is a straight line, which we call the “I-line” for convenience, connecting two out of 
the three coordinate planes ( Ri = 0 , R j ≥ 0 , j # = i , i, j = 1 , 2 , 3 ) that form the three sides of the 
octant. The above integral is then proportional to the length of the I-line. Of course, the I-line 
actually represents the 4D submanifold embedded in 6D space corresponding to the pair of 3D 
coordinates (xi 

1 , xi 
2 ), corresponding to the conditions H (x1 ) + H (x2 ) = h and K(x1 ) + K(x2 ) = 

k. As a typical situation with a nontrivial intersecting line, let us consider the case where the 
following conditions for the values of (h, k) are met, either 

(I) : h/A1 < k/B1 , h/A2 < k/B2 , h/A3 > k/B3 , 
or 

(II) : h/A1 > k/B1 , h/A2 > k/B2 , h/A3 < k/B3 . 
Other possible cases for the occurrence of nontrivial intersections are obtained from these two 
cases by exchanging the indices appropriately. Also, case (II) is obtained from case (I) by the 
interchange h ↔ k, Ai ↔ Bi , so that it is su!cient to treat only case (I). The relevant geometry 
is illustrated in Fig. 1 . By performing the integration explicitly, we easily get 

ρH,K (h, k ) = π3 | hB3 − k A3 | 
| A3 B1 − A1 B3 || A3 B2 − A2 B3 | . (59) 

25/44

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2026/5/053A01/8586469 by guest on 25 M

ay 2026

PTEP 2026, 053A01 T. Yoneya

On the other hand, the coordinates at the ends of the I-line on the coordinate planes are 
13 plane : (R(13) 

1 , 0 , R(13) 
3 ) ≡ (∣∣∣∣

−hB3 + kA3 
A3 B1 − A1 B3 

∣∣∣∣, 0 , ∣∣∣∣ hB1 − kA1 
A3 B1 − A1 B3 

∣∣∣∣

)
, 

23 plane : (0 , R(23) 
2 , R(23) 

3 ) ≡ (
0 , ∣∣∣∣ −hB3 + kA3 

A3 B2 − A2 B3 
∣∣∣∣,

∣∣∣∣
B2 h − A2 k 

A3 B2 − A2 B3 
∣∣∣∣

)
. 

Hence the length of the I-line is equal to 
[
(R(13) 

1 )2 + (R(23) 
2 )2 + (R(13) 

3 − R(23) 
3 )2 ]1 / 2 

= | hB3 − kA3 | 
| (A3 B1 − A1 B3 )(A3 B2 − A2 B3 ) | 

×
[
(A3 B2 − A2 B3 )2 + (A3 B1 − A1 B3 )2 + (A1 B2 − A2 B1 )2 ]1 / 2 

. 
Thus apart from a universal factor [(A3 B2 − A2 B3 )2 + (A3 B1 − A1 B3 )2 + (A1 B2 − A2 B1 )2 ]1 / 2 , 
which is completely symmetric under arbitrary interchanges of indices and is independent of 
the values (h, k) of energy functions, ρH,K (h, k) /π3 is essentially the length of the I-line in the 
3D space (R1 , R2 , R3 ) . In the sense of the original 6D coordinate space, Eq. ( 59 ) gives the volume 
of the 4D submanifold embedded as the intersection of the level hypersurfaces corresponding 
to (H (x1 ) + H (x2 ) , K(x1 ) + K(x2 )) = (h, k) . 

We can see clearly how the N -symmetry is realized in this example. First we note that the 
pairs (Ai , Bi ) (i = 1 , 2 , 3) and (h, k) are transformed according to the fundamental doublet rep- 
resentation of SL(2, R ). The “cross-product” of any two di!erent doublets is invariant under the 
transformation: 

A′ 
1 B′ 

2 − A′ 
2 B′ 

1 = (aA1 + bB1 )(cA2 + dB2 ) − (aA2 + bB2 )(cA1 + dB1 ) 
= (ad − bc )(A1 B2 − A2 B1 ) = A1 B2 − A2 B1 . 

Therefore, the result ( 59 ) is manifestly invariant under the N -symmetry transformation: 
ρH ′ ,K ′ (h′ , k′ ) = ρH,K (h, k) , 

since all of these doublets appear only through the form of the cross-products, Ai B j − A j Bi (
i % = j; i, j ∈ (1 , 2 , 3)

)
and hBi − kAi (i ∈ (1 , 2 , 3)

)
. Note also that the absolute values of these 

cross-products are invariant under the simultaneous interchanges Ai ↔ Bi and h ↔ k. Hence 
our conclusion with respect to the N -symmetry is also valid in case (II) as it is. 
5.6. The exact spectrum and eigenfunctions for the functional operator v (x3 , x4 ; x1 , x2 ) 
We now show that the eigenvalue spectrum of the kernel function v (x3 , x4 ; x1 , x2 ) de"ned above 
consists only of two possible values, 1 and 0, when v (x3 , x4 ; x1 , x2 ) is regarded as a symmetric 
and real matrix with continuous indices, (x3 , x4 ) and (x1 , x2 ) being the row and column indices, 
respectively. Such a simple spectrum for the in"nite-dimensional continuous matrix is made 
possible due to the simplifying assumption [ ˆ HI , ˆ H0 ] = 0 . However, each eigenvalue is in"nitely 
degenerate, necessarily, due to the presence of continuous values of energy functions. 

The eigenvalue equation is an integral equation, 
∫ ∫ 

v (x3 , x4 ; x1 , x2 ) fλ(x1 , x2 ) d3 x1 d3 x2 = λ fλ(x3 , x4 ) , 
with fλ(x1 , x2 ) being the eigenfunction. Because of the symmetry of the kernel function under 
the interchange of the coordinates x3 ↔ x4 and x1 ↔ x2 , we can assume that the eigenfunctions 
are also symmetric, f (x1 , x2 ) = f (x2 , x1 ) . Since the kernel function conserves the energies, the 
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On the other hand, the coordinates at the ends of the I-line on the coordinate planes are 
13 plane : (R(13) 

1 , 0 , R(13) 
3 ) ≡ (∣∣∣∣

−hB3 + kA3 
A3 B1 − A1 B3 

∣∣∣∣, 0 , ∣∣∣∣ hB1 − kA1 
A3 B1 − A1 B3 

∣∣∣∣

)
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23 plane : (0 , R(23) 
2 , R(23) 

3 ) ≡ (
0 , ∣∣∣∣ −hB3 + kA3 

A3 B2 − A2 B3 
∣∣∣∣,

∣∣∣∣
B2 h − A2 k 

A3 B2 − A2 B3 
∣∣∣∣

)
. 

Hence the length of the I-line is equal to 
[
(R(13) 

1 )2 + (R(23) 
2 )2 + (R(13) 

3 − R(23) 
3 )2 ]1 / 2 

= | hB3 − kA3 | 
| (A3 B1 − A1 B3 )(A3 B2 − A2 B3 ) | 

×
[
(A3 B2 − A2 B3 )2 + (A3 B1 − A1 B3 )2 + (A1 B2 − A2 B1 )2 ]1 / 2 

. 
Thus apart from a universal factor [(A3 B2 − A2 B3 )2 + (A3 B1 − A1 B3 )2 + (A1 B2 − A2 B1 )2 ]1 / 2 , 
which is completely symmetric under arbitrary interchanges of indices and is independent of 
the values (h, k) of energy functions, ρH,K (h, k) /π3 is essentially the length of the I-line in the 
3D space (R1 , R2 , R3 ) . In the sense of the original 6D coordinate space, Eq. ( 59 ) gives the volume 
of the 4D submanifold embedded as the intersection of the level hypersurfaces corresponding 
to (H (x1 ) + H (x2 ) , K(x1 ) + K(x2 )) = (h, k) . 

We can see clearly how the N -symmetry is realized in this example. First we note that the 
pairs (Ai , Bi ) (i = 1 , 2 , 3) and (h, k) are transformed according to the fundamental doublet rep- 
resentation of SL(2, R ). The “cross-product” of any two di!erent doublets is invariant under the 
transformation: 

A′ 
1 B′ 

2 − A′ 
2 B′ 

1 = (aA1 + bB1 )(cA2 + dB2 ) − (aA2 + bB2 )(cA1 + dB1 ) 
= (ad − bc )(A1 B2 − A2 B1 ) = A1 B2 − A2 B1 . 

Therefore, the result ( 59 ) is manifestly invariant under the N -symmetry transformation: 
ρH ′ ,K ′ (h′ , k′ ) = ρH,K (h, k) , 

since all of these doublets appear only through the form of the cross-products, Ai B j − A j Bi (
i % = j; i, j ∈ (1 , 2 , 3)

)
and hBi − kAi (i ∈ (1 , 2 , 3)

)
. Note also that the absolute values of these 

cross-products are invariant under the simultaneous interchanges Ai ↔ Bi and h ↔ k. Hence 
our conclusion with respect to the N -symmetry is also valid in case (II) as it is. 
5.6. The exact spectrum and eigenfunctions for the functional operator v (x3 , x4 ; x1 , x2 ) 
We now show that the eigenvalue spectrum of the kernel function v (x3 , x4 ; x1 , x2 ) de"ned above 
consists only of two possible values, 1 and 0, when v (x3 , x4 ; x1 , x2 ) is regarded as a symmetric 
and real matrix with continuous indices, (x3 , x4 ) and (x1 , x2 ) being the row and column indices, 
respectively. Such a simple spectrum for the in"nite-dimensional continuous matrix is made 
possible due to the simplifying assumption [ ˆ HI , ˆ H0 ] = 0 . However, each eigenvalue is in"nitely 
degenerate, necessarily, due to the presence of continuous values of energy functions. 

The eigenvalue equation is an integral equation, 
∫ ∫ 

v (x3 , x4 ; x1 , x2 ) fλ(x1 , x2 ) d3 x1 d3 x2 = λ fλ(x3 , x4 ) , 
with fλ(x1 , x2 ) being the eigenfunction. Because of the symmetry of the kernel function under 
the interchange of the coordinates x3 ↔ x4 and x1 ↔ x2 , we can assume that the eigenfunctions 
are also symmetric, f (x1 , x2 ) = f (x2 , x1 ) . Since the kernel function conserves the energies, the 
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On the other hand, the coordinates at the ends of the I-line on the coordinate planes are 
13 plane : (R(13) 

1 , 0 , R(13) 
3 ) ≡ (∣∣∣∣

−hB3 + kA3 
A3 B1 − A1 B3 

∣∣∣∣, 0 , ∣∣∣∣ hB1 − kA1 
A3 B1 − A1 B3 

∣∣∣∣
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A3 B2 − A2 B3 
∣∣∣∣,

∣∣∣∣
B2 h − A2 k 

A3 B2 − A2 B3 
∣∣∣∣

)
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Hence the length of the I-line is equal to 
[
(R(13) 

1 )2 + (R(23) 
2 )2 + (R(13) 

3 − R(23) 
3 )2 ]1 / 2 

= | hB3 − kA3 | 
| (A3 B1 − A1 B3 )(A3 B2 − A2 B3 ) | 

×
[
(A3 B2 − A2 B3 )2 + (A3 B1 − A1 B3 )2 + (A1 B2 − A2 B1 )2 ]1 / 2 

. 
Thus apart from a universal factor [(A3 B2 − A2 B3 )2 + (A3 B1 − A1 B3 )2 + (A1 B2 − A2 B1 )2 ]1 / 2 , 
which is completely symmetric under arbitrary interchanges of indices and is independent of 
the values (h, k) of energy functions, ρH,K (h, k) /π3 is essentially the length of the I-line in the 
3D space (R1 , R2 , R3 ) . In the sense of the original 6D coordinate space, Eq. ( 59 ) gives the volume 
of the 4D submanifold embedded as the intersection of the level hypersurfaces corresponding 
to (H (x1 ) + H (x2 ) , K(x1 ) + K(x2 )) = (h, k) . 

We can see clearly how the N -symmetry is realized in this example. First we note that the 
pairs (Ai , Bi ) (i = 1 , 2 , 3) and (h, k) are transformed according to the fundamental doublet rep- 
resentation of SL(2, R ). The “cross-product” of any two di!erent doublets is invariant under the 
transformation: 

A′ 
1 B′ 

2 − A′ 
2 B′ 

1 = (aA1 + bB1 )(cA2 + dB2 ) − (aA2 + bB2 )(cA1 + dB1 ) 
= (ad − bc )(A1 B2 − A2 B1 ) = A1 B2 − A2 B1 . 

Therefore, the result ( 59 ) is manifestly invariant under the N -symmetry transformation: 
ρH ′ ,K ′ (h′ , k′ ) = ρH,K (h, k) , 

since all of these doublets appear only through the form of the cross-products, Ai B j − A j Bi (
i % = j; i, j ∈ (1 , 2 , 3)

)
and hBi − kAi (i ∈ (1 , 2 , 3)

)
. Note also that the absolute values of these 

cross-products are invariant under the simultaneous interchanges Ai ↔ Bi and h ↔ k. Hence 
our conclusion with respect to the N -symmetry is also valid in case (II) as it is. 
5.6. The exact spectrum and eigenfunctions for the functional operator v (x3 , x4 ; x1 , x2 ) 
We now show that the eigenvalue spectrum of the kernel function v (x3 , x4 ; x1 , x2 ) de"ned above 
consists only of two possible values, 1 and 0, when v (x3 , x4 ; x1 , x2 ) is regarded as a symmetric 
and real matrix with continuous indices, (x3 , x4 ) and (x1 , x2 ) being the row and column indices, 
respectively. Such a simple spectrum for the in"nite-dimensional continuous matrix is made 
possible due to the simplifying assumption [ ˆ HI , ˆ H0 ] = 0 . However, each eigenvalue is in"nitely 
degenerate, necessarily, due to the presence of continuous values of energy functions. 

The eigenvalue equation is an integral equation, 
∫ ∫ 

v (x3 , x4 ; x1 , x2 ) fλ(x1 , x2 ) d3 x1 d3 x2 = λ fλ(x3 , x4 ) , 
with fλ(x1 , x2 ) being the eigenfunction. Because of the symmetry of the kernel function under 
the interchange of the coordinates x3 ↔ x4 and x1 ↔ x2 , we can assume that the eigenfunctions 
are also symmetric, f (x1 , x2 ) = f (x2 , x1 ) . Since the kernel function conserves the energies, the 
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the function v̄ (x3 , x4 ; x1 , x2 ) can be replaced by ρH,K (H (x1 ) + H (x2 ) , K(x1 ) + K(x2 ))−1 or 
ρH,K (H (x3 ) + H (x4 ) , K(x3 ) + K(x4 ))−1 depending on various situations. Using this property, it 
is straightforward to check that the conditions ( 54 ) are satis!ed: 

∫ ∫ 
v (x3 , x4 ; x1 , x2 ) d3 x3 d3 x4 

=
∫ ∫ 

ρH,K (H (x3 ) + H (x4 ) ; K(x3 ) + K(x4 ))−1 ∫ ∫ 
δ(H (x1 ) + H (x2 ) − h12 ) 

×δ(K(x1 ) + K(x2 ) − k12 ) δ(H (x3 ) + H (x4 ) − h34 ) δ(K(x3 ) + K(x4 ) − k34 ) 
×δ(h12 − h34 ) δ(k12 − k34 ) dh12 dk12 dh34 dk34 d3 x3 d3 x4 
=

∫ ∫ 
ρH,K (h34 ; k34 )−1 ∫ ∫ 

δ(H (x1 ) + H (x2 ) − h12 ) 
×δ(K(x1 ) + K(x2 ) − k12 ) δ(H (x3 ) + H (x4 ) − h34 ) δ(K(x3 ) + K(x4 ) − k34 ) 
×δ(h12 − h34 ) δ(k12 − k34 ) dh12 dk12 dh34 dk34 d3 x3 d3 x4 
=

∫ ∫ 
δ(H (x1 ) + H (x2 ) − h12 ) δ(K(x1 ) + K(x2 ) − k12 ) δ(h12 − h34 ) δ(k12 − k34 ) 

×d h12 d k12 d h34 d k34 = 1 , 
where, in the third equality, we performed integrations over the coordinates (x3 , x4 ) before those 
over the auxiliary variables (h12 , k12 , h34 , k34 ) . Since all of the above equations are essentially 
invariant under the SL(2, R ) transformations ( 24 ), provided that the auxiliary integration vari- 
ables (hi j , ki j ) transform as the fundamental doublet representation of SL(2, R ) under which the 
integration measure d hi j d ki j is invariant, the result obtained here is valid and equivalent for any 
choices of the energy functions (H, K ) that are connected by the N -symmetry transformations. 
5.5. Case of quadratic energy functions 
Since the discussion of the previous subsection is somewhat abstract, it would perhaps be mean- 
ingful to give an explicit example of the function ρH,K (h, k) in the case of quadratic energy 
functions: 

H = A1 (x1 )2 + A2 (x2 )2 + A3 (x3 )2 , K = B1 (x1 )2 + B2 (x2 )2 + B3 (x3 )2 , 
where Ai and Bi are two di"erent sets ( Ai # = Bi ) of positive constants. This includes the typical 
example ( 4 ) of the rigid rotator. We have to compute 

ρH,K (h, k) = ∫ ∫ 
δ
(
A1 [(x1 

1 )2 + (x1 
2 )2 ] + A2 [(x2 

1 )2 + (x2 
2 )2 ] + A3 [(x3 

1 )2 + (x3 
2 )2 ] − h

)

×δ
(
B1 [(x1 

1 )2 + (x1 
2 )2 ] + B2 [(x2 

1 )2 + (x2 
2 )2 ] + B3 [(x3 

1 )2 + (x3 
2 )2 ] − k

)
d3 x1 d3 x2 . 

The integration measure d3 x1 d3 x2 = d x1 
1 d x1 

2 d x2 
1 d x2 

2 d x3 
1 d x3 

2 can be transformed into that of polar 
coordinates (xi 

1 , xi 
2 ) = ri (cos θ i , sin θ i ) (i = 1 , 2 , 3) for each i : d xi 

1 d xi 
2 = r1 d ri d θ i = 1 

2 d (ri )2 d θ i . 
By making a rede!nition (ri )2 = Ri , we write 

ρH,K (h, k) = π3 ∫ 
Ri ≥0 

δ(A1 R1 + A2 R2 + A3 R3 − h ) δ(B1 R1 + B2 R2 + B3 R3 − k) d3 R. 
Thus the level surfaces of the energy functions are now metamorphosed into #at planes, which 
we call the “h -plane” for A1 R1 + A2 R2 + A3 R3 = h and the “k-plane” B1 R1 + B2 R2 + B3 R3 = k, 
both being limited in the !rst octant of the 3D space (R1 , R2 , R3 ) . Note that each point of this 
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ρH,K (H (x3 ) + H (x4 ) , K(x3 ) + K(x4 ))−1 depending on various situations. Using this property, it 
is straightforward to check that the conditions ( 54 ) are satis!ed: 

∫ ∫ 
v (x3 , x4 ; x1 , x2 ) d3 x3 d3 x4 

=
∫ ∫ 

ρH,K (H (x3 ) + H (x4 ) ; K(x3 ) + K(x4 ))−1 ∫ ∫ 
δ(H (x1 ) + H (x2 ) − h12 ) 
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×δ(h12 − h34 ) δ(k12 − k34 ) dh12 dk12 dh34 dk34 d3 x3 d3 x4 
=

∫ ∫ 
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∫ ∫ 
δ(H (x1 ) + H (x2 ) − h12 ) δ(K(x1 ) + K(x2 ) − k12 ) δ(h12 − h34 ) δ(k12 − k34 ) 

×d h12 d k12 d h34 d k34 = 1 , 
where, in the third equality, we performed integrations over the coordinates (x3 , x4 ) before those 
over the auxiliary variables (h12 , k12 , h34 , k34 ) . Since all of the above equations are essentially 
invariant under the SL(2, R ) transformations ( 24 ), provided that the auxiliary integration vari- 
ables (hi j , ki j ) transform as the fundamental doublet representation of SL(2, R ) under which the 
integration measure d hi j d ki j is invariant, the result obtained here is valid and equivalent for any 
choices of the energy functions (H, K ) that are connected by the N -symmetry transformations. 
5.5. Case of quadratic energy functions 
Since the discussion of the previous subsection is somewhat abstract, it would perhaps be mean- 
ingful to give an explicit example of the function ρH,K (h, k) in the case of quadratic energy 
functions: 

H = A1 (x1 )2 + A2 (x2 )2 + A3 (x3 )2 , K = B1 (x1 )2 + B2 (x2 )2 + B3 (x3 )2 , 
where Ai and Bi are two di"erent sets ( Ai # = Bi ) of positive constants. This includes the typical 
example ( 4 ) of the rigid rotator. We have to compute 

ρH,K (h, k) = ∫ ∫ 
δ
(
A1 [(x1 

1 )2 + (x1 
2 )2 ] + A2 [(x2 

1 )2 + (x2 
2 )2 ] + A3 [(x3 

1 )2 + (x3 
2 )2 ] − h

)

×δ
(
B1 [(x1 

1 )2 + (x1 
2 )2 ] + B2 [(x2 

1 )2 + (x2 
2 )2 ] + B3 [(x3 

1 )2 + (x3 
2 )2 ] − k

)
d3 x1 d3 x2 . 

The integration measure d3 x1 d3 x2 = d x1 
1 d x1 

2 d x2 
1 d x2 

2 d x3 
1 d x3 

2 can be transformed into that of polar 
coordinates (xi 

1 , xi 
2 ) = ri (cos θ i , sin θ i ) (i = 1 , 2 , 3) for each i : d xi 

1 d xi 
2 = r1 d ri d θ i = 1 

2 d (ri )2 d θ i . 
By making a rede!nition (ri )2 = Ri , we write 

ρH,K (h, k) = π3 ∫ 
Ri ≥0 

δ(A1 R1 + A2 R2 + A3 R3 − h ) δ(B1 R1 + B2 R2 + B3 R3 − k) d3 R. 
Thus the level surfaces of the energy functions are now metamorphosed into #at planes, which 
we call the “h -plane” for A1 R1 + A2 R2 + A3 R3 = h and the “k-plane” B1 R1 + B2 R2 + B3 R3 = k, 
both being limited in the !rst octant of the 3D space (R1 , R2 , R3 ) . Note that each point of this 
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Fig. 1. The I-line at the intersection of the h -plane and the k-plane. 

3D space actually represents the 3D torus (θ1 , θ2 , θ3 ) (0 ≤ θ i ≤ 2 π ) . The intersection of the 
level planes is a straight line, which we call the “I-line” for convenience, connecting two out of 
the three coordinate planes ( Ri = 0 , R j ≥ 0 , j # = i , i, j = 1 , 2 , 3 ) that form the three sides of the 
octant. The above integral is then proportional to the length of the I-line. Of course, the I-line 
actually represents the 4D submanifold embedded in 6D space corresponding to the pair of 3D 
coordinates (xi 

1 , xi 
2 ), corresponding to the conditions H (x1 ) + H (x2 ) = h and K(x1 ) + K(x2 ) = 

k. As a typical situation with a nontrivial intersecting line, let us consider the case where the 
following conditions for the values of (h, k) are met, either 

(I) : h/A1 < k/B1 , h/A2 < k/B2 , h/A3 > k/B3 , 
or 

(II) : h/A1 > k/B1 , h/A2 > k/B2 , h/A3 < k/B3 . 
Other possible cases for the occurrence of nontrivial intersections are obtained from these two 
cases by exchanging the indices appropriately. Also, case (II) is obtained from case (I) by the 
interchange h ↔ k, Ai ↔ Bi , so that it is su!cient to treat only case (I). The relevant geometry 
is illustrated in Fig. 1 . By performing the integration explicitly, we easily get 

ρH,K (h, k ) = π3 | hB3 − k A3 | 
| A3 B1 − A1 B3 || A3 B2 − A2 B3 | . (59) 
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the function v̄ (x3 , x4 ; x1 , x2 ) can be replaced by ρH,K (H (x1 ) + H (x2 ) , K(x1 ) + K(x2 ))−1 or 
ρH,K (H (x3 ) + H (x4 ) , K(x3 ) + K(x4 ))−1 depending on various situations. Using this property, it 
is straightforward to check that the conditions ( 54 ) are satis!ed: 

∫ ∫ 
v (x3 , x4 ; x1 , x2 ) d3 x3 d3 x4 

=
∫ ∫ 

ρH,K (H (x3 ) + H (x4 ) ; K(x3 ) + K(x4 ))−1 ∫ ∫ 
δ(H (x1 ) + H (x2 ) − h12 ) 

×δ(K(x1 ) + K(x2 ) − k12 ) δ(H (x3 ) + H (x4 ) − h34 ) δ(K(x3 ) + K(x4 ) − k34 ) 
×δ(h12 − h34 ) δ(k12 − k34 ) dh12 dk12 dh34 dk34 d3 x3 d3 x4 
=

∫ ∫ 
ρH,K (h34 ; k34 )−1 ∫ ∫ 

δ(H (x1 ) + H (x2 ) − h12 ) 
×δ(K(x1 ) + K(x2 ) − k12 ) δ(H (x3 ) + H (x4 ) − h34 ) δ(K(x3 ) + K(x4 ) − k34 ) 
×δ(h12 − h34 ) δ(k12 − k34 ) dh12 dk12 dh34 dk34 d3 x3 d3 x4 
=

∫ ∫ 
δ(H (x1 ) + H (x2 ) − h12 ) δ(K(x1 ) + K(x2 ) − k12 ) δ(h12 − h34 ) δ(k12 − k34 ) 

×d h12 d k12 d h34 d k34 = 1 , 
where, in the third equality, we performed integrations over the coordinates (x3 , x4 ) before those 
over the auxiliary variables (h12 , k12 , h34 , k34 ) . Since all of the above equations are essentially 
invariant under the SL(2, R ) transformations ( 24 ), provided that the auxiliary integration vari- 
ables (hi j , ki j ) transform as the fundamental doublet representation of SL(2, R ) under which the 
integration measure d hi j d ki j is invariant, the result obtained here is valid and equivalent for any 
choices of the energy functions (H, K ) that are connected by the N -symmetry transformations. 
5.5. Case of quadratic energy functions 
Since the discussion of the previous subsection is somewhat abstract, it would perhaps be mean- 
ingful to give an explicit example of the function ρH,K (h, k) in the case of quadratic energy 
functions: 

H = A1 (x1 )2 + A2 (x2 )2 + A3 (x3 )2 , K = B1 (x1 )2 + B2 (x2 )2 + B3 (x3 )2 , 
where Ai and Bi are two di"erent sets ( Ai # = Bi ) of positive constants. This includes the typical 
example ( 4 ) of the rigid rotator. We have to compute 

ρH,K (h, k) = ∫ ∫ 
δ
(
A1 [(x1 

1 )2 + (x1 
2 )2 ] + A2 [(x2 

1 )2 + (x2 
2 )2 ] + A3 [(x3 

1 )2 + (x3 
2 )2 ] − h

)

×δ
(
B1 [(x1 

1 )2 + (x1 
2 )2 ] + B2 [(x2 

1 )2 + (x2 
2 )2 ] + B3 [(x3 

1 )2 + (x3 
2 )2 ] − k

)
d3 x1 d3 x2 . 

The integration measure d3 x1 d3 x2 = d x1 
1 d x1 

2 d x2 
1 d x2 

2 d x3 
1 d x3 

2 can be transformed into that of polar 
coordinates (xi 

1 , xi 
2 ) = ri (cos θ i , sin θ i ) (i = 1 , 2 , 3) for each i : d xi 

1 d xi 
2 = r1 d ri d θ i = 1 

2 d (ri )2 d θ i . 
By making a rede!nition (ri )2 = Ri , we write 

ρH,K (h, k) = π3 ∫ 
Ri ≥0 

δ(A1 R1 + A2 R2 + A3 R3 − h ) δ(B1 R1 + B2 R2 + B3 R3 − k) d3 R. 
Thus the level surfaces of the energy functions are now metamorphosed into #at planes, which 
we call the “h -plane” for A1 R1 + A2 R2 + A3 R3 = h and the “k-plane” B1 R1 + B2 R2 + B3 R3 = k, 
both being limited in the !rst octant of the 3D space (R1 , R2 , R3 ) . Note that each point of this 

24/44

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2026/5/053A01/8586469 by guest on 25 M

ay 2026

PTEP 2026, 053A01 T. Yoneya

the function v̄ (x3 , x4 ; x1 , x2 ) can be replaced by ρH,K (H (x1 ) + H (x2 ) , K(x1 ) + K(x2 ))−1 or 
ρH,K (H (x3 ) + H (x4 ) , K(x3 ) + K(x4 ))−1 depending on various situations. Using this property, it 
is straightforward to check that the conditions ( 54 ) are satis!ed: 

∫ ∫ 
v (x3 , x4 ; x1 , x2 ) d3 x3 d3 x4 

=
∫ ∫ 

ρH,K (H (x3 ) + H (x4 ) ; K(x3 ) + K(x4 ))−1 ∫ ∫ 
δ(H (x1 ) + H (x2 ) − h12 ) 

×δ(K(x1 ) + K(x2 ) − k12 ) δ(H (x3 ) + H (x4 ) − h34 ) δ(K(x3 ) + K(x4 ) − k34 ) 
×δ(h12 − h34 ) δ(k12 − k34 ) dh12 dk12 dh34 dk34 d3 x3 d3 x4 
=

∫ ∫ 
ρH,K (h34 ; k34 )−1 ∫ ∫ 

δ(H (x1 ) + H (x2 ) − h12 ) 
×δ(K(x1 ) + K(x2 ) − k12 ) δ(H (x3 ) + H (x4 ) − h34 ) δ(K(x3 ) + K(x4 ) − k34 ) 
×δ(h12 − h34 ) δ(k12 − k34 ) dh12 dk12 dh34 dk34 d3 x3 d3 x4 
=

∫ ∫ 
δ(H (x1 ) + H (x2 ) − h12 ) δ(K(x1 ) + K(x2 ) − k12 ) δ(h12 − h34 ) δ(k12 − k34 ) 

×d h12 d k12 d h34 d k34 = 1 , 
where, in the third equality, we performed integrations over the coordinates (x3 , x4 ) before those 
over the auxiliary variables (h12 , k12 , h34 , k34 ) . Since all of the above equations are essentially 
invariant under the SL(2, R ) transformations ( 24 ), provided that the auxiliary integration vari- 
ables (hi j , ki j ) transform as the fundamental doublet representation of SL(2, R ) under which the 
integration measure d hi j d ki j is invariant, the result obtained here is valid and equivalent for any 
choices of the energy functions (H, K ) that are connected by the N -symmetry transformations. 
5.5. Case of quadratic energy functions 
Since the discussion of the previous subsection is somewhat abstract, it would perhaps be mean- 
ingful to give an explicit example of the function ρH,K (h, k) in the case of quadratic energy 
functions: 

H = A1 (x1 )2 + A2 (x2 )2 + A3 (x3 )2 , K = B1 (x1 )2 + B2 (x2 )2 + B3 (x3 )2 , 
where Ai and Bi are two di"erent sets ( Ai # = Bi ) of positive constants. This includes the typical 
example ( 4 ) of the rigid rotator. We have to compute 

ρH,K (h, k) = ∫ ∫ 
δ
(
A1 [(x1 

1 )2 + (x1 
2 )2 ] + A2 [(x2 

1 )2 + (x2 
2 )2 ] + A3 [(x3 

1 )2 + (x3 
2 )2 ] − h

)

×δ
(
B1 [(x1 

1 )2 + (x1 
2 )2 ] + B2 [(x2 

1 )2 + (x2 
2 )2 ] + B3 [(x3 

1 )2 + (x3 
2 )2 ] − k

)
d3 x1 d3 x2 . 

The integration measure d3 x1 d3 x2 = d x1 
1 d x1 

2 d x2 
1 d x2 

2 d x3 
1 d x3 

2 can be transformed into that of polar 
coordinates (xi 

1 , xi 
2 ) = ri (cos θ i , sin θ i ) (i = 1 , 2 , 3) for each i : d xi 

1 d xi 
2 = r1 d ri d θ i = 1 

2 d (ri )2 d θ i . 
By making a rede!nition (ri )2 = Ri , we write 

ρH,K (h, k) = π3 ∫ 
Ri ≥0 

δ(A1 R1 + A2 R2 + A3 R3 − h ) δ(B1 R1 + B2 R2 + B3 R3 − k) d3 R. 
Thus the level surfaces of the energy functions are now metamorphosed into #at planes, which 
we call the “h -plane” for A1 R1 + A2 R2 + A3 R3 = h and the “k-plane” B1 R1 + B2 R2 + B3 R3 = k, 
both being limited in the !rst octant of the 3D space (R1 , R2 , R3 ) . Note that each point of this 
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the function v̄ (x3 , x4 ; x1 , x2 ) can be replaced by ρH,K (H (x1 ) + H (x2 ) , K(x1 ) + K(x2 ))−1 or 
ρH,K (H (x3 ) + H (x4 ) , K(x3 ) + K(x4 ))−1 depending on various situations. Using this property, it 
is straightforward to check that the conditions ( 54 ) are satis!ed: 
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=
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δ(H (x1 ) + H (x2 ) − h12 ) 
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∫ ∫ 
δ(H (x1 ) + H (x2 ) − h12 ) δ(K(x1 ) + K(x2 ) − k12 ) δ(h12 − h34 ) δ(k12 − k34 ) 

×d h12 d k12 d h34 d k34 = 1 , 
where, in the third equality, we performed integrations over the coordinates (x3 , x4 ) before those 
over the auxiliary variables (h12 , k12 , h34 , k34 ) . Since all of the above equations are essentially 
invariant under the SL(2, R ) transformations ( 24 ), provided that the auxiliary integration vari- 
ables (hi j , ki j ) transform as the fundamental doublet representation of SL(2, R ) under which the 
integration measure d hi j d ki j is invariant, the result obtained here is valid and equivalent for any 
choices of the energy functions (H, K ) that are connected by the N -symmetry transformations. 
5.5. Case of quadratic energy functions 
Since the discussion of the previous subsection is somewhat abstract, it would perhaps be mean- 
ingful to give an explicit example of the function ρH,K (h, k) in the case of quadratic energy 
functions: 

H = A1 (x1 )2 + A2 (x2 )2 + A3 (x3 )2 , K = B1 (x1 )2 + B2 (x2 )2 + B3 (x3 )2 , 
where Ai and Bi are two di"erent sets ( Ai # = Bi ) of positive constants. This includes the typical 
example ( 4 ) of the rigid rotator. We have to compute 

ρH,K (h, k) = ∫ ∫ 
δ
(
A1 [(x1 

1 )2 + (x1 
2 )2 ] + A2 [(x2 

1 )2 + (x2 
2 )2 ] + A3 [(x3 

1 )2 + (x3 
2 )2 ] − h

)

×δ
(
B1 [(x1 

1 )2 + (x1 
2 )2 ] + B2 [(x2 

1 )2 + (x2 
2 )2 ] + B3 [(x3 

1 )2 + (x3 
2 )2 ] − k

)
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1 d x3 

2 can be transformed into that of polar 
coordinates (xi 

1 , xi 
2 ) = ri (cos θ i , sin θ i ) (i = 1 , 2 , 3) for each i : d xi 

1 d xi 
2 = r1 d ri d θ i = 1 

2 d (ri )2 d θ i . 
By making a rede!nition (ri )2 = Ri , we write 

ρH,K (h, k) = π3 ∫ 
Ri ≥0 

δ(A1 R1 + A2 R2 + A3 R3 − h ) δ(B1 R1 + B2 R2 + B3 R3 − k) d3 R. 
Thus the level surfaces of the energy functions are now metamorphosed into #at planes, which 
we call the “h -plane” for A1 R1 + A2 R2 + A3 R3 = h and the “k-plane” B1 R1 + B2 R2 + B3 R3 = k, 
both being limited in the !rst octant of the 3D space (R1 , R2 , R3 ) . Note that each point of this 
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which play the role of in!nitesimal generators for the gauge transformation. We note that, so 
long as we consider only free N -body systems, the conservation laws of H and K are valid for 
each independent system separately: Due to this feature, we can in fact generalize the conser- 
vation laws to 

[ ˆ H0 ,
∫ 

ψ† (x, t ) λ(
H (x) , K(x)

)
ψ (x, t ) d3 x] = 0 (22) 

with arbitrary function λ(H, K ) as in Eq. ( 13 ). The gauge transformations for the !eld operators 
generated by 

ˆ #(H, K ) ≡ ∫ 
ψ† (x , t ) λ(

H (x ) , K(x ))ψ (x , t ) d3 x 
are 

ψ (x, t ) → ei ˆ #(H,K) ψ (x, t ) e−i ˆ #(H,k) = e−iλ(H(x) ,K(x)) ψ (x, t ) , 
ψ† (x, t ) → ei ˆ #(H,K) ψ† (x, t ) e−i ˆ #(H,k) = eiλ(H(x) ,K(x)) ψ† (x, t ) , (23) 

under which the !eld equations and the Hamiltonian ˆ H0 are invariant. 
However, as soon as nonlocal interactions that necessarily shu"e the initial conditions spon- 

taneously are introduced as we have outlined in the previous section, the “gauge” invariance 
will be reduced to a subgroup of all such transformations, namely, to the linear versions ( 20 ) 
of the general conservation law with a linear function λ(x, y ) = c1 x + c2 y + c0 with constant ci 
( i = 0 , 1 , 2 ). Of course, this does not cause any trouble at all, since there is no physical gauge 
!eld associated with this symmetry. For the same reason, the N -symmetry ( 10 ) will also be 
reduced to its linearized form with constant (and real) matrix elements, 

( 
H ′ 
K ′ 

) 
=

( 
a b 
c d 

) ( 
H 
K 

) 
, ad − bc = 1 , (24) 

constituting a group SL(2, R ). We have the same transformation laws for the operators ( ˆ H , ˆ K ) . 
Even in this reduced linearized form, the existence of such symmetry transformations of energy 
functions is an important key feature of Nambu dynamics, signifying its characteristic feature 
that has no analog in the conventional Hamiltonian dynamics. Thus, keeping this symmetry 
as far as possible will be one of our guiding principles for developing an interacting !eld the- 
ory of Nambu dynamics. For later purposes of de!ning generalized canonical distributions, we 
assume that the energy functions H and K can be chosen to be nonnegative and be increas- 
ing inde!nitely for large absolute values of the phase coordinates, | x| → ∞ , by utilizing the 
N -symmetry appropriately. 
3.3. Basis states for classical many-body Nambu systems 
Now, as a set of basis ket- and bra-vectors for generic n -body states at time t, we choose the 
following Fock states: 

| [ x ] , t〉N ≡ 1 √ 
N ! $† 

N ([ x ] , t ) | 0 〉 , $
† 
N ([ x ] , t ) ≡ N ∏ 

a =1 ψ
† (xa , t ) . 

N 〈 [ x ] , t| ≡ 1 √ 
N ! 〈 0 | $N ([ x ] , t ) , $N ([ x ] , t ) ≡ N ∏ 

a =1 ψ (xa , t ) , (25) 
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On the other hand, the coordinates at the ends of the I-line on the coordinate planes are 
13 plane : (R(13) 

1 , 0 , R(13) 
3 ) ≡ (∣∣∣∣

−hB3 + kA3 
A3 B1 − A1 B3 

∣∣∣∣, 0 , ∣∣∣∣ hB1 − kA1 
A3 B1 − A1 B3 

∣∣∣∣

)
, 

23 plane : (0 , R(23) 
2 , R(23) 

3 ) ≡ (
0 , ∣∣∣∣ −hB3 + kA3 

A3 B2 − A2 B3 
∣∣∣∣,

∣∣∣∣
B2 h − A2 k 

A3 B2 − A2 B3 
∣∣∣∣

)
. 

Hence the length of the I-line is equal to 
[
(R(13) 

1 )2 + (R(23) 
2 )2 + (R(13) 

3 − R(23) 
3 )2 ]1 / 2 

= | hB3 − kA3 | 
| (A3 B1 − A1 B3 )(A3 B2 − A2 B3 ) | 

×
[
(A3 B2 − A2 B3 )2 + (A3 B1 − A1 B3 )2 + (A1 B2 − A2 B1 )2 ]1 / 2 

. 
Thus apart from a universal factor [(A3 B2 − A2 B3 )2 + (A3 B1 − A1 B3 )2 + (A1 B2 − A2 B1 )2 ]1 / 2 , 
which is completely symmetric under arbitrary interchanges of indices and is independent of 
the values (h, k) of energy functions, ρH,K (h, k) /π3 is essentially the length of the I-line in the 
3D space (R1 , R2 , R3 ) . In the sense of the original 6D coordinate space, Eq. ( 59 ) gives the volume 
of the 4D submanifold embedded as the intersection of the level hypersurfaces corresponding 
to (H (x1 ) + H (x2 ) , K(x1 ) + K(x2 )) = (h, k) . 

We can see clearly how the N -symmetry is realized in this example. First we note that the 
pairs (Ai , Bi ) (i = 1 , 2 , 3) and (h, k) are transformed according to the fundamental doublet rep- 
resentation of SL(2, R ). The “cross-product” of any two di!erent doublets is invariant under the 
transformation: 

A′ 
1 B′ 

2 − A′ 
2 B′ 

1 = (aA1 + bB1 )(cA2 + dB2 ) − (aA2 + bB2 )(cA1 + dB1 ) 
= (ad − bc )(A1 B2 − A2 B1 ) = A1 B2 − A2 B1 . 

Therefore, the result ( 59 ) is manifestly invariant under the N -symmetry transformation: 
ρH ′ ,K ′ (h′ , k′ ) = ρH,K (h, k) , 

since all of these doublets appear only through the form of the cross-products, Ai B j − A j Bi (
i % = j; i, j ∈ (1 , 2 , 3)

)
and hBi − kAi (i ∈ (1 , 2 , 3)

)
. Note also that the absolute values of these 

cross-products are invariant under the simultaneous interchanges Ai ↔ Bi and h ↔ k. Hence 
our conclusion with respect to the N -symmetry is also valid in case (II) as it is. 
5.6. The exact spectrum and eigenfunctions for the functional operator v (x3 , x4 ; x1 , x2 ) 
We now show that the eigenvalue spectrum of the kernel function v (x3 , x4 ; x1 , x2 ) de"ned above 
consists only of two possible values, 1 and 0, when v (x3 , x4 ; x1 , x2 ) is regarded as a symmetric 
and real matrix with continuous indices, (x3 , x4 ) and (x1 , x2 ) being the row and column indices, 
respectively. Such a simple spectrum for the in"nite-dimensional continuous matrix is made 
possible due to the simplifying assumption [ ˆ HI , ˆ H0 ] = 0 . However, each eigenvalue is in"nitely 
degenerate, necessarily, due to the presence of continuous values of energy functions. 

The eigenvalue equation is an integral equation, 
∫ ∫ 

v (x3 , x4 ; x1 , x2 ) fλ(x1 , x2 ) d3 x1 d3 x2 = λ fλ(x3 , x4 ) , 
with fλ(x1 , x2 ) being the eigenfunction. Because of the symmetry of the kernel function under 
the interchange of the coordinates x3 ↔ x4 and x1 ↔ x2 , we can assume that the eigenfunctions 
are also symmetric, f (x1 , x2 ) = f (x2 , x1 ) . Since the kernel function conserves the energies, the 
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On the other hand, the coordinates at the ends of the I-line on the coordinate planes are 
13 plane : (R(13) 

1 , 0 , R(13) 
3 ) ≡ (∣∣∣∣

−hB3 + kA3 
A3 B1 − A1 B3 

∣∣∣∣, 0 , ∣∣∣∣ hB1 − kA1 
A3 B1 − A1 B3 

∣∣∣∣

)
, 

23 plane : (0 , R(23) 
2 , R(23) 

3 ) ≡ (
0 , ∣∣∣∣ −hB3 + kA3 

A3 B2 − A2 B3 
∣∣∣∣,

∣∣∣∣
B2 h − A2 k 

A3 B2 − A2 B3 
∣∣∣∣

)
. 

Hence the length of the I-line is equal to 
[
(R(13) 

1 )2 + (R(23) 
2 )2 + (R(13) 

3 − R(23) 
3 )2 ]1 / 2 

= | hB3 − kA3 | 
| (A3 B1 − A1 B3 )(A3 B2 − A2 B3 ) | 

×
[
(A3 B2 − A2 B3 )2 + (A3 B1 − A1 B3 )2 + (A1 B2 − A2 B1 )2 ]1 / 2 

. 
Thus apart from a universal factor [(A3 B2 − A2 B3 )2 + (A3 B1 − A1 B3 )2 + (A1 B2 − A2 B1 )2 ]1 / 2 , 
which is completely symmetric under arbitrary interchanges of indices and is independent of 
the values (h, k) of energy functions, ρH,K (h, k) /π3 is essentially the length of the I-line in the 
3D space (R1 , R2 , R3 ) . In the sense of the original 6D coordinate space, Eq. ( 59 ) gives the volume 
of the 4D submanifold embedded as the intersection of the level hypersurfaces corresponding 
to (H (x1 ) + H (x2 ) , K(x1 ) + K(x2 )) = (h, k) . 

We can see clearly how the N -symmetry is realized in this example. First we note that the 
pairs (Ai , Bi ) (i = 1 , 2 , 3) and (h, k) are transformed according to the fundamental doublet rep- 
resentation of SL(2, R ). The “cross-product” of any two di!erent doublets is invariant under the 
transformation: 

A′ 
1 B′ 

2 − A′ 
2 B′ 

1 = (aA1 + bB1 )(cA2 + dB2 ) − (aA2 + bB2 )(cA1 + dB1 ) 
= (ad − bc )(A1 B2 − A2 B1 ) = A1 B2 − A2 B1 . 

Therefore, the result ( 59 ) is manifestly invariant under the N -symmetry transformation: 
ρH ′ ,K ′ (h′ , k′ ) = ρH,K (h, k) , 

since all of these doublets appear only through the form of the cross-products, Ai B j − A j Bi (
i % = j; i, j ∈ (1 , 2 , 3)

)
and hBi − kAi (i ∈ (1 , 2 , 3)

)
. Note also that the absolute values of these 

cross-products are invariant under the simultaneous interchanges Ai ↔ Bi and h ↔ k. Hence 
our conclusion with respect to the N -symmetry is also valid in case (II) as it is. 
5.6. The exact spectrum and eigenfunctions for the functional operator v (x3 , x4 ; x1 , x2 ) 
We now show that the eigenvalue spectrum of the kernel function v (x3 , x4 ; x1 , x2 ) de"ned above 
consists only of two possible values, 1 and 0, when v (x3 , x4 ; x1 , x2 ) is regarded as a symmetric 
and real matrix with continuous indices, (x3 , x4 ) and (x1 , x2 ) being the row and column indices, 
respectively. Such a simple spectrum for the in"nite-dimensional continuous matrix is made 
possible due to the simplifying assumption [ ˆ HI , ˆ H0 ] = 0 . However, each eigenvalue is in"nitely 
degenerate, necessarily, due to the presence of continuous values of energy functions. 

The eigenvalue equation is an integral equation, 
∫ ∫ 

v (x3 , x4 ; x1 , x2 ) fλ(x1 , x2 ) d3 x1 d3 x2 = λ fλ(x3 , x4 ) , 
with fλ(x1 , x2 ) being the eigenfunction. Because of the symmetry of the kernel function under 
the interchange of the coordinates x3 ↔ x4 and x1 ↔ x2 , we can assume that the eigenfunctions 
are also symmetric, f (x1 , x2 ) = f (x2 , x1 ) . Since the kernel function conserves the energies, the 
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eigenfunctions can be decomposed linearly into 
fλ(x1 , x2 ) =

∫ ∫ 
fλ(x1 , x2 | k, h ) d kd h, 

such that the component function fλ(x1 , x2 | k, h ) can be nonzero only for the coordinates (x1 , x2 ) 
satisfying 

k = K(x1 ) + K(x2 ) , h = H (x1 ) + H (x2 ) 
for any given allowed values of k and h , and the eigenvalue equation is reduced to 

∫ ∫ 
v (x3 , x4 ; x1 , x2 ) fλ(x1 , x2 | k, h ) d3 x1 d3 x2 = λ fλ(x3 , x4 | k, h ) . (60) 

Our assumption on the energy functions ensures that the integral with respect to (x1 , x2 ) in this 
eigenvalue equation is over a compact manifold of !nite volume and hence is well de!ned. By 
comparing this equation with the condition ( 54 ), we immediately see that a constant function 

f1 (x1 , x2 | k, h ) = f (k, h ) (61) 
with each given (k, h ) is an eigenfunction with eigenvalue λ = 1 . Note that this result itself is 
valid for any kernel function satisfying Eq. ( 54 ) without invoking the simplifying assumption 
[ ˆ HI , ˆ H0 ] = 0 . 

Now suppose that there exists an eigenfunction fλ(x1 , x2 | h, k) with eigenvalue λ di!erent from 
1. Then, we can derive by integrating both sides of Eq. ( 60 ) over (x3 , x4 ) , ∫ ∫ 

fλ(x1 , x2 | h, k) d3 x1 d3 x2 = 0 , (62) 
which is nothing but the usual orthogonality condition in disguise. On the other hand, for any 
given (x3 , x4 ) with any allowable and !xed k = k34 , h = h34 , the left-hand side of Eq. ( 60 ) is 
by itself proportional to ∫ ∫ fλ(x1 , x2 | h, k) d3 x1 d3 x2 , since v (x3 , x4 ; x1 , x2 ) is also constant with 
respect to (x1 , x2 ) because of the additional simplifying condition [ ˆ HI , ˆ H0 ] = 0 , which requires 
that the kernel function depends on the phase-space coordinates only through energy functions. 
This necessarily implies λ = 0 owing to the orthogonality condition above. This is what we 
promised to prove. 

The reason why the integral operator v (x3 , x4 ; x1 , x2 ) has such a simple property with respect 
to the eigenvalue spectrum is that it is actually a projection operator. In fact, we can directly 
check, using some of the properties used in the calculations of the previous subsection, the 
following identity: 

∫ ∫ 
v (x3 , x4 ; y1 , y2 ) v (y1 , y2 ; x1 , x2 ) d3 y1 d3 dy2 =

∫ ∫ 
v̄ (x3 , x4 ; y1 , y2 )v̄ (y1 , y2 ; x1 , x2 ) 

×δ(H (y1 ) + H (y2 ) − H (x3 ) − H (x4 )) δ(K(y1 ) + K(y2 ) − K(x3 ) − K(x4 )) 
×δ(H (x1 ) + H (x2 ) − H (y1 ) − H (y2 )) δ(K(x1 ) + K(x2 ) − K(y1 ) − K(y2 )) d3 y1 d3 y2 
= v̄ (x3 , x4 ; x1 , x2 )2 δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) 
×

∫ ∫ 
δ(H (y1 ) + H (y2 ) − H (x3 ) − H (x4 )) δ(K(y1 ) + K(y2 ) − K(x3 ) − K(x4 )) d3 y1 d3 dy2 

= v̄ (x3 , x4 ; x1 , x2 ) δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) 
= v (x3 , x4 ; x1 , x2 ) . 

The origin of this property is that the conditions ( 54 ) and ( 55 ) are satis!ed by any power of an 
integral operator v (x3 , x4 ; x1 , x2 ) , once they are satis!ed by a single power of it: this is obvious 
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eigenfunctions can be decomposed linearly into 
fλ(x1 , x2 ) =

∫ ∫ 
fλ(x1 , x2 | k, h ) d kd h, 

such that the component function fλ(x1 , x2 | k, h ) can be nonzero only for the coordinates (x1 , x2 ) 
satisfying 

k = K(x1 ) + K(x2 ) , h = H (x1 ) + H (x2 ) 
for any given allowed values of k and h , and the eigenvalue equation is reduced to 

∫ ∫ 
v (x3 , x4 ; x1 , x2 ) fλ(x1 , x2 | k, h ) d3 x1 d3 x2 = λ fλ(x3 , x4 | k, h ) . (60) 

Our assumption on the energy functions ensures that the integral with respect to (x1 , x2 ) in this 
eigenvalue equation is over a compact manifold of !nite volume and hence is well de!ned. By 
comparing this equation with the condition ( 54 ), we immediately see that a constant function 

f1 (x1 , x2 | k, h ) = f (k, h ) (61) 
with each given (k, h ) is an eigenfunction with eigenvalue λ = 1 . Note that this result itself is 
valid for any kernel function satisfying Eq. ( 54 ) without invoking the simplifying assumption 
[ ˆ HI , ˆ H0 ] = 0 . 

Now suppose that there exists an eigenfunction fλ(x1 , x2 | h, k) with eigenvalue λ di!erent from 
1. Then, we can derive by integrating both sides of Eq. ( 60 ) over (x3 , x4 ) , ∫ ∫ 

fλ(x1 , x2 | h, k) d3 x1 d3 x2 = 0 , (62) 
which is nothing but the usual orthogonality condition in disguise. On the other hand, for any 
given (x3 , x4 ) with any allowable and !xed k = k34 , h = h34 , the left-hand side of Eq. ( 60 ) is 
by itself proportional to ∫ ∫ fλ(x1 , x2 | h, k) d3 x1 d3 x2 , since v (x3 , x4 ; x1 , x2 ) is also constant with 
respect to (x1 , x2 ) because of the additional simplifying condition [ ˆ HI , ˆ H0 ] = 0 , which requires 
that the kernel function depends on the phase-space coordinates only through energy functions. 
This necessarily implies λ = 0 owing to the orthogonality condition above. This is what we 
promised to prove. 

The reason why the integral operator v (x3 , x4 ; x1 , x2 ) has such a simple property with respect 
to the eigenvalue spectrum is that it is actually a projection operator. In fact, we can directly 
check, using some of the properties used in the calculations of the previous subsection, the 
following identity: 

∫ ∫ 
v (x3 , x4 ; y1 , y2 ) v (y1 , y2 ; x1 , x2 ) d3 y1 d3 dy2 =

∫ ∫ 
v̄ (x3 , x4 ; y1 , y2 )v̄ (y1 , y2 ; x1 , x2 ) 

×δ(H (y1 ) + H (y2 ) − H (x3 ) − H (x4 )) δ(K(y1 ) + K(y2 ) − K(x3 ) − K(x4 )) 
×δ(H (x1 ) + H (x2 ) − H (y1 ) − H (y2 )) δ(K(x1 ) + K(x2 ) − K(y1 ) − K(y2 )) d3 y1 d3 y2 
= v̄ (x3 , x4 ; x1 , x2 )2 δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) 
×

∫ ∫ 
δ(H (y1 ) + H (y2 ) − H (x3 ) − H (x4 )) δ(K(y1 ) + K(y2 ) − K(x3 ) − K(x4 )) d3 y1 d3 dy2 

= v̄ (x3 , x4 ; x1 , x2 ) δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) 
= v (x3 , x4 ; x1 , x2 ) . 

The origin of this property is that the conditions ( 54 ) and ( 55 ) are satis!ed by any power of an 
integral operator v (x3 , x4 ; x1 , x2 ) , once they are satis!ed by a single power of it: this is obvious 

27/44

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2026/5/053A01/8586469 by guest on 25 M

ay 2026

eigenvalues consist of only 1 and 0 with infinite degeneracy for each case.

PTEP 2026, 053A01 T. Yoneya

eigenfunctions can be decomposed linearly into 
fλ(x1 , x2 ) =

∫ ∫ 
fλ(x1 , x2 | k, h ) d kd h, 

such that the component function fλ(x1 , x2 | k, h ) can be nonzero only for the coordinates (x1 , x2 ) 
satisfying 

k = K(x1 ) + K(x2 ) , h = H (x1 ) + H (x2 ) 
for any given allowed values of k and h , and the eigenvalue equation is reduced to 

∫ ∫ 
v (x3 , x4 ; x1 , x2 ) fλ(x1 , x2 | k, h ) d3 x1 d3 x2 = λ fλ(x3 , x4 | k, h ) . (60) 

Our assumption on the energy functions ensures that the integral with respect to (x1 , x2 ) in this 
eigenvalue equation is over a compact manifold of !nite volume and hence is well de!ned. By 
comparing this equation with the condition ( 54 ), we immediately see that a constant function 

f1 (x1 , x2 | k, h ) = f (k, h ) (61) 
with each given (k, h ) is an eigenfunction with eigenvalue λ = 1 . Note that this result itself is 
valid for any kernel function satisfying Eq. ( 54 ) without invoking the simplifying assumption 
[ ˆ HI , ˆ H0 ] = 0 . 

Now suppose that there exists an eigenfunction fλ(x1 , x2 | h, k) with eigenvalue λ di!erent from 
1. Then, we can derive by integrating both sides of Eq. ( 60 ) over (x3 , x4 ) , ∫ ∫ 

fλ(x1 , x2 | h, k) d3 x1 d3 x2 = 0 , (62) 
which is nothing but the usual orthogonality condition in disguise. On the other hand, for any 
given (x3 , x4 ) with any allowable and !xed k = k34 , h = h34 , the left-hand side of Eq. ( 60 ) is 
by itself proportional to ∫ ∫ fλ(x1 , x2 | h, k) d3 x1 d3 x2 , since v (x3 , x4 ; x1 , x2 ) is also constant with 
respect to (x1 , x2 ) because of the additional simplifying condition [ ˆ HI , ˆ H0 ] = 0 , which requires 
that the kernel function depends on the phase-space coordinates only through energy functions. 
This necessarily implies λ = 0 owing to the orthogonality condition above. This is what we 
promised to prove. 

The reason why the integral operator v (x3 , x4 ; x1 , x2 ) has such a simple property with respect 
to the eigenvalue spectrum is that it is actually a projection operator. In fact, we can directly 
check, using some of the properties used in the calculations of the previous subsection, the 
following identity: 

∫ ∫ 
v (x3 , x4 ; y1 , y2 ) v (y1 , y2 ; x1 , x2 ) d3 y1 d3 dy2 =

∫ ∫ 
v̄ (x3 , x4 ; y1 , y2 )v̄ (y1 , y2 ; x1 , x2 ) 

×δ(H (y1 ) + H (y2 ) − H (x3 ) − H (x4 )) δ(K(y1 ) + K(y2 ) − K(x3 ) − K(x4 )) 
×δ(H (x1 ) + H (x2 ) − H (y1 ) − H (y2 )) δ(K(x1 ) + K(x2 ) − K(y1 ) − K(y2 )) d3 y1 d3 y2 
= v̄ (x3 , x4 ; x1 , x2 )2 δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) 
×

∫ ∫ 
δ(H (y1 ) + H (y2 ) − H (x3 ) − H (x4 )) δ(K(y1 ) + K(y2 ) − K(x3 ) − K(x4 )) d3 y1 d3 dy2 

= v̄ (x3 , x4 ; x1 , x2 ) δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) 
= v (x3 , x4 ; x1 , x2 ) . 

The origin of this property is that the conditions ( 54 ) and ( 55 ) are satis!ed by any power of an 
integral operator v (x3 , x4 ; x1 , x2 ) , once they are satis!ed by a single power of it: this is obvious 
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eigenfunctions can be decomposed linearly into 
fλ(x1 , x2 ) =

∫ ∫ 
fλ(x1 , x2 | k, h ) d kd h, 

such that the component function fλ(x1 , x2 | k, h ) can be nonzero only for the coordinates (x1 , x2 ) 
satisfying 

k = K(x1 ) + K(x2 ) , h = H (x1 ) + H (x2 ) 
for any given allowed values of k and h , and the eigenvalue equation is reduced to 

∫ ∫ 
v (x3 , x4 ; x1 , x2 ) fλ(x1 , x2 | k, h ) d3 x1 d3 x2 = λ fλ(x3 , x4 | k, h ) . (60) 

Our assumption on the energy functions ensures that the integral with respect to (x1 , x2 ) in this 
eigenvalue equation is over a compact manifold of !nite volume and hence is well de!ned. By 
comparing this equation with the condition ( 54 ), we immediately see that a constant function 

f1 (x1 , x2 | k, h ) = f (k, h ) (61) 
with each given (k, h ) is an eigenfunction with eigenvalue λ = 1 . Note that this result itself is 
valid for any kernel function satisfying Eq. ( 54 ) without invoking the simplifying assumption 
[ ˆ HI , ˆ H0 ] = 0 . 

Now suppose that there exists an eigenfunction fλ(x1 , x2 | h, k) with eigenvalue λ di!erent from 
1. Then, we can derive by integrating both sides of Eq. ( 60 ) over (x3 , x4 ) , ∫ ∫ 

fλ(x1 , x2 | h, k) d3 x1 d3 x2 = 0 , (62) 
which is nothing but the usual orthogonality condition in disguise. On the other hand, for any 
given (x3 , x4 ) with any allowable and !xed k = k34 , h = h34 , the left-hand side of Eq. ( 60 ) is 
by itself proportional to ∫ ∫ fλ(x1 , x2 | h, k) d3 x1 d3 x2 , since v (x3 , x4 ; x1 , x2 ) is also constant with 
respect to (x1 , x2 ) because of the additional simplifying condition [ ˆ HI , ˆ H0 ] = 0 , which requires 
that the kernel function depends on the phase-space coordinates only through energy functions. 
This necessarily implies λ = 0 owing to the orthogonality condition above. This is what we 
promised to prove. 

The reason why the integral operator v (x3 , x4 ; x1 , x2 ) has such a simple property with respect 
to the eigenvalue spectrum is that it is actually a projection operator. In fact, we can directly 
check, using some of the properties used in the calculations of the previous subsection, the 
following identity: 

∫ ∫ 
v (x3 , x4 ; y1 , y2 ) v (y1 , y2 ; x1 , x2 ) d3 y1 d3 dy2 =

∫ ∫ 
v̄ (x3 , x4 ; y1 , y2 )v̄ (y1 , y2 ; x1 , x2 ) 

×δ(H (y1 ) + H (y2 ) − H (x3 ) − H (x4 )) δ(K(y1 ) + K(y2 ) − K(x3 ) − K(x4 )) 
×δ(H (x1 ) + H (x2 ) − H (y1 ) − H (y2 )) δ(K(x1 ) + K(x2 ) − K(y1 ) − K(y2 )) d3 y1 d3 y2 
= v̄ (x3 , x4 ; x1 , x2 )2 δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) 
×

∫ ∫ 
δ(H (y1 ) + H (y2 ) − H (x3 ) − H (x4 )) δ(K(y1 ) + K(y2 ) − K(x3 ) − K(x4 )) d3 y1 d3 dy2 

= v̄ (x3 , x4 ; x1 , x2 ) δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) 
= v (x3 , x4 ; x1 , x2 ) . 

The origin of this property is that the conditions ( 54 ) and ( 55 ) are satis!ed by any power of an 
integral operator v (x3 , x4 ; x1 , x2 ) , once they are satis!ed by a single power of it: this is obvious 
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eigenfunctions can be decomposed linearly into 
fλ(x1 , x2 ) =

∫ ∫ 
fλ(x1 , x2 | k, h ) d kd h, 

such that the component function fλ(x1 , x2 | k, h ) can be nonzero only for the coordinates (x1 , x2 ) 
satisfying 

k = K(x1 ) + K(x2 ) , h = H (x1 ) + H (x2 ) 
for any given allowed values of k and h , and the eigenvalue equation is reduced to 

∫ ∫ 
v (x3 , x4 ; x1 , x2 ) fλ(x1 , x2 | k, h ) d3 x1 d3 x2 = λ fλ(x3 , x4 | k, h ) . (60) 

Our assumption on the energy functions ensures that the integral with respect to (x1 , x2 ) in this 
eigenvalue equation is over a compact manifold of !nite volume and hence is well de!ned. By 
comparing this equation with the condition ( 54 ), we immediately see that a constant function 

f1 (x1 , x2 | k, h ) = f (k, h ) (61) 
with each given (k, h ) is an eigenfunction with eigenvalue λ = 1 . Note that this result itself is 
valid for any kernel function satisfying Eq. ( 54 ) without invoking the simplifying assumption 
[ ˆ HI , ˆ H0 ] = 0 . 

Now suppose that there exists an eigenfunction fλ(x1 , x2 | h, k) with eigenvalue λ di!erent from 
1. Then, we can derive by integrating both sides of Eq. ( 60 ) over (x3 , x4 ) , ∫ ∫ 

fλ(x1 , x2 | h, k) d3 x1 d3 x2 = 0 , (62) 
which is nothing but the usual orthogonality condition in disguise. On the other hand, for any 
given (x3 , x4 ) with any allowable and !xed k = k34 , h = h34 , the left-hand side of Eq. ( 60 ) is 
by itself proportional to ∫ ∫ fλ(x1 , x2 | h, k) d3 x1 d3 x2 , since v (x3 , x4 ; x1 , x2 ) is also constant with 
respect to (x1 , x2 ) because of the additional simplifying condition [ ˆ HI , ˆ H0 ] = 0 , which requires 
that the kernel function depends on the phase-space coordinates only through energy functions. 
This necessarily implies λ = 0 owing to the orthogonality condition above. This is what we 
promised to prove. 

The reason why the integral operator v (x3 , x4 ; x1 , x2 ) has such a simple property with respect 
to the eigenvalue spectrum is that it is actually a projection operator. In fact, we can directly 
check, using some of the properties used in the calculations of the previous subsection, the 
following identity: 

∫ ∫ 
v (x3 , x4 ; y1 , y2 ) v (y1 , y2 ; x1 , x2 ) d3 y1 d3 dy2 =

∫ ∫ 
v̄ (x3 , x4 ; y1 , y2 )v̄ (y1 , y2 ; x1 , x2 ) 

×δ(H (y1 ) + H (y2 ) − H (x3 ) − H (x4 )) δ(K(y1 ) + K(y2 ) − K(x3 ) − K(x4 )) 
×δ(H (x1 ) + H (x2 ) − H (y1 ) − H (y2 )) δ(K(x1 ) + K(x2 ) − K(y1 ) − K(y2 )) d3 y1 d3 y2 
= v̄ (x3 , x4 ; x1 , x2 )2 δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) 
×

∫ ∫ 
δ(H (y1 ) + H (y2 ) − H (x3 ) − H (x4 )) δ(K(y1 ) + K(y2 ) − K(x3 ) − K(x4 )) d3 y1 d3 dy2 

= v̄ (x3 , x4 ; x1 , x2 ) δ(H (x1 ) + H (x2 ) − H (x3 ) − H (x4 )) δ(K(x1 ) + K(x2 ) − K(x3 ) − K(x4 )) 
= v (x3 , x4 ; x1 , x2 ) . 

The origin of this property is that the conditions ( 54 ) and ( 55 ) are satis!ed by any power of an 
integral operator v (x3 , x4 ; x1 , x2 ) , once they are satis!ed by a single power of it: this is obvious 
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for Eq. ( 55 ). In the case of Eq. ( 54 ), we have ∫ ∫ ∫ ∫ 
v (x3 , x4 ; y1 , y2 ) v (y1 , y2 ; x1 , x2 ) d3 y1 d3 y2 d3 x3 d3 x4 =

∫ ∫ 
v (y1 , y2 ; x1 , x2 ) d3 y1 d3 y2 = 1 . 

As a matter of fact, the (minus of the) total kernel operator v⊥ ≡ i (x3 , x4 ; x1 , x2 ) −
v (x3 , x4 ; x1 , x2 ) is also a projection operator, which is orthogonal to v (x3 , x4 ; x1 , x2 ) : ∫ ∫ 

v⊥ (x3 , x4 ; y1 , y2 ) v⊥ (y1 , y2 ; x1 , x2 ) d3 y1 d3 dy2 = v⊥ (x3 , x4 ; x1 , x2 ) , 
∫ ∫ 

v (x3 , x4 ; y1 , y2 ) v⊥ (y1 , y2 ; x1 , x2 ) d3 y1 d3 y2 = 0 . 
These are the remarkable characteristics of our simple model of “stochastic” nonlocal interac- 
tion. As a possible help for the reader to grasp the somewhat peculiar structure of our kernel 
function, we present a prototypical toy model in terms of discrete matrices that captures, to a cer- 
tain degree, some critical aspects of the above properties of the kernel function in Appendix B . 
6. Equilibrium statistical states 
The result of the previous section about our simple toy model for a stochastic nonlocal inter- 
action of Nambu dynamics established the following fact: the eigenvalue spectrum of the total 
kernel function, V (x3 , x4 ; x1 , x2 ) = g2 (v (x3 , x4 ; x1 , x2 ) − i (x3 , x4 ; x1 , x2 )) , as an integral operator, 
consists of only two values, g2 − g2 = 0 and 0 − g2 = −g2 with an in!nite degeneracy in each 
case. In this section, we !rst discuss the implications of this result for general many-body sta- 
tistical states, and then proceed to examine the properties of the equilibrium statistical states 
from a general point of view. 
6.1. Approaches to equilibrium statistical states 
By acting the interaction operator on the basis N -body state | [ x] 〉 , we obtain 

HI | [ x] 〉 = 1 
4
√ 

N ! 
∫ ∫ 

V (x′ 
3 , x′ 

4 ; xa , xb ) ψ† (x′ 
3 , 0) ψ† (x′ 

4 , 0) 
×

N ∑ 
a,b (a ( = b) 

( N ∏ 
c ( = a,b ψ

† (xc , 0)
)

| 0 〉 d3 x′ 
3 d3 x′ 

4 . 
This shows that, for the generic N -body statistical state | F (t ) 〉 = ∫ 

F ([ x ] , t ) | [ x ] 〉 [ dx ] , the re- 
sult of acting the interaction operator is determined by the operation of the kernel function 
V (x3 , x4 ; x1 , x2 ) as a two-body integral operator to all the possible pairs of two coordinates 
(xa , xb ) (a ( = b) contained in the coe"cient function F ([ x] , t ) = F (x1 , . . . , xN , t ) , in the follow- 
ing form: 

N ∑ 
a,b (a ( = b) 

∫ ∫ 
V (x′ 

3 , x′ 
4 ; xa , xb ) F (x1 , . . . , xN , t ) d3 xa d3 xb , 

with the coordinates other than the pair (xa , xb ) passing through freely in each term of the 
summation. Consequently, the highest eigenvalue zero corresponding to equilibrium states, 
satisfying 

lim 
t→∞ ˆ HI | F (t ) 〉 = 0 , (63) 

will be realized if and only if F ([ x] , ∞ ) depends on the coordinates xa (a = 1 , . . . , N ) exclu- 
sively only through the total energies , ∑ N 

a =1 K(xa ) and
∑ N 

a =1 H (xa ) , since it requires that the 
coordinate dependence of the function F ([ x] , t ) is allowed only through H (xa ) + H (xb ) and 
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from a general point of view. 
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By acting the interaction operator on the basis N -body state | [ x] 〉 , we obtain 
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This shows that, for the generic N -body statistical state | F (t ) 〉 = ∫ 

F ([ x ] , t ) | [ x ] 〉 [ dx ] , the re- 
sult of acting the interaction operator is determined by the operation of the kernel function 
V (x3 , x4 ; x1 , x2 ) as a two-body integral operator to all the possible pairs of two coordinates 
(xa , xb ) (a ( = b) contained in the coe"cient function F ([ x] , t ) = F (x1 , . . . , xN , t ) , in the follow- 
ing form: 
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∫ ∫ 
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3 , x′ 
4 ; xa , xb ) F (x1 , . . . , xN , t ) d3 xa d3 xb , 

with the coordinates other than the pair (xa , xb ) passing through freely in each term of the 
summation. Consequently, the highest eigenvalue zero corresponding to equilibrium states, 
satisfying 

lim 
t→∞ ˆ HI | F (t ) 〉 = 0 , (63) 

will be realized if and only if F ([ x] , ∞ ) depends on the coordinates xa (a = 1 , . . . , N ) exclu- 
sively only through the total energies , ∑ N 

a =1 K(xa ) and
∑ N 

a =1 H (xa ) , since it requires that the 
coordinate dependence of the function F ([ x] , t ) is allowed only through H (xa ) + H (xb ) and 
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eigenvalue 0 is allowed only through the sums of energies.
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It follows in general that the distribution function P (x, ∞ ) at an equilibrium satis!es 
∂ 

∂xi 
[(

f i (x) − D ∂ 
∂xi 

)
P (x, t )

]
= 0 . 

If we assume a generalized canonical distribution of Nambu dynamics in n dimensions 
with n − 1 energy functions Hk (k = 1 , . . . , n − 1) and the corresponding temperatures βk 
as 

P (x, ∞ ) = e−ᾱ−Hβ (x) , Hβ (x) ≡ n −1 ∑ 
k=1 βk Hk (x) , 

we have a condition for the vector force-!eld f i : 
∂i f i − f i ∂i Hβ + D∂2 

i Hβ − D (∂i Hβ )2 = 0 . 
The solution of this equation that reduces to the Nambu equations of motion in the limit D → 0 
is 

f i = X i − D∂i Hβ, X i = εi j1 ··· jn −1 ∂ j1 H1 · · · ∂ jn −1 Hn −1 . 
This implies, conversely, that there exists a class of initial distribution functions P (x, 0) for 

which the stochastic di"erential equation of motion, 
dxi 
dt = X i − D∂i Hβ + ri (t ) , 

yields the generalized canonical distribution for t → ∞ . Thus the second and third terms on 
the right-hand side of this equation can be interpreted as representing the environmental force. 
In particular, the second term is a dissipating frictional force associated with the presence of 
random #uctuations caused by ri (t ) , reminiscent of Refs. [ 30 , 32 ]. 

Note that, since we are here treating the case of n − 1 energy functions, the group 
of the N -symmetry is SL( n − 1 , R ) and, correspondingly, the transformations of the 
set of temperatures (β1 , . . . , βn −1 ) obey the fundamental vector representation of 
SL( n − 1 , R ). 

To derive this kind of e"ective description directly from the formalism of the main text by 
making a concrete separation of dynamical variables between a single Nambu particle and oth- 
ers as a thermal environment would be an interesting challenge. 
Appendix B. An analog-matrix model for the kernel function v (x3 , x4 ; x1 , x2 ) 
Consider an n × n “positive” matrix p(n,n ) 

i j with entries p(n,n ) 
i j = p(n ) 

ji = 1 /n, satisfying 
∑ 

k p(n,n ) 
ik p(n,n ) 

k j = p(n,n ) 
i j ,

∑ 
i p(n,n ) 

i j = 1 = ∑ 
j p(n,n ) 

i j , (B.1) 
analogously to Eqs. ( 49 ) and ( 54 ). It is easy to con!rm directly that the only possible eigenvalues 
of the matrix p(n,n ) 

i j are 1 and 0, where the eigenvalue 1 is not degenerate, but the eigenvalue 
0 is degenerate with the degeneracy (n − 1) . In fact, the eigenvector r(n ) 

i corresponding to the 
eigenvalue 1 is r(n ) 

i = 1 for all i = 1 , . . . , n , as an analogy to Eq. ( 61 ): 
∑ 

j p(n,n ) 
i j r j = n × 1 /n = 1 . 

The eigenvectors corresponding to the eigenvalue 0 constitute n − 1 -dimensional vector space 
consisting of arbitrary vectors s(n ) 

i such that ∑ 
i s(n ) 

i = 0 , as an analogy to Eq. ( 62 ). 
Furthermore, if we do not set any bound for n , we are naturally led to consider an in!nite- 

dimensional “nonnegative” symmetric matrix P that consists of an in!nite number of block 
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It follows in general that the distribution function P (x, ∞ ) at an equilibrium satis!es 
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= 0 . 

If we assume a generalized canonical distribution of Nambu dynamics in n dimensions 
with n − 1 energy functions Hk (k = 1 , . . . , n − 1) and the corresponding temperatures βk 
as 
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∂i f i − f i ∂i Hβ + D∂2 

i Hβ − D (∂i Hβ )2 = 0 . 
The solution of this equation that reduces to the Nambu equations of motion in the limit D → 0 
is 

f i = X i − D∂i Hβ, X i = εi j1 ··· jn −1 ∂ j1 H1 · · · ∂ jn −1 Hn −1 . 
This implies, conversely, that there exists a class of initial distribution functions P (x, 0) for 

which the stochastic di"erential equation of motion, 
dxi 
dt = X i − D∂i Hβ + ri (t ) , 

yields the generalized canonical distribution for t → ∞ . Thus the second and third terms on 
the right-hand side of this equation can be interpreted as representing the environmental force. 
In particular, the second term is a dissipating frictional force associated with the presence of 
random #uctuations caused by ri (t ) , reminiscent of Refs. [ 30 , 32 ]. 

Note that, since we are here treating the case of n − 1 energy functions, the group 
of the N -symmetry is SL( n − 1 , R ) and, correspondingly, the transformations of the 
set of temperatures (β1 , . . . , βn −1 ) obey the fundamental vector representation of 
SL( n − 1 , R ). 

To derive this kind of e"ective description directly from the formalism of the main text by 
making a concrete separation of dynamical variables between a single Nambu particle and oth- 
ers as a thermal environment would be an interesting challenge. 
Appendix B. An analog-matrix model for the kernel function v (x3 , x4 ; x1 , x2 ) 
Consider an n × n “positive” matrix p(n,n ) 

i j with entries p(n,n ) 
i j = p(n ) 

ji = 1 /n, satisfying 
∑ 

k p(n,n ) 
ik p(n,n ) 

k j = p(n,n ) 
i j ,

∑ 
i p(n,n ) 

i j = 1 = ∑ 
j p(n,n ) 

i j , (B.1) 
analogously to Eqs. ( 49 ) and ( 54 ). It is easy to con!rm directly that the only possible eigenvalues 
of the matrix p(n,n ) 

i j are 1 and 0, where the eigenvalue 1 is not degenerate, but the eigenvalue 
0 is degenerate with the degeneracy (n − 1) . In fact, the eigenvector r(n ) 

i corresponding to the 
eigenvalue 1 is r(n ) 

i = 1 for all i = 1 , . . . , n , as an analogy to Eq. ( 61 ): 
∑ 

j p(n,n ) 
i j r j = n × 1 /n = 1 . 

The eigenvectors corresponding to the eigenvalue 0 constitute n − 1 -dimensional vector space 
consisting of arbitrary vectors s(n ) 

i such that ∑ 
i s(n ) 

i = 0 , as an analogy to Eq. ( 62 ). 
Furthermore, if we do not set any bound for n , we are naturally led to consider an in!nite- 

dimensional “nonnegative” symmetric matrix P that consists of an in!nite number of block 
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It follows in general that the distribution function P (x, ∞ ) at an equilibrium satis!es 
∂ 

∂xi 
[(

f i (x) − D ∂ 
∂xi 

)
P (x, t )

]
= 0 . 

If we assume a generalized canonical distribution of Nambu dynamics in n dimensions 
with n − 1 energy functions Hk (k = 1 , . . . , n − 1) and the corresponding temperatures βk 
as 

P (x, ∞ ) = e−ᾱ−Hβ (x) , Hβ (x) ≡ n −1 ∑ 
k=1 βk Hk (x) , 

we have a condition for the vector force-!eld f i : 
∂i f i − f i ∂i Hβ + D∂2 

i Hβ − D (∂i Hβ )2 = 0 . 
The solution of this equation that reduces to the Nambu equations of motion in the limit D → 0 
is 

f i = X i − D∂i Hβ, X i = εi j1 ··· jn −1 ∂ j1 H1 · · · ∂ jn −1 Hn −1 . 
This implies, conversely, that there exists a class of initial distribution functions P (x, 0) for 

which the stochastic di"erential equation of motion, 
dxi 
dt = X i − D∂i Hβ + ri (t ) , 

yields the generalized canonical distribution for t → ∞ . Thus the second and third terms on 
the right-hand side of this equation can be interpreted as representing the environmental force. 
In particular, the second term is a dissipating frictional force associated with the presence of 
random #uctuations caused by ri (t ) , reminiscent of Refs. [ 30 , 32 ]. 

Note that, since we are here treating the case of n − 1 energy functions, the group 
of the N -symmetry is SL( n − 1 , R ) and, correspondingly, the transformations of the 
set of temperatures (β1 , . . . , βn −1 ) obey the fundamental vector representation of 
SL( n − 1 , R ). 

To derive this kind of e"ective description directly from the formalism of the main text by 
making a concrete separation of dynamical variables between a single Nambu particle and oth- 
ers as a thermal environment would be an interesting challenge. 
Appendix B. An analog-matrix model for the kernel function v (x3 , x4 ; x1 , x2 ) 
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i j with entries p(n,n ) 
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ik p(n,n ) 

k j = p(n,n ) 
i j ,

∑ 
i p(n,n ) 

i j = 1 = ∑ 
j p(n,n ) 

i j , (B.1) 
analogously to Eqs. ( 49 ) and ( 54 ). It is easy to con!rm directly that the only possible eigenvalues 
of the matrix p(n,n ) 

i j are 1 and 0, where the eigenvalue 1 is not degenerate, but the eigenvalue 
0 is degenerate with the degeneracy (n − 1) . In fact, the eigenvector r(n ) 

i corresponding to the 
eigenvalue 1 is r(n ) 

i = 1 for all i = 1 , . . . , n , as an analogy to Eq. ( 61 ): 
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j p(n,n ) 
i j r j = n × 1 /n = 1 . 

The eigenvectors corresponding to the eigenvalue 0 constitute n − 1 -dimensional vector space 
consisting of arbitrary vectors s(n ) 

i such that ∑ 
i s(n ) 

i = 0 , as an analogy to Eq. ( 62 ). 
Furthermore, if we do not set any bound for n , we are naturally led to consider an in!nite- 

dimensional “nonnegative” symmetric matrix P that consists of an in!nite number of block 
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diagonal matrices p(n,n ) of all n ≥ 2 : 

P =
 
      

p(2 , 2) 0(2 , 3) 0(2 , 4) · · · · ·
0(3 , 2) p(3 , 3) 0(3 , 4) · · · · ·
0(4 , 2) 0(4 , 3) p(4 , 4) · · · · ·

. . . . . · · ·
· · · · · · · ·

 
      , 

satisfying 
∞ ∑ 

a =1 Pab = 1 = ∞ ∑ 
b=1 Pab . 

Here 0(m,n ) is an m × n matrix, all of whose entries are zero. It is clear by the de!nition itself that 
the only allowed eigenvalues are still 1 and 0, but both eigenvalues are now in!nitely degenerate 
because we must take into account all possible (nontrivial) values for the integers n, m . Let us 
denote the bases for the eigenvectors with eigenvalue 1 and those with eigenvalue 0 by R(n ) 
and S(n ) , respectively, which of course satisfy the orthogonality condition (R(n ) )T S(n ) = 0 in the 
in!nite-dimensional vector space. They are given by 

R(n ) =

 
                 

0(2) 
0(3) 
·
·

0(n −1) 
r(n ) 

0(n +1) 
·
·
·

 
                 

, S(n ) =

 
                 

0(2) 
0(3) 
·
·

0(n −1) 
s(n ) 

0(n +1) 
·
·
·

 
                 

where r(n ) is an n -vector whose entries are all 1, while 0(n ) is an n -vector whose entries are all 0, 
and the set of all possible s(n ) itself forms an (n − 1) -dimensional vector subspace, as described 
above. 

Compared with the case of v (x3 , x4 ; x1 , x2 ) , specifying the integer n corresponds to considering 
eigenvalues with !xed energies. The vanishing of the o"-diagonal block matrices 0(m,n ) (m % = n ) 
of the matrix P corresponds to the energy conservations. The value of n itself also plays the role 
of volumes of intersections of level energy surfaces. In the case of v (x3 , x4 ; x1 , x2 ) , the set of 
allowed points constituting a subspace with !xed values of energy functions becomes !nite if 
we discretize the phase space. Remember that the space of !xed energies is compact due to our 
assumptions for the energy functions. Of course, the generic eigenstates consist of arbitrary 
linear combinations of these basis states for each eigenvalue 1 and 0. Therefore, eigenstates in 
each case form an in!nite-dimensional space. 
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It follows in general that the distribution function P (x, ∞ ) at an equilibrium satis!es 
∂ 

∂xi 
[(

f i (x) − D ∂ 
∂xi 

)
P (x, t )

]
= 0 . 

If we assume a generalized canonical distribution of Nambu dynamics in n dimensions 
with n − 1 energy functions Hk (k = 1 , . . . , n − 1) and the corresponding temperatures βk 
as 

P (x, ∞ ) = e−ᾱ−Hβ (x) , Hβ (x) ≡ n −1 ∑ 
k=1 βk Hk (x) , 

we have a condition for the vector force-!eld f i : 
∂i f i − f i ∂i Hβ + D∂2 

i Hβ − D (∂i Hβ )2 = 0 . 
The solution of this equation that reduces to the Nambu equations of motion in the limit D → 0 
is 

f i = X i − D∂i Hβ, X i = εi j1 ··· jn −1 ∂ j1 H1 · · · ∂ jn −1 Hn −1 . 
This implies, conversely, that there exists a class of initial distribution functions P (x, 0) for 

which the stochastic di"erential equation of motion, 
dxi 
dt = X i − D∂i Hβ + ri (t ) , 

yields the generalized canonical distribution for t → ∞ . Thus the second and third terms on 
the right-hand side of this equation can be interpreted as representing the environmental force. 
In particular, the second term is a dissipating frictional force associated with the presence of 
random #uctuations caused by ri (t ) , reminiscent of Refs. [ 30 , 32 ]. 

Note that, since we are here treating the case of n − 1 energy functions, the group 
of the N -symmetry is SL( n − 1 , R ) and, correspondingly, the transformations of the 
set of temperatures (β1 , . . . , βn −1 ) obey the fundamental vector representation of 
SL( n − 1 , R ). 

To derive this kind of e"ective description directly from the formalism of the main text by 
making a concrete separation of dynamical variables between a single Nambu particle and oth- 
ers as a thermal environment would be an interesting challenge. 
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i j with entries p(n,n ) 
i j = p(n ) 

ji = 1 /n, satisfying 
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i corresponding to the 
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∑ 
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j p(n,n ) 
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=
⎛⎜⎜⎜⎜⎜⎜⎝

p(2,2) 0(2,3) 0(2,4) ⋅ ⋅ ⋯
0(3,2) p(3,3) 0(3,4) ⋅ ⋅ ⋯
0(4,2) 0(4,3) p(4,4) ⋅ ⋅ ⋯
. . . . . ⋯⋅ ⋅ ⋯

⎞⎟⎟⎟⎟⎟⎟⎠

) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0(2)
0(3)⋅⋅
0(n−1)
1(n)
0(n+1)⋅⋅⋅

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

8
i

v
(n)
i = 0.) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0(2)
0(3)⋅⋅
0(n−1)
v(n)
0(n+1)⋅⋅⋅

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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for Eq. ( 55 ). In the case of Eq. ( 54 ), we have ∫ ∫ ∫ ∫ 
v (x3 , x4 ; y1 , y2 ) v (y1 , y2 ; x1 , x2 ) d3 y1 d3 y2 d3 x3 d3 x4 =

∫ ∫ 
v (y1 , y2 ; x1 , x2 ) d3 y1 d3 y2 = 1 . 

As a matter of fact, the (minus of the) total kernel operator v⊥ ≡ i (x3 , x4 ; x1 , x2 ) −
v (x3 , x4 ; x1 , x2 ) is also a projection operator, which is orthogonal to v (x3 , x4 ; x1 , x2 ) : ∫ ∫ 

v⊥ (x3 , x4 ; y1 , y2 ) v⊥ (y1 , y2 ; x1 , x2 ) d3 y1 d3 dy2 = v⊥ (x3 , x4 ; x1 , x2 ) , 
∫ ∫ 

v (x3 , x4 ; y1 , y2 ) v⊥ (y1 , y2 ; x1 , x2 ) d3 y1 d3 y2 = 0 . 
These are the remarkable characteristics of our simple model of “stochastic” nonlocal interac- 
tion. As a possible help for the reader to grasp the somewhat peculiar structure of our kernel 
function, we present a prototypical toy model in terms of discrete matrices that captures, to a cer- 
tain degree, some critical aspects of the above properties of the kernel function in Appendix B . 
6. Equilibrium statistical states 
The result of the previous section about our simple toy model for a stochastic nonlocal inter- 
action of Nambu dynamics established the following fact: the eigenvalue spectrum of the total 
kernel function, V (x3 , x4 ; x1 , x2 ) = g2 (v (x3 , x4 ; x1 , x2 ) − i (x3 , x4 ; x1 , x2 )) , as an integral operator, 
consists of only two values, g2 − g2 = 0 and 0 − g2 = −g2 with an in!nite degeneracy in each 
case. In this section, we !rst discuss the implications of this result for general many-body sta- 
tistical states, and then proceed to examine the properties of the equilibrium statistical states 
from a general point of view. 
6.1. Approaches to equilibrium statistical states 
By acting the interaction operator on the basis N -body state | [ x] 〉 , we obtain 

HI | [ x] 〉 = 1 
4
√ 

N ! 
∫ ∫ 

V (x′ 
3 , x′ 

4 ; xa , xb ) ψ† (x′ 
3 , 0) ψ† (x′ 

4 , 0) 
×

N ∑ 
a,b (a ( = b) 

( N ∏ 
c ( = a,b ψ

† (xc , 0)
)

| 0 〉 d3 x′ 
3 d3 x′ 

4 . 
This shows that, for the generic N -body statistical state | F (t ) 〉 = ∫ 

F ([ x ] , t ) | [ x ] 〉 [ dx ] , the re- 
sult of acting the interaction operator is determined by the operation of the kernel function 
V (x3 , x4 ; x1 , x2 ) as a two-body integral operator to all the possible pairs of two coordinates 
(xa , xb ) (a ( = b) contained in the coe"cient function F ([ x] , t ) = F (x1 , . . . , xN , t ) , in the follow- 
ing form: 

N ∑ 
a,b (a ( = b) 

∫ ∫ 
V (x′ 

3 , x′ 
4 ; xa , xb ) F (x1 , . . . , xN , t ) d3 xa d3 xb , 

with the coordinates other than the pair (xa , xb ) passing through freely in each term of the 
summation. Consequently, the highest eigenvalue zero corresponding to equilibrium states, 
satisfying 

lim 
t→∞ ˆ HI | F (t ) 〉 = 0 , (63) 

will be realized if and only if F ([ x] , ∞ ) depends on the coordinates xa (a = 1 , . . . , N ) exclu- 
sively only through the total energies , ∑ N 

a =1 K(xa ) and
∑ N 

a =1 H (xa ) , since it requires that the 
coordinate dependence of the function F ([ x] , t ) is allowed only through H (xa ) + H (xb ) and 
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These are the remarkable characteristics of our simple model of “stochastic” nonlocal interac- 
tion. As a possible help for the reader to grasp the somewhat peculiar structure of our kernel 
function, we present a prototypical toy model in terms of discrete matrices that captures, to a cer- 
tain degree, some critical aspects of the above properties of the kernel function in Appendix B . 
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4 . 
This shows that, for the generic N -body statistical state | F (t ) 〉 = ∫ 

F ([ x ] , t ) | [ x ] 〉 [ dx ] , the re- 
sult of acting the interaction operator is determined by the operation of the kernel function 
V (x3 , x4 ; x1 , x2 ) as a two-body integral operator to all the possible pairs of two coordinates 
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V (x′ 
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4 ; xa , xb ) F (x1 , . . . , xN , t ) d3 xa d3 xb , 

with the coordinates other than the pair (xa , xb ) passing through freely in each term of the 
summation. Consequently, the highest eigenvalue zero corresponding to equilibrium states, 
satisfying 

lim 
t→∞ ˆ HI | F (t ) 〉 = 0 , (63) 

will be realized if and only if F ([ x] , ∞ ) depends on the coordinates xa (a = 1 , . . . , N ) exclu- 
sively only through the total energies , ∑ N 

a =1 K(xa ) and
∑ N 

a =1 H (xa ) , since it requires that the 
coordinate dependence of the function F ([ x] , t ) is allowed only through H (xa ) + H (xb ) and 
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for Eq. ( 55 ). In the case of Eq. ( 54 ), we have ∫ ∫ ∫ ∫ 
v (x3 , x4 ; y1 , y2 ) v (y1 , y2 ; x1 , x2 ) d3 y1 d3 y2 d3 x3 d3 x4 =

∫ ∫ 
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These are the remarkable characteristics of our simple model of “stochastic” nonlocal interac- 
tion. As a possible help for the reader to grasp the somewhat peculiar structure of our kernel 
function, we present a prototypical toy model in terms of discrete matrices that captures, to a cer- 
tain degree, some critical aspects of the above properties of the kernel function in Appendix B . 
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a,b (a ( = b) 
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This shows that, for the generic N -body statistical state | F (t ) 〉 = ∫ 

F ([ x ] , t ) | [ x ] 〉 [ dx ] , the re- 
sult of acting the interaction operator is determined by the operation of the kernel function 
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satisfying 

lim 
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will be realized if and only if F ([ x] , ∞ ) depends on the coordinates xa (a = 1 , . . . , N ) exclu- 
sively only through the total energies , ∑ N 

a =1 K(xa ) and
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a =1 H (xa ) , since it requires that the 
coordinate dependence of the function F ([ x] , t ) is allowed only through H (xa ) + H (xb ) and 
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As a matter of fact, the (minus of the) total kernel operator v⊥ ≡ i (x3 , x4 ; x1 , x2 ) −
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These are the remarkable characteristics of our simple model of “stochastic” nonlocal interac- 
tion. As a possible help for the reader to grasp the somewhat peculiar structure of our kernel 
function, we present a prototypical toy model in terms of discrete matrices that captures, to a cer- 
tain degree, some critical aspects of the above properties of the kernel function in Appendix B . 
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This shows that, for the generic N -body statistical state | F (t ) 〉 = ∫ 
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kernel function, V (x3 , x4 ; x1 , x2 ) = g2 (v (x3 , x4 ; x1 , x2 ) − i (x3 , x4 ; x1 , x2 )) , as an integral operator, 
consists of only two values, g2 − g2 = 0 and 0 − g2 = −g2 with an in!nite degeneracy in each 
case. In this section, we !rst discuss the implications of this result for general many-body sta- 
tistical states, and then proceed to examine the properties of the equilibrium statistical states 
from a general point of view. 
6.1. Approaches to equilibrium statistical states 
By acting the interaction operator on the basis N -body state | [ x] 〉 , we obtain 
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4 . 
This shows that, for the generic N -body statistical state | F (t ) 〉 = ∫ 

F ([ x ] , t ) | [ x ] 〉 [ dx ] , the re- 
sult of acting the interaction operator is determined by the operation of the kernel function 
V (x3 , x4 ; x1 , x2 ) as a two-body integral operator to all the possible pairs of two coordinates 
(xa , xb ) (a ( = b) contained in the coe"cient function F ([ x] , t ) = F (x1 , . . . , xN , t ) , in the follow- 
ing form: 

N ∑ 
a,b (a ( = b) 

∫ ∫ 
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3 , x′ 
4 ; xa , xb ) F (x1 , . . . , xN , t ) d3 xa d3 xb , 

with the coordinates other than the pair (xa , xb ) passing through freely in each term of the 
summation. Consequently, the highest eigenvalue zero corresponding to equilibrium states, 
satisfying 

lim 
t→∞ ˆ HI | F (t ) 〉 = 0 , (63) 

will be realized if and only if F ([ x] , ∞ ) depends on the coordinates xa (a = 1 , . . . , N ) exclu- 
sively only through the total energies , ∑ N 

a =1 K(xa ) and
∑ N 

a =1 H (xa ) , since it requires that the 
coordinate dependence of the function F ([ x] , t ) is allowed only through H (xa ) + H (xb ) and 
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for Eq. ( 55 ). In the case of Eq. ( 54 ), we have ∫ ∫ ∫ ∫ 
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∫ ∫ 
v (y1 , y2 ; x1 , x2 ) d3 y1 d3 y2 = 1 . 
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v⊥ (x3 , x4 ; y1 , y2 ) v⊥ (y1 , y2 ; x1 , x2 ) d3 y1 d3 dy2 = v⊥ (x3 , x4 ; x1 , x2 ) , 
∫ ∫ 

v (x3 , x4 ; y1 , y2 ) v⊥ (y1 , y2 ; x1 , x2 ) d3 y1 d3 y2 = 0 . 
These are the remarkable characteristics of our simple model of “stochastic” nonlocal interac- 
tion. As a possible help for the reader to grasp the somewhat peculiar structure of our kernel 
function, we present a prototypical toy model in terms of discrete matrices that captures, to a cer- 
tain degree, some critical aspects of the above properties of the kernel function in Appendix B . 
6. Equilibrium statistical states 
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for Eq. ( 55 ). In the case of Eq. ( 54 ), we have ∫ ∫ ∫ ∫ 
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These are the remarkable characteristics of our simple model of “stochastic” nonlocal interac- 
tion. As a possible help for the reader to grasp the somewhat peculiar structure of our kernel 
function, we present a prototypical toy model in terms of discrete matrices that captures, to a cer- 
tain degree, some critical aspects of the above properties of the kernel function in Appendix B . 
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case. In this section, we !rst discuss the implications of this result for general many-body sta- 
tistical states, and then proceed to examine the properties of the equilibrium statistical states 
from a general point of view. 
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sult of acting the interaction operator is determined by the operation of the kernel function 
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satisfying 

lim 
t→∞ ˆ HI | F (t ) 〉 = 0 , (63) 

will be realized if and only if F ([ x] , ∞ ) depends on the coordinates xa (a = 1 , . . . , N ) exclu- 
sively only through the total energies , ∑ N 

a =1 K(xa ) and
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a =1 H (xa ) , since it requires that the 
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for Eq. ( 55 ). In the case of Eq. ( 54 ), we have ∫ ∫ ∫ ∫ 
v (x3 , x4 ; y1 , y2 ) v (y1 , y2 ; x1 , x2 ) d3 y1 d3 y2 d3 x3 d3 x4 =
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v (y1 , y2 ; x1 , x2 ) d3 y1 d3 y2 = 1 . 

As a matter of fact, the (minus of the) total kernel operator v⊥ ≡ i (x3 , x4 ; x1 , x2 ) −
v (x3 , x4 ; x1 , x2 ) is also a projection operator, which is orthogonal to v (x3 , x4 ; x1 , x2 ) : ∫ ∫ 

v⊥ (x3 , x4 ; y1 , y2 ) v⊥ (y1 , y2 ; x1 , x2 ) d3 y1 d3 dy2 = v⊥ (x3 , x4 ; x1 , x2 ) , 
∫ ∫ 

v (x3 , x4 ; y1 , y2 ) v⊥ (y1 , y2 ; x1 , x2 ) d3 y1 d3 y2 = 0 . 
These are the remarkable characteristics of our simple model of “stochastic” nonlocal interac- 
tion. As a possible help for the reader to grasp the somewhat peculiar structure of our kernel 
function, we present a prototypical toy model in terms of discrete matrices that captures, to a cer- 
tain degree, some critical aspects of the above properties of the kernel function in Appendix B . 
6. Equilibrium statistical states 
The result of the previous section about our simple toy model for a stochastic nonlocal inter- 
action of Nambu dynamics established the following fact: the eigenvalue spectrum of the total 
kernel function, V (x3 , x4 ; x1 , x2 ) = g2 (v (x3 , x4 ; x1 , x2 ) − i (x3 , x4 ; x1 , x2 )) , as an integral operator, 
consists of only two values, g2 − g2 = 0 and 0 − g2 = −g2 with an in!nite degeneracy in each 
case. In this section, we !rst discuss the implications of this result for general many-body sta- 
tistical states, and then proceed to examine the properties of the equilibrium statistical states 
from a general point of view. 
6.1. Approaches to equilibrium statistical states 
By acting the interaction operator on the basis N -body state | [ x] 〉 , we obtain 
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This shows that, for the generic N -body statistical state | F (t ) 〉 = ∫ 

F ([ x ] , t ) | [ x ] 〉 [ dx ] , the re- 
sult of acting the interaction operator is determined by the operation of the kernel function 
V (x3 , x4 ; x1 , x2 ) as a two-body integral operator to all the possible pairs of two coordinates 
(xa , xb ) (a ( = b) contained in the coe"cient function F ([ x] , t ) = F (x1 , . . . , xN , t ) , in the follow- 
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with the coordinates other than the pair (xa , xb ) passing through freely in each term of the 
summation. Consequently, the highest eigenvalue zero corresponding to equilibrium states, 
satisfying 

lim 
t→∞ ˆ HI | F (t ) 〉 = 0 , (63) 

will be realized if and only if F ([ x] , ∞ ) depends on the coordinates xa (a = 1 , . . . , N ) exclu- 
sively only through the total energies , ∑ N 
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K(xa ) + K(xb ) for all possible pairs (xa , xb ) . Such states are not unique because any distribution 
function of two total energy functions of the form 

f
( N ∑ 

a =1 K(xa ) , N ∑ 
a =1 H (xa )

) 

is allowed. Therefore the equilibrium states as eigenstates with the eigenvalue 0 of the interac- 
tion operator ˆ HI are in!nitely degenerate. Obviously, the general solution of the equilibrium 
condition ( 63 ), which is itself linear, is a linear combination of all such possible statistical states. 
It should be noted that this is all that we can say from the master equation, without having any 
information on the initial statistical states. Needless to say, the trivial case of the constant coef- 
!cient function corresponds to the Z-vacuum ( 44 ). 

Then, the next possible eigenvalue of the interaction operator ˆ HI di"erent from zero is given 
by 

−g2 
4 

(
N (N − 1) − (N − 1)(N − 2)

)
= −1 

2 g2 (N − 1) , (64) 
which is also in!nitely degenerate. This is because of the following arguments: the corre- 
sponding eigenfunctions are, in general, given as linear combinations of distribution func- 
tions, whose dependence on the energy functions in each of them is through a pair of energy 
functions (K(xa ) , H (xa )) with some a , and a pair of the sums of the remaining N − 1 energy 
functions with indices other than a . This leads to the fact that for excited states we can have, 
at most , 2

( 
N − 1 

2 
) 

= (N − 1)(N − 2) pairs of two-body states of zero eigenvalue, instead of 
2
( 

N 
2 
) 

= N (N − 1) such pairs for the ground states, and the di"erence in the number of the 
zero-eigenvalue pairs contributes to the !nal eigenvalue of the !rst excited states, yielding Eq. 
( 64 ). 

As a consequence of Eq. ( 64 ), the approach to an equilibrium state follows in general an 
exponential law, e−g2 (N−1) t/ 2 , for su#ciently large t for any N ≥ 2 . Our intuitive picture for the 
approach to equilibrium states explained in the introduction is valid even for the simplest case 
N = 2 . Furthermore, no matter how small g2 is, the relaxation time is !nite for su#ciently 
large N ! 1 /g2 . It seems appropriate to say that our nonlocal “stochastic” interaction is indeed 
su#ciently “chaotic” or “ergodic”, despite the simplistic spectrum of the kernel function. 
6.2. Equilibrium statistical states from the H-theorem 
Speci!cation of equilibrium statistical states more re!ned than Eq. ( 63 ) is attained only when 
speci!c conditions for the initial statistical states are given. In fact, if we set up initial conditions 
appropriately, we can employ the minimum principle derived from the H-theorem to obtain the 
information on the equilibrium states under given initial conditions: Denoting an equilibrium 
distribution function by F∞ [ x] ≡ 〈 [ x] | F (∞ ) 〉 , the H-function at the equilibrium, 

H = ∫ 
F∞ [ x] log F∞ [ x][ dx] , 

must take the minimum value after the evolution described by the master equation with the 
initial state function 〈 [ x] | F (0) 〉 . Therefore, we can apply variational arguments for deriving a 
particular set of equilibrium statistical states with suitable constraints arising from the initial 
conditions imposed on 〈 [ x] | F (0) 〉 . 
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function of two total energy functions of the form 
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It should be noted that this is all that we can say from the master equation, without having any 
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exponential law, e−g2 (N−1) t/ 2 , for su#ciently large t for any N ≥ 2 . Our intuitive picture for the 
approach to equilibrium states explained in the introduction is valid even for the simplest case 
N = 2 . Furthermore, no matter how small g2 is, the relaxation time is !nite for su#ciently 
large N ! 1 /g2 . It seems appropriate to say that our nonlocal “stochastic” interaction is indeed 
su#ciently “chaotic” or “ergodic”, despite the simplistic spectrum of the kernel function. 
6.2. Equilibrium statistical states from the H-theorem 
Speci!cation of equilibrium statistical states more re!ned than Eq. ( 63 ) is attained only when 
speci!c conditions for the initial statistical states are given. In fact, if we set up initial conditions 
appropriately, we can employ the minimum principle derived from the H-theorem to obtain the 
information on the equilibrium states under given initial conditions: Denoting an equilibrium 
distribution function by F∞ [ x] ≡ 〈 [ x] | F (∞ ) 〉 , the H-function at the equilibrium, 

H = ∫ 
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must take the minimum value after the evolution described by the master equation with the 
initial state function 〈 [ x] | F (0) 〉 . Therefore, we can apply variational arguments for deriving a 
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conditions imposed on 〈 [ x] | F (0) 〉 . 
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for Eq. ( 55 ). In the case of Eq. ( 54 ), we have ∫ ∫ ∫ ∫ 
v (x3 , x4 ; y1 , y2 ) v (y1 , y2 ; x1 , x2 ) d3 y1 d3 y2 d3 x3 d3 x4 =

∫ ∫ 
v (y1 , y2 ; x1 , x2 ) d3 y1 d3 y2 = 1 . 

As a matter of fact, the (minus of the) total kernel operator v⊥ ≡ i (x3 , x4 ; x1 , x2 ) −
v (x3 , x4 ; x1 , x2 ) is also a projection operator, which is orthogonal to v (x3 , x4 ; x1 , x2 ) : ∫ ∫ 

v⊥ (x3 , x4 ; y1 , y2 ) v⊥ (y1 , y2 ; x1 , x2 ) d3 y1 d3 dy2 = v⊥ (x3 , x4 ; x1 , x2 ) , 
∫ ∫ 

v (x3 , x4 ; y1 , y2 ) v⊥ (y1 , y2 ; x1 , x2 ) d3 y1 d3 y2 = 0 . 
These are the remarkable characteristics of our simple model of “stochastic” nonlocal interac- 
tion. As a possible help for the reader to grasp the somewhat peculiar structure of our kernel 
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√ 

N ! 
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3 , x′ 

4 ; xa , xb ) ψ† (x′ 
3 , 0) ψ† (x′ 

4 , 0) 
×

N ∑ 
a,b (a ( = b) 

( N ∏ 
c ( = a,b ψ

† (xc , 0)
)

| 0 〉 d3 x′ 
3 d3 x′ 

4 . 
This shows that, for the generic N -body statistical state | F (t ) 〉 = ∫ 

F ([ x ] , t ) | [ x ] 〉 [ dx ] , the re- 
sult of acting the interaction operator is determined by the operation of the kernel function 
V (x3 , x4 ; x1 , x2 ) as a two-body integral operator to all the possible pairs of two coordinates 
(xa , xb ) (a ( = b) contained in the coe"cient function F ([ x] , t ) = F (x1 , . . . , xN , t ) , in the follow- 
ing form: 

N ∑ 
a,b (a ( = b) 

∫ ∫ 
V (x′ 

3 , x′ 
4 ; xa , xb ) F (x1 , . . . , xN , t ) d3 xa d3 xb , 

with the coordinates other than the pair (xa , xb ) passing through freely in each term of the 
summation. Consequently, the highest eigenvalue zero corresponding to equilibrium states, 
satisfying 

lim 
t→∞ ˆ HI | F (t ) 〉 = 0 , (63) 

will be realized if and only if F ([ x] , ∞ ) depends on the coordinates xa (a = 1 , . . . , N ) exclu- 
sively only through the total energies , ∑ N 

a =1 K(xa ) and
∑ N 

a =1 H (xa ) , since it requires that the 
coordinate dependence of the function F ([ x] , t ) is allowed only through H (xa ) + H (xb ) and 
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K(xa ) + K(xb ) for all possible pairs (xa , xb ) . Such states are not unique because any distribution 
function of two total energy functions of the form 

f
( N ∑ 

a =1 K(xa ) , N ∑ 
a =1 H (xa )

) 

is allowed. Therefore the equilibrium states as eigenstates with the eigenvalue 0 of the interac- 
tion operator ˆ HI are in!nitely degenerate. Obviously, the general solution of the equilibrium 
condition ( 63 ), which is itself linear, is a linear combination of all such possible statistical states. 
It should be noted that this is all that we can say from the master equation, without having any 
information on the initial statistical states. Needless to say, the trivial case of the constant coef- 
!cient function corresponds to the Z-vacuum ( 44 ). 

Then, the next possible eigenvalue of the interaction operator ˆ HI di"erent from zero is given 
by 

−g2 
4 

(
N (N − 1) − (N − 1)(N − 2)

)
= −1 

2 g2 (N − 1) , (64) 
which is also in!nitely degenerate. This is because of the following arguments: the corre- 
sponding eigenfunctions are, in general, given as linear combinations of distribution func- 
tions, whose dependence on the energy functions in each of them is through a pair of energy 
functions (K(xa ) , H (xa )) with some a , and a pair of the sums of the remaining N − 1 energy 
functions with indices other than a . This leads to the fact that for excited states we can have, 
at most , 2

( 
N − 1 

2 
) 

= (N − 1)(N − 2) pairs of two-body states of zero eigenvalue, instead of 
2
( 

N 
2 
) 

= N (N − 1) such pairs for the ground states, and the di"erence in the number of the 
zero-eigenvalue pairs contributes to the !nal eigenvalue of the !rst excited states, yielding Eq. 
( 64 ). 

As a consequence of Eq. ( 64 ), the approach to an equilibrium state follows in general an 
exponential law, e−g2 (N−1) t/ 2 , for su#ciently large t for any N ≥ 2 . Our intuitive picture for the 
approach to equilibrium states explained in the introduction is valid even for the simplest case 
N = 2 . Furthermore, no matter how small g2 is, the relaxation time is !nite for su#ciently 
large N ! 1 /g2 . It seems appropriate to say that our nonlocal “stochastic” interaction is indeed 
su#ciently “chaotic” or “ergodic”, despite the simplistic spectrum of the kernel function. 
6.2. Equilibrium statistical states from the H-theorem 
Speci!cation of equilibrium statistical states more re!ned than Eq. ( 63 ) is attained only when 
speci!c conditions for the initial statistical states are given. In fact, if we set up initial conditions 
appropriately, we can employ the minimum principle derived from the H-theorem to obtain the 
information on the equilibrium states under given initial conditions: Denoting an equilibrium 
distribution function by F∞ [ x] ≡ 〈 [ x] | F (∞ ) 〉 , the H-function at the equilibrium, 

H = ∫ 
F∞ [ x] log F∞ [ x][ dx] , 

must take the minimum value after the evolution described by the master equation with the 
initial state function 〈 [ x] | F (0) 〉 . Therefore, we can apply variational arguments for deriving a 
particular set of equilibrium statistical states with suitable constraints arising from the initial 
conditions imposed on 〈 [ x] | F (0) 〉 . 
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Approach to an equilibrium state obeys in general an exponential law
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Infinite degeneracies of these eigenstates owe essentially to the linear nature 
of the equations describing the Markov process governed by 


More refined characterization of equilibrium states will be attained only when 
specific conditions for the initial statistical states are given. 


It is possible to take into account such conditions by applying the H-theorem: 
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tion operator ˆ HI are in!nitely degenerate. Obviously, the general solution of the equilibrium 
condition ( 63 ), which is itself linear, is a linear combination of all such possible statistical states. 
It should be noted that this is all that we can say from the master equation, without having any 
information on the initial statistical states. Needless to say, the trivial case of the constant coef- 
!cient function corresponds to the Z-vacuum ( 44 ). 

Then, the next possible eigenvalue of the interaction operator ˆ HI di"erent from zero is given 
by 

−g2 
4 

(
N (N − 1) − (N − 1)(N − 2)

)
= −1 

2 g2 (N − 1) , (64) 
which is also in!nitely degenerate. This is because of the following arguments: the corre- 
sponding eigenfunctions are, in general, given as linear combinations of distribution func- 
tions, whose dependence on the energy functions in each of them is through a pair of energy 
functions (K(xa ) , H (xa )) with some a , and a pair of the sums of the remaining N − 1 energy 
functions with indices other than a . This leads to the fact that for excited states we can have, 
at most , 2

( 
N − 1 

2 
) 

= (N − 1)(N − 2) pairs of two-body states of zero eigenvalue, instead of 
2
( 

N 
2 
) 

= N (N − 1) such pairs for the ground states, and the di"erence in the number of the 
zero-eigenvalue pairs contributes to the !nal eigenvalue of the !rst excited states, yielding Eq. 
( 64 ). 

As a consequence of Eq. ( 64 ), the approach to an equilibrium state follows in general an 
exponential law, e−g2 (N−1) t/ 2 , for su#ciently large t for any N ≥ 2 . Our intuitive picture for the 
approach to equilibrium states explained in the introduction is valid even for the simplest case 
N = 2 . Furthermore, no matter how small g2 is, the relaxation time is !nite for su#ciently 
large N ! 1 /g2 . It seems appropriate to say that our nonlocal “stochastic” interaction is indeed 
su#ciently “chaotic” or “ergodic”, despite the simplistic spectrum of the kernel function. 
6.2. Equilibrium statistical states from the H-theorem 
Speci!cation of equilibrium statistical states more re!ned than Eq. ( 63 ) is attained only when 
speci!c conditions for the initial statistical states are given. In fact, if we set up initial conditions 
appropriately, we can employ the minimum principle derived from the H-theorem to obtain the 
information on the equilibrium states under given initial conditions: Denoting an equilibrium 
distribution function by F∞ [ x] ≡ 〈 [ x] | F (∞ ) 〉 , the H-function at the equilibrium, 

H = ∫ 
F∞ [ x] log F∞ [ x][ dx] , 

must take the minimum value after the evolution described by the master equation with the 
initial state function 〈 [ x] | F (0) 〉 . Therefore, we can apply variational arguments for deriving a 
particular set of equilibrium statistical states with suitable constraints arising from the initial 
conditions imposed on 〈 [ x] | F (0) 〉 . 
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6.2.1. Generalized microcanonical states. The simplest and most meaningful initial condition 
conceivable is that both of the total values of energy functions ∑ N 

a =1 K(xa ) and ∑ N 
a =1 H (xa ) 

have !xed numerical values (h0 , k0 ) : 
N ∑ 

a =1 H (xa ) = h0 , N ∑ 
a =1 K(xa ) = k0 . 

Since the total energies are strictly conserved during evolution to equilibrium states, the fol- 
lowing conditions are consistently satis!ed locally with respect to the coordinates for the equi- 
librium distribution function: 

F∞ [ x]
( N ∑ 

a =1 H (xa ) − h0 
)

= 0 , F∞ [ x]
( N ∑ 

a =1 K(xa ) − k0 
)

= 0 . (65) 
The variational equation is then given as 

δF ,α,γH ,γK 
[
H + α( ∫ 

F∞ [ x ][ dx ] − 1
)

+
∫ 

γH [ x ] F∞ [ x ]( N ∑ 
a =1 H (xa ) − h0 

)
[ dx] + ∫ 

γK [ x] F∞ [ x]
( N ∑ 

a =1 K(xa ) − h0 
)

[ dx]
]

= 0 . 
Note that in addition to the Lagrange multiplier α for the constraint ∫ F∞ [ x ][ dx ] = 1 , we have to 
introduce the Lagrange “multiplier functions ” γH [ x] and γK [ x] , corresponding to Eq. ( 65 ). This 
implies that F∞ [ x] can have nonzero constant values only on the level surfaces de!ned by Eq. 
( 65 ). The variational equation for δF∞ [ x] is, after making a shift α → α − 1 , 

log F∞ [ x] + α + γH [ x]
( N ∑ 

a =1 H (xa ) − h0 
)

+ γK [ x]
( N ∑ 

a =1 K(xa ) − k0 
)

= 0 , 
which must be solved together with the constraints ( 65 ) obtained by the variations with respect 
to (γH [ x ] , γK [ x ]) . Let us set 

F∞ [ x] = e−α+ f [ x] δ( N ∑ 
a =1 H (xa ) − h0 

)
δ

( N ∑ 
a =1 K(xa ) − k0 

)
. (66) 

This yields the condition for determining f [ x] : 
f [ x] + log [δ

( N ∑ 
a =1 H (xa ) − h0 

)
δ

( N ∑ 
a =1 K(xa ) − k0 

)]

+ γH [ x]
( N ∑ 

a =1 H (xa ) − h0 
)

+ γK [ x]
( N ∑ 

a =1 K(xa ) − k0 
)

= 0 . 
However, the function f [ x] only occurs in Eq. ( 66 ) with the product of the δ-functions con- 
straining the values of total energy functions; the second line can be set to zero, and also the 
logarithmic term in the !rst line gives an in!nite constant: f [ x] = −2 log δ(0) . This in!nite con- 
tribution is absorbed by making an in!nite renormalization of α: α = α0 − 2 log δ(0) . We then 
arrive at 

F∞ [ x] = e−α0 (h0 ,k0 ) δ( N ∑ 
a =1 H (xa ) − h0 

)
δ

( N ∑ 
a =1 K(xa ) − k0 

)
≡ Fmicro [ x] (67) 

where 
eα0 (h0 ,k0 ) = ∫ ∫ 

· · ·
∫ 

δ

( N ∑ 
a =1 H (xa ) − h0 

)
δ

( N ∑ 
a =1 K(xa ) − k0 

)
[ dx] . 
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6.2.1. Generalized microcanonical states. The simplest and most meaningful initial condition 
conceivable is that both of the total values of energy functions ∑ N 

a =1 K(xa ) and ∑ N 
a =1 H (xa ) 
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Since the total energies are strictly conserved during evolution to equilibrium states, the fol- 
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librium distribution function: 

F∞ [ x]
( N ∑ 

a =1 H (xa ) − h0 
)

= 0 , F∞ [ x]
( N ∑ 

a =1 K(xa ) − k0 
)

= 0 . (65) 
The variational equation is then given as 
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a =1 H (xa ) − h0 

)
[ dx] + ∫ 

γK [ x] F∞ [ x]
( N ∑ 

a =1 K(xa ) − h0 
)

[ dx]
]

= 0 . 
Note that in addition to the Lagrange multiplier α for the constraint ∫ F∞ [ x ][ dx ] = 1 , we have to 
introduce the Lagrange “multiplier functions ” γH [ x] and γK [ x] , corresponding to Eq. ( 65 ). This 
implies that F∞ [ x] can have nonzero constant values only on the level surfaces de!ned by Eq. 
( 65 ). The variational equation for δF∞ [ x] is, after making a shift α → α − 1 , 

log F∞ [ x] + α + γH [ x]
( N ∑ 

a =1 H (xa ) − h0 
)

+ γK [ x]
( N ∑ 

a =1 K(xa ) − k0 
)

= 0 , 
which must be solved together with the constraints ( 65 ) obtained by the variations with respect 
to (γH [ x ] , γK [ x ]) . Let us set 

F∞ [ x] = e−α+ f [ x] δ( N ∑ 
a =1 H (xa ) − h0 

)
δ

( N ∑ 
a =1 K(xa ) − k0 

)
. (66) 

This yields the condition for determining f [ x] : 
f [ x] + log [δ

( N ∑ 
a =1 H (xa ) − h0 

)
δ

( N ∑ 
a =1 K(xa ) − k0 

)]

+ γH [ x]
( N ∑ 

a =1 H (xa ) − h0 
)

+ γK [ x]
( N ∑ 

a =1 K(xa ) − k0 
)

= 0 . 
However, the function f [ x] only occurs in Eq. ( 66 ) with the product of the δ-functions con- 
straining the values of total energy functions; the second line can be set to zero, and also the 
logarithmic term in the !rst line gives an in!nite constant: f [ x] = −2 log δ(0) . This in!nite con- 
tribution is absorbed by making an in!nite renormalization of α: α = α0 − 2 log δ(0) . We then 
arrive at 

F∞ [ x] = e−α0 (h0 ,k0 ) δ( N ∑ 
a =1 H (xa ) − h0 

)
δ

( N ∑ 
a =1 K(xa ) − k0 

)
≡ Fmicro [ x] (67) 

where 
eα0 (h0 ,k0 ) = ∫ ∫ 

· · ·
∫ 

δ

( N ∑ 
a =1 H (xa ) − h0 

)
δ

( N ∑ 
a =1 K(xa ) − k0 

)
[ dx] . 
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6.2.1. Generalized microcanonical states. The simplest and most meaningful initial condition 
conceivable is that both of the total values of energy functions ∑ N 

a =1 K(xa ) and ∑ N 
a =1 H (xa ) 

have !xed numerical values (h0 , k0 ) : 
N ∑ 

a =1 H (xa ) = h0 , N ∑ 
a =1 K(xa ) = k0 . 

Since the total energies are strictly conserved during evolution to equilibrium states, the fol- 
lowing conditions are consistently satis!ed locally with respect to the coordinates for the equi- 
librium distribution function: 

F∞ [ x]
( N ∑ 

a =1 H (xa ) − h0 
)

= 0 , F∞ [ x]
( N ∑ 

a =1 K(xa ) − k0 
)

= 0 . (65) 
The variational equation is then given as 

δF ,α,γH ,γK 
[
H + α( ∫ 

F∞ [ x ][ dx ] − 1
)

+
∫ 

γH [ x ] F∞ [ x ]( N ∑ 
a =1 H (xa ) − h0 

)
[ dx] + ∫ 

γK [ x] F∞ [ x]
( N ∑ 

a =1 K(xa ) − h0 
)

[ dx]
]

= 0 . 
Note that in addition to the Lagrange multiplier α for the constraint ∫ F∞ [ x ][ dx ] = 1 , we have to 
introduce the Lagrange “multiplier functions ” γH [ x] and γK [ x] , corresponding to Eq. ( 65 ). This 
implies that F∞ [ x] can have nonzero constant values only on the level surfaces de!ned by Eq. 
( 65 ). The variational equation for δF∞ [ x] is, after making a shift α → α − 1 , 

log F∞ [ x] + α + γH [ x]
( N ∑ 

a =1 H (xa ) − h0 
)

+ γK [ x]
( N ∑ 

a =1 K(xa ) − k0 
)

= 0 , 
which must be solved together with the constraints ( 65 ) obtained by the variations with respect 
to (γH [ x ] , γK [ x ]) . Let us set 

F∞ [ x] = e−α+ f [ x] δ( N ∑ 
a =1 H (xa ) − h0 

)
δ

( N ∑ 
a =1 K(xa ) − k0 

)
. (66) 

This yields the condition for determining f [ x] : 
f [ x] + log [δ

( N ∑ 
a =1 H (xa ) − h0 

)
δ

( N ∑ 
a =1 K(xa ) − k0 

)]

+ γH [ x]
( N ∑ 

a =1 H (xa ) − h0 
)

+ γK [ x]
( N ∑ 

a =1 K(xa ) − k0 
)

= 0 . 
However, the function f [ x] only occurs in Eq. ( 66 ) with the product of the δ-functions con- 
straining the values of total energy functions; the second line can be set to zero, and also the 
logarithmic term in the !rst line gives an in!nite constant: f [ x] = −2 log δ(0) . This in!nite con- 
tribution is absorbed by making an in!nite renormalization of α: α = α0 − 2 log δ(0) . We then 
arrive at 

F∞ [ x] = e−α0 (h0 ,k0 ) δ( N ∑ 
a =1 H (xa ) − h0 

)
δ

( N ∑ 
a =1 K(xa ) − k0 

)
≡ Fmicro [ x] (67) 

where 
eα0 (h0 ,k0 ) = ∫ ∫ 

· · ·
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δ

( N ∑ 
a =1 H (xa ) − h0 

)
δ

( N ∑ 
a =1 K(xa ) − k0 

)
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6.2.1. Generalized microcanonical states. The simplest and most meaningful initial condition 
conceivable is that both of the total values of energy functions ∑ N 

a =1 K(xa ) and ∑ N 
a =1 H (xa ) 

have !xed numerical values (h0 , k0 ) : 
N ∑ 

a =1 H (xa ) = h0 , N ∑ 
a =1 K(xa ) = k0 . 

Since the total energies are strictly conserved during evolution to equilibrium states, the fol- 
lowing conditions are consistently satis!ed locally with respect to the coordinates for the equi- 
librium distribution function: 

F∞ [ x]
( N ∑ 

a =1 H (xa ) − h0 
)

= 0 , F∞ [ x]
( N ∑ 

a =1 K(xa ) − k0 
)

= 0 . (65) 
The variational equation is then given as 

δF ,α,γH ,γK 
[
H + α( ∫ 

F∞ [ x ][ dx ] − 1
)

+
∫ 

γH [ x ] F∞ [ x ]( N ∑ 
a =1 H (xa ) − h0 

)
[ dx] + ∫ 

γK [ x] F∞ [ x]
( N ∑ 

a =1 K(xa ) − h0 
)

[ dx]
]

= 0 . 
Note that in addition to the Lagrange multiplier α for the constraint ∫ F∞ [ x ][ dx ] = 1 , we have to 
introduce the Lagrange “multiplier functions ” γH [ x] and γK [ x] , corresponding to Eq. ( 65 ). This 
implies that F∞ [ x] can have nonzero constant values only on the level surfaces de!ned by Eq. 
( 65 ). The variational equation for δF∞ [ x] is, after making a shift α → α − 1 , 

log F∞ [ x] + α + γH [ x]
( N ∑ 

a =1 H (xa ) − h0 
)

+ γK [ x]
( N ∑ 

a =1 K(xa ) − k0 
)

= 0 , 
which must be solved together with the constraints ( 65 ) obtained by the variations with respect 
to (γH [ x ] , γK [ x ]) . Let us set 

F∞ [ x] = e−α+ f [ x] δ( N ∑ 
a =1 H (xa ) − h0 

)
δ

( N ∑ 
a =1 K(xa ) − k0 

)
. (66) 

This yields the condition for determining f [ x] : 
f [ x] + log [δ

( N ∑ 
a =1 H (xa ) − h0 

)
δ

( N ∑ 
a =1 K(xa ) − k0 

)]

+ γH [ x]
( N ∑ 

a =1 H (xa ) − h0 
)

+ γK [ x]
( N ∑ 

a =1 K(xa ) − k0 
)

= 0 . 
However, the function f [ x] only occurs in Eq. ( 66 ) with the product of the δ-functions con- 
straining the values of total energy functions; the second line can be set to zero, and also the 
logarithmic term in the !rst line gives an in!nite constant: f [ x] = −2 log δ(0) . This in!nite con- 
tribution is absorbed by making an in!nite renormalization of α: α = α0 − 2 log δ(0) . We then 
arrive at 

F∞ [ x] = e−α0 (h0 ,k0 ) δ( N ∑ 
a =1 H (xa ) − h0 

)
δ

( N ∑ 
a =1 K(xa ) − k0 

)
≡ Fmicro [ x] (67) 

where 
eα0 (h0 ,k0 ) = ∫ ∫ 

· · ·
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δ

( N ∑ 
a =1 H (xa ) − h0 

)
δ

( N ∑ 
a =1 K(xa ) − k0 

)
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We here only give two typical equilibrium states which are obtained by 
standard minimization procedure.
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Notice that this result satis!es the condition that all of the phase-space coordinates appear 
only through the total energy functions and hence gives a special solution of the equilibrium 
condition ( 63 ) as it should. 
6.2.2. Generalized canonical states. As an alternative to the condition ( 65 ), we can require a 
weaker condition, namely, that the expectation values of the total energies are !xed to be a set 
of numerical values (k, h ) as the initial condition. In fact, the expectation values, 〈 Z| ˆ H | F (t ) 〉 and 
〈 Z| ˆ K | F (t ) 〉 , of total energy functions are also guaranteed to be conserved under the evolution 
governed by the master equation: 

d 
dt 〈 Z| ˆ H | F (t ) 〉 = 〈 Z| ˆ H ˆ HI (t ) | F (t ) 〉 = 〈 Z| [ ˆ H , ˆ HI (t )] | F (t ) 〉 = 0 , 
d 
dt 〈 Z| ˆ K | F (t ) 〉 = 〈 Z| ˆ K ˆ HI (t ) | F (t ) 〉 = 〈 Z| [ ˆ K , ˆ HI (t )] | F (t ) 〉 = 0 , (68) 

due to Eqs. ( 45 ) and ( 44 ). Therefore we can set up the variational equation consistently for the 
equilibrium distribution function F∞ [ x] as 

δF ,α,βH ,βK 
[
H + α ∫ 

F∞ [ x ][ dx ] 
+ βh 

( ∫ 
F∞ [ x ] N ∑ 

a =1 H (xa )[ dx ] − h
)

+ βk 
( ∫ 

F∞ [ x ] N ∑ 
a =1 K(xa )[ dx ] − k

)]
= 0 , 

where we have introduced the Lagrange multipliers βh and βk corresponding to the initial con- 
ditions stated above: 

∫ 
F∞ [ x ] N ∑ 

a =1 H (xa )[ dx ] = h,

∫ 
F∞ [ x ] N ∑ 

a =1 K(xa )[ dx ] = k. (69) 
We immediately obtain, after a rede!nition α → α − 1 , 

log F∞ [ x] = −α −
N ∑ 

a =1 
[
βh H (xa ) + βk K(xa )], 

which gives 
F∞ [ x] = exp { − α − βh N ∑ 

a =1 H (xa ) − βk N ∑ 
a =1 K(xa )

}
≡ F(βh ,βk ) [ x] , (70) 

eα = ∫ 
exp { − βh N ∑ 

a =1 H (xa ) − βk N ∑ 
a =1 K(xa )

}
[ dx] , 

h = ∫ N ∑ 
a =1 H (xa ) exp { − α − βh N ∑ 

a =1 H (xa ) − βk N ∑ 
a =1 K(xa )

}
[ dx] , 

k = ∫ N ∑ 
a =1 K(xa ) exp { − α − βh N ∑ 

a =1 H (xa ) − βk N ∑ 
a =1 K(xa )

}
[ dx] , 

where the last three equations implicitly determine the value of three Lagrange multipliers 
(α, βh , βk ) . The free energy of this system is −α, and the entropy is −H . We call the distribu- 
tion function ( 70 ) equipped with two independent temperatures (1 /βh , 1 /βk ) the “generalized 
canonical distribution”, which extends the ordinary canonical distribution with a single tem- 
perature to that with a set of two temperatures. Of course, this is what Nambu expected in his 
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Notice that this result satis!es the condition that all of the phase-space coordinates appear 
only through the total energy functions and hence gives a special solution of the equilibrium 
condition ( 63 ) as it should. 
6.2.2. Generalized canonical states. As an alternative to the condition ( 65 ), we can require a 
weaker condition, namely, that the expectation values of the total energies are !xed to be a set 
of numerical values (k, h ) as the initial condition. In fact, the expectation values, 〈 Z| ˆ H | F (t ) 〉 and 
〈 Z| ˆ K | F (t ) 〉 , of total energy functions are also guaranteed to be conserved under the evolution 
governed by the master equation: 

d 
dt 〈 Z| ˆ H | F (t ) 〉 = 〈 Z| ˆ H ˆ HI (t ) | F (t ) 〉 = 〈 Z| [ ˆ H , ˆ HI (t )] | F (t ) 〉 = 0 , 
d 
dt 〈 Z| ˆ K | F (t ) 〉 = 〈 Z| ˆ K ˆ HI (t ) | F (t ) 〉 = 〈 Z| [ ˆ K , ˆ HI (t )] | F (t ) 〉 = 0 , (68) 

due to Eqs. ( 45 ) and ( 44 ). Therefore we can set up the variational equation consistently for the 
equilibrium distribution function F∞ [ x] as 

δF ,α,βH ,βK 
[
H + α ∫ 

F∞ [ x ][ dx ] 
+ βh 

( ∫ 
F∞ [ x ] N ∑ 

a =1 H (xa )[ dx ] − h
)

+ βk 
( ∫ 

F∞ [ x ] N ∑ 
a =1 K(xa )[ dx ] − k

)]
= 0 , 

where we have introduced the Lagrange multipliers βh and βk corresponding to the initial con- 
ditions stated above: 

∫ 
F∞ [ x ] N ∑ 

a =1 H (xa )[ dx ] = h,

∫ 
F∞ [ x ] N ∑ 

a =1 K(xa )[ dx ] = k. (69) 
We immediately obtain, after a rede!nition α → α − 1 , 

log F∞ [ x] = −α −
N ∑ 

a =1 
[
βh H (xa ) + βk K(xa )], 

which gives 
F∞ [ x] = exp { − α − βh N ∑ 

a =1 H (xa ) − βk N ∑ 
a =1 K(xa )

}
≡ F(βh ,βk ) [ x] , (70) 

eα = ∫ 
exp { − βh N ∑ 

a =1 H (xa ) − βk N ∑ 
a =1 K(xa )

}
[ dx] , 

h = ∫ N ∑ 
a =1 H (xa ) exp { − α − βh N ∑ 

a =1 H (xa ) − βk N ∑ 
a =1 K(xa )

}
[ dx] , 

k = ∫ N ∑ 
a =1 K(xa ) exp { − α − βh N ∑ 

a =1 H (xa ) − βk N ∑ 
a =1 K(xa )

}
[ dx] , 

where the last three equations implicitly determine the value of three Lagrange multipliers 
(α, βh , βk ) . The free energy of this system is −α, and the entropy is −H . We call the distribu- 
tion function ( 70 ) equipped with two independent temperatures (1 /βh , 1 /βk ) the “generalized 
canonical distribution”, which extends the ordinary canonical distribution with a single tem- 
perature to that with a set of two temperatures. Of course, this is what Nambu expected in his 
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Notice that this result satis!es the condition that all of the phase-space coordinates appear 
only through the total energy functions and hence gives a special solution of the equilibrium 
condition ( 63 ) as it should. 
6.2.2. Generalized canonical states. As an alternative to the condition ( 65 ), we can require a 
weaker condition, namely, that the expectation values of the total energies are !xed to be a set 
of numerical values (k, h ) as the initial condition. In fact, the expectation values, 〈 Z| ˆ H | F (t ) 〉 and 
〈 Z| ˆ K | F (t ) 〉 , of total energy functions are also guaranteed to be conserved under the evolution 
governed by the master equation: 

d 
dt 〈 Z| ˆ H | F (t ) 〉 = 〈 Z| ˆ H ˆ HI (t ) | F (t ) 〉 = 〈 Z| [ ˆ H , ˆ HI (t )] | F (t ) 〉 = 0 , 
d 
dt 〈 Z| ˆ K | F (t ) 〉 = 〈 Z| ˆ K ˆ HI (t ) | F (t ) 〉 = 〈 Z| [ ˆ K , ˆ HI (t )] | F (t ) 〉 = 0 , (68) 

due to Eqs. ( 45 ) and ( 44 ). Therefore we can set up the variational equation consistently for the 
equilibrium distribution function F∞ [ x] as 

δF ,α,βH ,βK 
[
H + α ∫ 

F∞ [ x ][ dx ] 
+ βh 

( ∫ 
F∞ [ x ] N ∑ 

a =1 H (xa )[ dx ] − h
)

+ βk 
( ∫ 

F∞ [ x ] N ∑ 
a =1 K(xa )[ dx ] − k

)]
= 0 , 

where we have introduced the Lagrange multipliers βh and βk corresponding to the initial con- 
ditions stated above: 

∫ 
F∞ [ x ] N ∑ 

a =1 H (xa )[ dx ] = h,

∫ 
F∞ [ x ] N ∑ 

a =1 K(xa )[ dx ] = k. (69) 
We immediately obtain, after a rede!nition α → α − 1 , 

log F∞ [ x] = −α −
N ∑ 

a =1 
[
βh H (xa ) + βk K(xa )], 

which gives 
F∞ [ x] = exp { − α − βh N ∑ 

a =1 H (xa ) − βk N ∑ 
a =1 K(xa )

}
≡ F(βh ,βk ) [ x] , (70) 

eα = ∫ 
exp { − βh N ∑ 

a =1 H (xa ) − βk N ∑ 
a =1 K(xa )

}
[ dx] , 

h = ∫ N ∑ 
a =1 H (xa ) exp { − α − βh N ∑ 

a =1 H (xa ) − βk N ∑ 
a =1 K(xa )

}
[ dx] , 

k = ∫ N ∑ 
a =1 K(xa ) exp { − α − βh N ∑ 

a =1 H (xa ) − βk N ∑ 
a =1 K(xa )

}
[ dx] , 

where the last three equations implicitly determine the value of three Lagrange multipliers 
(α, βh , βk ) . The free energy of this system is −α, and the entropy is −H . We call the distribu- 
tion function ( 70 ) equipped with two independent temperatures (1 /βh , 1 /βk ) the “generalized 
canonical distribution”, which extends the ordinary canonical distribution with a single tem- 
perature to that with a set of two temperatures. Of course, this is what Nambu expected in his 
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Notice that this result satis!es the condition that all of the phase-space coordinates appear 
only through the total energy functions and hence gives a special solution of the equilibrium 
condition ( 63 ) as it should. 
6.2.2. Generalized canonical states. As an alternative to the condition ( 65 ), we can require a 
weaker condition, namely, that the expectation values of the total energies are !xed to be a set 
of numerical values (k, h ) as the initial condition. In fact, the expectation values, 〈 Z| ˆ H | F (t ) 〉 and 
〈 Z| ˆ K | F (t ) 〉 , of total energy functions are also guaranteed to be conserved under the evolution 
governed by the master equation: 

d 
dt 〈 Z| ˆ H | F (t ) 〉 = 〈 Z| ˆ H ˆ HI (t ) | F (t ) 〉 = 〈 Z| [ ˆ H , ˆ HI (t )] | F (t ) 〉 = 0 , 
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dt 〈 Z| ˆ K | F (t ) 〉 = 〈 Z| ˆ K ˆ HI (t ) | F (t ) 〉 = 〈 Z| [ ˆ K , ˆ HI (t )] | F (t ) 〉 = 0 , (68) 
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where we have introduced the Lagrange multipliers βh and βk corresponding to the initial con- 
ditions stated above: 

∫ 
F∞ [ x ] N ∑ 

a =1 H (xa )[ dx ] = h,

∫ 
F∞ [ x ] N ∑ 

a =1 K(xa )[ dx ] = k. (69) 
We immediately obtain, after a rede!nition α → α − 1 , 

log F∞ [ x] = −α −
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a =1 
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βh H (xa ) + βk K(xa )], 

which gives 
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a =1 K(xa )
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≡ F(βh ,βk ) [ x] , (70) 
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}
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a =1 K(xa ) exp { − α − βh N ∑ 

a =1 H (xa ) − βk N ∑ 
a =1 K(xa )

}
[ dx] , 

where the last three equations implicitly determine the value of three Lagrange multipliers 
(α, βh , βk ) . The free energy of this system is −α, and the entropy is −H . We call the distribu- 
tion function ( 70 ) equipped with two independent temperatures (1 /βh , 1 /βk ) the “generalized 
canonical distribution”, which extends the ordinary canonical distribution with a single tem- 
perature to that with a set of two temperatures. Of course, this is what Nambu expected in his 
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Notice that this result satis!es the condition that all of the phase-space coordinates appear 
only through the total energy functions and hence gives a special solution of the equilibrium 
condition ( 63 ) as it should. 
6.2.2. Generalized canonical states. As an alternative to the condition ( 65 ), we can require a 
weaker condition, namely, that the expectation values of the total energies are !xed to be a set 
of numerical values (k, h ) as the initial condition. In fact, the expectation values, 〈 Z| ˆ H | F (t ) 〉 and 
〈 Z| ˆ K | F (t ) 〉 , of total energy functions are also guaranteed to be conserved under the evolution 
governed by the master equation: 

d 
dt 〈 Z| ˆ H | F (t ) 〉 = 〈 Z| ˆ H ˆ HI (t ) | F (t ) 〉 = 〈 Z| [ ˆ H , ˆ HI (t )] | F (t ) 〉 = 0 , 
d 
dt 〈 Z| ˆ K | F (t ) 〉 = 〈 Z| ˆ K ˆ HI (t ) | F (t ) 〉 = 〈 Z| [ ˆ K , ˆ HI (t )] | F (t ) 〉 = 0 , (68) 

due to Eqs. ( 45 ) and ( 44 ). Therefore we can set up the variational equation consistently for the 
equilibrium distribution function F∞ [ x] as 
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( ∫ 
F∞ [ x ] N ∑ 

a =1 H (xa )[ dx ] − h
)

+ βk 
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F∞ [ x ] N ∑ 
a =1 K(xa )[ dx ] − k

)]
= 0 , 

where we have introduced the Lagrange multipliers βh and βk corresponding to the initial con- 
ditions stated above: 

∫ 
F∞ [ x ] N ∑ 

a =1 H (xa )[ dx ] = h,

∫ 
F∞ [ x ] N ∑ 

a =1 K(xa )[ dx ] = k. (69) 
We immediately obtain, after a rede!nition α → α − 1 , 

log F∞ [ x] = −α −
N ∑ 

a =1 
[
βh H (xa ) + βk K(xa )], 

which gives 
F∞ [ x] = exp { − α − βh N ∑ 

a =1 H (xa ) − βk N ∑ 
a =1 K(xa )

}
≡ F(βh ,βk ) [ x] , (70) 

eα = ∫ 
exp { − βh N ∑ 

a =1 H (xa ) − βk N ∑ 
a =1 K(xa )

}
[ dx] , 

h = ∫ N ∑ 
a =1 H (xa ) exp { − α − βh N ∑ 

a =1 H (xa ) − βk N ∑ 
a =1 K(xa )

}
[ dx] , 

k = ∫ N ∑ 
a =1 K(xa ) exp { − α − βh N ∑ 

a =1 H (xa ) − βk N ∑ 
a =1 K(xa )

}
[ dx] , 

where the last three equations implicitly determine the value of three Lagrange multipliers 
(α, βh , βk ) . The free energy of this system is −α, and the entropy is −H . We call the distribu- 
tion function ( 70 ) equipped with two independent temperatures (1 /βh , 1 /βk ) the “generalized 
canonical distribution”, which extends the ordinary canonical distribution with a single tem- 
perature to that with a set of two temperatures. Of course, this is what Nambu expected in his 
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Notice that this result satis!es the condition that all of the phase-space coordinates appear 
only through the total energy functions and hence gives a special solution of the equilibrium 
condition ( 63 ) as it should. 
6.2.2. Generalized canonical states. As an alternative to the condition ( 65 ), we can require a 
weaker condition, namely, that the expectation values of the total energies are !xed to be a set 
of numerical values (k, h ) as the initial condition. In fact, the expectation values, 〈 Z| ˆ H | F (t ) 〉 and 
〈 Z| ˆ K | F (t ) 〉 , of total energy functions are also guaranteed to be conserved under the evolution 
governed by the master equation: 

d 
dt 〈 Z| ˆ H | F (t ) 〉 = 〈 Z| ˆ H ˆ HI (t ) | F (t ) 〉 = 〈 Z| [ ˆ H , ˆ HI (t )] | F (t ) 〉 = 0 , 
d 
dt 〈 Z| ˆ K | F (t ) 〉 = 〈 Z| ˆ K ˆ HI (t ) | F (t ) 〉 = 〈 Z| [ ˆ K , ˆ HI (t )] | F (t ) 〉 = 0 , (68) 

due to Eqs. ( 45 ) and ( 44 ). Therefore we can set up the variational equation consistently for the 
equilibrium distribution function F∞ [ x] as 
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F∞ [ x ][ dx ] 
+ βh 

( ∫ 
F∞ [ x ] N ∑ 

a =1 H (xa )[ dx ] − h
)

+ βk 
( ∫ 

F∞ [ x ] N ∑ 
a =1 K(xa )[ dx ] − k

)]
= 0 , 

where we have introduced the Lagrange multipliers βh and βk corresponding to the initial con- 
ditions stated above: 

∫ 
F∞ [ x ] N ∑ 

a =1 H (xa )[ dx ] = h,

∫ 
F∞ [ x ] N ∑ 

a =1 K(xa )[ dx ] = k. (69) 
We immediately obtain, after a rede!nition α → α − 1 , 

log F∞ [ x] = −α −
N ∑ 

a =1 
[
βh H (xa ) + βk K(xa )], 

which gives 
F∞ [ x] = exp { − α − βh N ∑ 

a =1 H (xa ) − βk N ∑ 
a =1 K(xa )

}
≡ F(βh ,βk ) [ x] , (70) 

eα = ∫ 
exp { − βh N ∑ 

a =1 H (xa ) − βk N ∑ 
a =1 K(xa )

}
[ dx] , 

h = ∫ N ∑ 
a =1 H (xa ) exp { − α − βh N ∑ 

a =1 H (xa ) − βk N ∑ 
a =1 K(xa )

}
[ dx] , 

k = ∫ N ∑ 
a =1 K(xa ) exp { − α − βh N ∑ 

a =1 H (xa ) − βk N ∑ 
a =1 K(xa )

}
[ dx] , 

where the last three equations implicitly determine the value of three Lagrange multipliers 
(α, βh , βk ) . The free energy of this system is −α, and the entropy is −H . We call the distribu- 
tion function ( 70 ) equipped with two independent temperatures (1 /βh , 1 /βk ) the “generalized 
canonical distribution”, which extends the ordinary canonical distribution with a single tem- 
perature to that with a set of two temperatures. Of course, this is what Nambu expected in his 
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Notice that this result satis!es the condition that all of the phase-space coordinates appear 
only through the total energy functions and hence gives a special solution of the equilibrium 
condition ( 63 ) as it should. 
6.2.2. Generalized canonical states. As an alternative to the condition ( 65 ), we can require a 
weaker condition, namely, that the expectation values of the total energies are !xed to be a set 
of numerical values (k, h ) as the initial condition. In fact, the expectation values, 〈 Z| ˆ H | F (t ) 〉 and 
〈 Z| ˆ K | F (t ) 〉 , of total energy functions are also guaranteed to be conserved under the evolution 
governed by the master equation: 

d 
dt 〈 Z| ˆ H | F (t ) 〉 = 〈 Z| ˆ H ˆ HI (t ) | F (t ) 〉 = 〈 Z| [ ˆ H , ˆ HI (t )] | F (t ) 〉 = 0 , 
d 
dt 〈 Z| ˆ K | F (t ) 〉 = 〈 Z| ˆ K ˆ HI (t ) | F (t ) 〉 = 〈 Z| [ ˆ K , ˆ HI (t )] | F (t ) 〉 = 0 , (68) 

due to Eqs. ( 45 ) and ( 44 ). Therefore we can set up the variational equation consistently for the 
equilibrium distribution function F∞ [ x] as 

δF ,α,βH ,βK 
[
H + α ∫ 

F∞ [ x ][ dx ] 
+ βh 

( ∫ 
F∞ [ x ] N ∑ 

a =1 H (xa )[ dx ] − h
)

+ βk 
( ∫ 

F∞ [ x ] N ∑ 
a =1 K(xa )[ dx ] − k

)]
= 0 , 

where we have introduced the Lagrange multipliers βh and βk corresponding to the initial con- 
ditions stated above: 

∫ 
F∞ [ x ] N ∑ 

a =1 H (xa )[ dx ] = h,

∫ 
F∞ [ x ] N ∑ 

a =1 K(xa )[ dx ] = k. (69) 
We immediately obtain, after a rede!nition α → α − 1 , 

log F∞ [ x] = −α −
N ∑ 

a =1 
[
βh H (xa ) + βk K(xa )], 

which gives 
F∞ [ x] = exp { − α − βh N ∑ 

a =1 H (xa ) − βk N ∑ 
a =1 K(xa )

}
≡ F(βh ,βk ) [ x] , (70) 

eα = ∫ 
exp { − βh N ∑ 

a =1 H (xa ) − βk N ∑ 
a =1 K(xa )

}
[ dx] , 

h = ∫ N ∑ 
a =1 H (xa ) exp { − α − βh N ∑ 

a =1 H (xa ) − βk N ∑ 
a =1 K(xa )

}
[ dx] , 

k = ∫ N ∑ 
a =1 K(xa ) exp { − α − βh N ∑ 

a =1 H (xa ) − βk N ∑ 
a =1 K(xa )

}
[ dx] , 

where the last three equations implicitly determine the value of three Lagrange multipliers 
(α, βh , βk ) . The free energy of this system is −α, and the entropy is −H . We call the distribu- 
tion function ( 70 ) equipped with two independent temperatures (1 /βh , 1 /βk ) the “generalized 
canonical distribution”, which extends the ordinary canonical distribution with a single tem- 
perature to that with a set of two temperatures. Of course, this is what Nambu expected in his 
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original paper, but is now justi!ed from a genuinely dynamical standpoint on the basis of our 
foregoing discussions including the crucial role of the nonlocal interaction, without relying on 
the probabilistic Gibbs argument. 

Again, this result satis!es the requirement that the phase-space coordinates occur only 
through the total energies, and hence gives another special solution to Eq. ( 63 ). Furthermore, 
since the total energies are simply sums of the contribution from each set of coordinates of N 
constituent systems of the ensemble, the distribution function takes a factorized form: 

F(βh ,βk ) [ x] = N ∏ 
a =1 F(βh ,βk ) (xa ) , F(βh ,βk ) (x) ≡ e−ᾱ−βh H(x) −βk K(x) , 

with the normalization condition ∫ F(βh ,βk ) (x) d3 x = 1 , and the total energies are given as 
h ≡ Nh̄ , h̄ = e−ᾱ

∫ 
H (x ) e−βh H(x) −βk K(x) d3 x, 

k ≡ Nk̄ , k̄ = e−ᾱ

∫ 
K(x) e−βh H(x) −βk K(x) , 

eᾱ =
∫ 

e−βh H(x) −βk K(x) d3 x = eα/N . 
Thus the corresponding “generalized canonical state” is simply expressed as 

| F (∞ ) 〉(βh ,βk ) ≡ 1 √ 
N ! #† (βh , βk )N | 0 〉 , 

#† (βh , βk ) =
∫ 

e−βh H(x) −βk K(x) ψ† (x, t0 ) d3 x ∫ 
e−βh H(x) −βk K(x) d3 x , 

#(βh , βk ) =
∫ 

e−βh H(x) −βk K(x) ψ (x, t0 ) d3 x ∫ 
e−βh H(x) −βk K(x) d3 x , (71) 

with the normalization condition 
〈 Z| F (∞ ) 〉(βh ,βk ) = 1 . 

The operators #† (βh , βk ) , #(βh , βk ) , which are to be called “thermal !eld operators” with a set 
of inverse temperatures (βh , βk ) , are independent of an arbitrary time parameter t0 residing in 
their integral representations, owing to the !eld equations ( 16 ) for (ψ , ψ† ) , and are character- 
ized by the commutation relations: 

[ ψ (x, t0 ) , #† (βh , βk )] = e−α0 −βh H(x) −βk K(x) = [#(βh , βk ) , ψ† (x, t0 )] . 
6.2.3. Statistical systems combined with di!erent temperatures as an initial state. Notice, as a matter of 
course, that the states generated by the thermal !eld operators can be equilibrium states if and 
only if the set of temperatures of the constituent systems of the ensemble are all the same. As 
a simple example of nonequilibrium initial states characterized by nonuniform temperatures, 
let us consider brie"y an initial statistical state constructed by a product of the thermal !eld 
operators with di#erent sets of temperatures such as, say, 

| F (0) 〉(1)(2) ≡ 1 
N(1)(2) #† (β (1) 

k , β (1) 
h )N1 #† (β (2) 

k , β (2) 
h )N2 | 0 〉 , 

with the normalization constant N(1)(2) being !xed by 〈 Z| F (0) 〉(1)(2) = 1 . Then, after an in!nite 
evolution, the corresponding equilibrium statistical state will be obtained in the form ( 71 ): this 
is guaranteed due to the minimum principle used to derive the generalized canonical statistical 

32/44

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2026/5/053A01/8586469 by guest on 25 M

ay 2026
PTEP 2026, 053A01 T. Yoneya

original paper, but is now justi!ed from a genuinely dynamical standpoint on the basis of our 
foregoing discussions including the crucial role of the nonlocal interaction, without relying on 
the probabilistic Gibbs argument. 

Again, this result satis!es the requirement that the phase-space coordinates occur only 
through the total energies, and hence gives another special solution to Eq. ( 63 ). Furthermore, 
since the total energies are simply sums of the contribution from each set of coordinates of N 
constituent systems of the ensemble, the distribution function takes a factorized form: 

F(βh ,βk ) [ x] = N ∏ 
a =1 F(βh ,βk ) (xa ) , F(βh ,βk ) (x) ≡ e−ᾱ−βh H(x) −βk K(x) , 

with the normalization condition ∫ F(βh ,βk ) (x) d3 x = 1 , and the total energies are given as 
h ≡ Nh̄ , h̄ = e−ᾱ

∫ 
H (x ) e−βh H(x) −βk K(x) d3 x, 

k ≡ Nk̄ , k̄ = e−ᾱ

∫ 
K(x) e−βh H(x) −βk K(x) , 

eᾱ =
∫ 

e−βh H(x) −βk K(x) d3 x = eα/N . 
Thus the corresponding “generalized canonical state” is simply expressed as 

| F (∞ ) 〉(βh ,βk ) ≡ 1 √ 
N ! #† (βh , βk )N | 0 〉 , 

#† (βh , βk ) =
∫ 

e−βh H(x) −βk K(x) ψ† (x, t0 ) d3 x ∫ 
e−βh H(x) −βk K(x) d3 x , 

#(βh , βk ) =
∫ 

e−βh H(x) −βk K(x) ψ (x, t0 ) d3 x ∫ 
e−βh H(x) −βk K(x) d3 x , (71) 

with the normalization condition 
〈 Z| F (∞ ) 〉(βh ,βk ) = 1 . 

The operators #† (βh , βk ) , #(βh , βk ) , which are to be called “thermal !eld operators” with a set 
of inverse temperatures (βh , βk ) , are independent of an arbitrary time parameter t0 residing in 
their integral representations, owing to the !eld equations ( 16 ) for (ψ , ψ† ) , and are character- 
ized by the commutation relations: 

[ ψ (x, t0 ) , #† (βh , βk )] = e−α0 −βh H(x) −βk K(x) = [#(βh , βk ) , ψ† (x, t0 )] . 
6.2.3. Statistical systems combined with di!erent temperatures as an initial state. Notice, as a matter of 
course, that the states generated by the thermal !eld operators can be equilibrium states if and 
only if the set of temperatures of the constituent systems of the ensemble are all the same. As 
a simple example of nonequilibrium initial states characterized by nonuniform temperatures, 
let us consider brie"y an initial statistical state constructed by a product of the thermal !eld 
operators with di#erent sets of temperatures such as, say, 

| F (0) 〉(1)(2) ≡ 1 
N(1)(2) #† (β (1) 

k , β (1) 
h )N1 #† (β (2) 

k , β (2) 
h )N2 | 0 〉 , 

with the normalization constant N(1)(2) being !xed by 〈 Z| F (0) 〉(1)(2) = 1 . Then, after an in!nite 
evolution, the corresponding equilibrium statistical state will be obtained in the form ( 71 ): this 
is guaranteed due to the minimum principle used to derive the generalized canonical statistical 
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As anticipated by Nambu, canonical equilibrium states are characterized by two 
independent ‘temperatures’:


However, there is a crucial difference from the usual temperatures !
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where 〈 O 〉β ≡
∫ 

Oe−βH d"/
∫ 

e−βH d" for any observable O with d" being the volume element 
of the phase space. The relevant identity is 

0 = ∫ 
{ A, Be−βH } d" =

∫ 
{ A, B } e−βH d" − β

∫ 
B { A, H } e−βH d". 

A relation of this type has been utilized successfully in e.g. Ref. [ 9 ] in analyzing various models 
in classical statistical mechanics. Furthermore, because Eq. ( 73 ) connects the time derivative 
βȦ on the left-hand side to the Poisson bracket operation { A, B } on the right-hand side, it can 
be related, in the classical limit [ 10 ] to the well-known KMS condition (for a precise and self- 
contained account with an extensive bibliography, see Ref. [ 11 ]), which plays important roles 
in characterizing the equilibrium states in the standard quantum (equilibrium) statistical me- 
chanics by the method of analytic continuation of the time variable in the complex plane of 
time. Indeed, the KMS condition using a !nite (imaginary) shift of time can be expressed in the 
form 

ωβ ([ A (t ) , B (t )] /i ! ) = ωβ (B (t )
(
A (t + i ! β ) − A (t )

)
/i ! ) 〉 ) 

where ωβ (· · · ) denotes the quantum mechanical thermal expectation value in terms of the den- 
sity matrix ρβ : ωβ (· · · ) = Tr (ρβ · · · ) . The imaginary unit is canceled when we take the classi- 
cal limit ! → 0 by replacing the commutator with the Poisson bracket, [ A, B ] /i ! → { A, B } and (
A (t + i ! β ) − A (t )

)
/i ! → βȦ . 

In this way, the two-component relation ( 72 ) in Nambu dynamics has a close analogy with 
the conventional Hamiltonian dynamics replacing the Poisson bracket with a Nambu bracket, 
and the single Hamiltonian H in the former with either K or H in the latter; therefore it seems 
appropriate to call Eq. ( 72 ) the “generalized KMS-like conditions”. The conditions ( 72 ) that 
relate the doublet (βh Ȧ , βk Ȧ ) to that of the Nambu brackets ({ K, A, B } , { A, H, B } ) might be quite 
suggestive in attempting quantization of Nambu dynamics. In fact, the analogy between the role 
of a Nambu bracket and that of a Poisson bracket in the expectation values becomes more acute 
if we recall that, as is well known, the Nambu bracket with !xed K or H , denoted respectively 
as 
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We !rst notice that both the generalized microcanonical state and generalized canonical state 
exhibit the corresponding symmetry, provided that we assign transformation laws for (h0 , k0 ) 
and (βh , βk ) appropriately: 

(A) The microcanonical distribution ( 67 ) is invariant under Eq. ( 24 ), if 
( 

h′ 
0 

k′ 
0 
) 

=
( 

a b 
c d 

) ( 
h0 
k0 

) 
. 

This is clear from the equality 
δ

( N ∑ 
a =1 H (xa ) − h0 

)
δ

( N ∑ 
a =1 K(xa ) − k0 

)
= δ( N ∑ 

a =1 H
′ (xa ) − h′ 

0 
)

δ

( N ∑ 
a =1 K

′ (xa ) − k′ 
0 
)

. 
(B) The generalized canonical distribution ( 70 ) is invariant, if 

(
β ′ 

h β ′ 
k ) =

(
βh βk )

( 
d −b 
−c a 

) 
, 

or, equivalently, (−βk , βh ) transforms in the same way as (H, K ) , such that the bilinear 
form appearing in the statistical weight satis!es 

β ′ 
h H ′ (x) + β ′ 

k K ′ (x) = βh H (x) + βk K(x) . 
Also, it is to be noticed that the vector-like generalized KMS-like condition ( 72 ), consisting 

of two components, are consistent with the N -symmetry in the sense that they are covariant 
under the N transformations. These symmetries are meaningful only when we consider the 
transformations in the spaces of all possible values of energies (h0 , k0 ) or inverse temperatures 
(βh , βk ) , respectively, which can be regarded as being dual to each other. As a single system 
with particular numerical values of the energies in (A) and inverse temperatures in (B), the 
N -symmetry is, so to speak, broken spontaneously by the choice of initial statistical states. 

Let us here recall that the descriptions of interacting Nambu dynamics in terms of the energy 
functions (H, K ) or (H ′ , K ′ ) can be regarded as completely equivalent to each other and hence 
should not be discriminated, since the equations of motion and the interactions are invariant 
under the SL(2, R ) transformations (as the analog to Lorentz transformations). This implies that 
a set of inverse temperatures has no “absolute” signi!cance as a characterization of the general- 
ized canonical states, but merely has “relative” signi!cance: the temperatures are de!ned only 
after a pair of energy functions is chosen among a continuously possible equivalent class of 
energy functions (in analogy with the choice of a particular inertial frame in relativity theory), 
connected by the SL(2, R ) transformations ( 24 ) under which the equilibrium statistical states 
are covariant. 

In particular, since the number (two) of the degrees of freedom of the set of inverse tem- 
peratures is surpassed by the number (three) of the degree of SL(2, R ) group, the 2D inverse- 
temperature plane (βh , βk ) can essentially be covered starting with an initial point, say, (0,1), 
by the SL(2, R ) transformations: for instance, if we employ a well-known standard parametriza- 
tion (called the “Iwasawa decomposition”) of an arbitrary element of SL(2, R ), 

g =
( 

1 x 
0 1 

) ( 
es 0 
0 e−s 

) ( 
cos θ − sin θ
sin θ cos θ

) 
, (x, s ) ∈ R 2 , 0 ≤ θ ≤ 2 π , 
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which play the role of in!nitesimal generators for the gauge transformation. We note that, so 
long as we consider only free N -body systems, the conservation laws of H and K are valid for 
each independent system separately: Due to this feature, we can in fact generalize the conser- 
vation laws to 

[ ˆ H0 ,
∫ 

ψ† (x, t ) λ(
H (x) , K(x)

)
ψ (x, t ) d3 x] = 0 (22) 

with arbitrary function λ(H, K ) as in Eq. ( 13 ). The gauge transformations for the !eld operators 
generated by 

ˆ #(H, K ) ≡ ∫ 
ψ† (x , t ) λ(

H (x ) , K(x ))ψ (x , t ) d3 x 
are 

ψ (x, t ) → ei ˆ #(H,K) ψ (x, t ) e−i ˆ #(H,k) = e−iλ(H(x) ,K(x)) ψ (x, t ) , 
ψ† (x, t ) → ei ˆ #(H,K) ψ† (x, t ) e−i ˆ #(H,k) = eiλ(H(x) ,K(x)) ψ† (x, t ) , (23) 

under which the !eld equations and the Hamiltonian ˆ H0 are invariant. 
However, as soon as nonlocal interactions that necessarily shu"e the initial conditions spon- 

taneously are introduced as we have outlined in the previous section, the “gauge” invariance 
will be reduced to a subgroup of all such transformations, namely, to the linear versions ( 20 ) 
of the general conservation law with a linear function λ(x, y ) = c1 x + c2 y + c0 with constant ci 
( i = 0 , 1 , 2 ). Of course, this does not cause any trouble at all, since there is no physical gauge 
!eld associated with this symmetry. For the same reason, the N -symmetry ( 10 ) will also be 
reduced to its linearized form with constant (and real) matrix elements, 

( 
H ′ 
K ′ 

) 
=

( 
a b 
c d 

) ( 
H 
K 

) 
, ad − bc = 1 , (24) 

constituting a group SL(2, R ). We have the same transformation laws for the operators ( ˆ H , ˆ K ) . 
Even in this reduced linearized form, the existence of such symmetry transformations of energy 
functions is an important key feature of Nambu dynamics, signifying its characteristic feature 
that has no analog in the conventional Hamiltonian dynamics. Thus, keeping this symmetry 
as far as possible will be one of our guiding principles for developing an interacting !eld the- 
ory of Nambu dynamics. For later purposes of de!ning generalized canonical distributions, we 
assume that the energy functions H and K can be chosen to be nonnegative and be increas- 
ing inde!nitely for large absolute values of the phase coordinates, | x| → ∞ , by utilizing the 
N -symmetry appropriately. 
3.3. Basis states for classical many-body Nambu systems 
Now, as a set of basis ket- and bra-vectors for generic n -body states at time t, we choose the 
following Fock states: 

| [ x ] , t〉N ≡ 1 √ 
N ! $† 

N ([ x ] , t ) | 0 〉 , $
† 
N ([ x ] , t ) ≡ N ∏ 

a =1 ψ
† (xa , t ) . 

N 〈 [ x ] , t| ≡ 1 √ 
N ! 〈 0 | $N ([ x ] , t ) , $N ([ x ] , t ) ≡ N ∏ 

a =1 ψ (xa , t ) , (25) 
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h H ′ (x) + β ′ 

k K ′ (x) = βh H (x) + βk K(x) . 
Also, it is to be noticed that the vector-like generalized KMS-like condition ( 72 ), consisting 

of two components, are consistent with the N -symmetry in the sense that they are covariant 
under the N transformations. These symmetries are meaningful only when we consider the 
transformations in the spaces of all possible values of energies (h0 , k0 ) or inverse temperatures 
(βh , βk ) , respectively, which can be regarded as being dual to each other. As a single system 
with particular numerical values of the energies in (A) and inverse temperatures in (B), the 
N -symmetry is, so to speak, broken spontaneously by the choice of initial statistical states. 

Let us here recall that the descriptions of interacting Nambu dynamics in terms of the energy 
functions (H, K ) or (H ′ , K ′ ) can be regarded as completely equivalent to each other and hence 
should not be discriminated, since the equations of motion and the interactions are invariant 
under the SL(2, R ) transformations (as the analog to Lorentz transformations). This implies that 
a set of inverse temperatures has no “absolute” signi!cance as a characterization of the general- 
ized canonical states, but merely has “relative” signi!cance: the temperatures are de!ned only 
after a pair of energy functions is chosen among a continuously possible equivalent class of 
energy functions (in analogy with the choice of a particular inertial frame in relativity theory), 
connected by the SL(2, R ) transformations ( 24 ) under which the equilibrium statistical states 
are covariant. 

In particular, since the number (two) of the degrees of freedom of the set of inverse tem- 
peratures is surpassed by the number (three) of the degree of SL(2, R ) group, the 2D inverse- 
temperature plane (βh , βk ) can essentially be covered starting with an initial point, say, (0,1), 
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(βh , βk ) , respectively, which can be regarded as being dual to each other. As a single system 
with particular numerical values of the energies in (A) and inverse temperatures in (B), the 
N -symmetry is, so to speak, broken spontaneously by the choice of initial statistical states. 

Let us here recall that the descriptions of interacting Nambu dynamics in terms of the energy 
functions (H, K ) or (H ′ , K ′ ) can be regarded as completely equivalent to each other and hence 
should not be discriminated, since the equations of motion and the interactions are invariant 
under the SL(2, R ) transformations (as the analog to Lorentz transformations). This implies that 
a set of inverse temperatures has no “absolute” signi!cance as a characterization of the general- 
ized canonical states, but merely has “relative” signi!cance: the temperatures are de!ned only 
after a pair of energy functions is chosen among a continuously possible equivalent class of 
energy functions (in analogy with the choice of a particular inertial frame in relativity theory), 
connected by the SL(2, R ) transformations ( 24 ) under which the equilibrium statistical states 
are covariant. 

In particular, since the number (two) of the degrees of freedom of the set of inverse tem- 
peratures is surpassed by the number (three) of the degree of SL(2, R ) group, the 2D inverse- 
temperature plane (βh , βk ) can essentially be covered starting with an initial point, say, (0,1), 
by the SL(2, R ) transformations: for instance, if we employ a well-known standard parametriza- 
tion (called the “Iwasawa decomposition”) of an arbitrary element of SL(2, R ), 

g =
( 

1 x 
0 1 

) ( 
es 0 
0 e−s 

) ( 
cos θ − sin θ
sin θ cos θ

) 
, (x, s ) ∈ R 2 , 0 ≤ θ ≤ 2 π , 
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where 〈 O 〉β ≡
∫ 

Oe−βH d"/
∫ 

e−βH d" for any observable O with d" being the volume element 
of the phase space. The relevant identity is 

0 = ∫ 
{ A, Be−βH } d" =

∫ 
{ A, B } e−βH d" − β

∫ 
B { A, H } e−βH d". 

A relation of this type has been utilized successfully in e.g. Ref. [ 9 ] in analyzing various models 
in classical statistical mechanics. Furthermore, because Eq. ( 73 ) connects the time derivative 
βȦ on the left-hand side to the Poisson bracket operation { A, B } on the right-hand side, it can 
be related, in the classical limit [ 10 ] to the well-known KMS condition (for a precise and self- 
contained account with an extensive bibliography, see Ref. [ 11 ]), which plays important roles 
in characterizing the equilibrium states in the standard quantum (equilibrium) statistical me- 
chanics by the method of analytic continuation of the time variable in the complex plane of 
time. Indeed, the KMS condition using a !nite (imaginary) shift of time can be expressed in the 
form 

ωβ ([ A (t ) , B (t )] /i ! ) = ωβ (B (t )
(
A (t + i ! β ) − A (t )

)
/i ! ) 〉 ) 

where ωβ (· · · ) denotes the quantum mechanical thermal expectation value in terms of the den- 
sity matrix ρβ : ωβ (· · · ) = Tr (ρβ · · · ) . The imaginary unit is canceled when we take the classi- 
cal limit ! → 0 by replacing the commutator with the Poisson bracket, [ A, B ] /i ! → { A, B } and (
A (t + i ! β ) − A (t )

)
/i ! → βȦ . 

In this way, the two-component relation ( 72 ) in Nambu dynamics has a close analogy with 
the conventional Hamiltonian dynamics replacing the Poisson bracket with a Nambu bracket, 
and the single Hamiltonian H in the former with either K or H in the latter; therefore it seems 
appropriate to call Eq. ( 72 ) the “generalized KMS-like conditions”. The conditions ( 72 ) that 
relate the doublet (βh Ȧ , βk Ȧ ) to that of the Nambu brackets ({ K, A, B } , { A, H, B } ) might be quite 
suggestive in attempting quantization of Nambu dynamics. In fact, the analogy between the role 
of a Nambu bracket and that of a Poisson bracket in the expectation values becomes more acute 
if we recall that, as is well known, the Nambu bracket with !xed K or H , denoted respectively 
as 

{ A, B }K ≡ { K, A, B } or { A, B }H ≡ { A, H, B } = −{ H, A, B } , (74) 
satisfying { A, K}K = 0 or { A, H }H = 0 for any function A , can be interpreted as a generalized 
Poisson bracket, which is compatible with a constraint K = constant or H = constant, satis- 
!ng the Jacobi identity. These properties ensure that in the Nambu equations of motion the 
generalized Poisson bracket { A, B }K or { A, B, }H plays the role of the ordinary Poisson bracket 
depending on whether H or K, respectively, is treated as the Hamiltonian for time evolution 
(see e.g. Ref. [ 3 ]). This indeed suggests a doublet structure in the form ( 72 ) for interpreting 
time evolution in the Nambu dynamics. A related viewpoint has been discussed in Refs. [ 12 , 13 ] 
(to which interested readers are referred, including relevant literature) from the standpoint of 
a generalized Hamilton–Jacobi formulation and its application to a possible Schrödinger-type 
(wave mechanical) quantization of Nambu dynamics. 
6.4. The “relativity” of temperatures—the meaning of the N -symmetry 
We have stressed the importance of the N -symmetry with the SL(2, R ) group in our development 
of interacting Nambu dynamics. Let us !nally consider the meaning, if any, of this symmetry 
for the equilibrium statistical states. 
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we can set 
(βh , βk ) = (0 , 1) g = (0 , e−s )

( 
cos θ − sin θ
sin θ cos θ

) 
= e−s (sin θ , cos θ ) , 

in which the whole of the !rst quadrant ( 0 ≤ θ ≤ π/ 2 ) of the (positive) inverse-temperature 
plane is covered with the two parameters (s, θ ) , except for the origin and in!nities correspond- 
ing to the singular limit | s | → ∞ . 

By contrast, the ordinary temperature T = 1 /β, characterizing an ordinary canonical ensem- 
ble with Boltzmann factor e−βH , has an absolute meaning once the Hamilton equations of 
motion are given. From a conceptual viewpoint of statistical physics, this is an important and 
critical di"erence by which the Nambu dynamics departs from the conventional Hamiltonian 
dynamics. 
7. Concluding remarks 
7.1. Summary of our results 
Let us !rst brie#y summarize what we have achieved. In the core sections (Sections 5 and 6 ) 
of the present paper, we have investigated whether and how Nambu’s conjecture for statisti- 
cal mechanics with generalized Boltzmann factor on the basis of his generalized Hamiltonian 
dynamics is concretely realized from a dynamical viewpoint. As has been elucidated in the in- 
troduction, this necessarily requires us to take into account some sort of self-interaction that is 
nonlocal with respect to phase-space coordinates, quite a nontrivial task that has never been 
seriously considered in the literature. In proposing our exactly solvable toy model for the ker- 
nel function, we made a simplifying assumption [ ˆ H0 , ˆ HI ] = 0 , in addition to basic conditions 
(i)–(iii) whose validity should be universal in any statistical theory of interacting Nambu dy- 
namics as well as Hamiltonian dynamics, to ensure that the kernel function v (x3 , x4 ; x1 , x2 ) 
characterizing the nonlocal interaction depends on the coordinates only through the energy 
functions. The purpose was to make our discussion on the nonlocal interaction concrete as far 
as possible, suppressing abstract arguments and sophisticated methodologies to a minimum. 
In fact, the toy model allows us to have a quite simple but exact eigenvalue spectrum for the 
in!nite-dimensional integral operator associated with the interaction operator. Although it is 
an idealized model for a rather unfamiliar notion of nonlocal interaction in phase space, it is 
independent of the speci!c forms of multiple Hamiltonians, and hence is universally applica- 
ble for any speci!c Nambu systems with a given set of multiple energy functions. We have also 
clari!ed some important new properties, both technically and conceptually, associated with sta- 
tistical Nambu dynamics, especially with respect to the SL(2, R ) symmetry that is a crucial new 
ingredient of interacting Nambu dynamics, characterizing its di"erence critically from the or- 
dinary statistical mechanics (both equilibrium and nonequilibrium) based on the usual Hamil- 
tonian dynamics. The whole structure of the present formulation is covariant under the SL(2, R ) 
transformations. This a"ects considerably the nature of temperatures in equilibrium statistical 
mechanics of Nambu dynamics. Clearly, these features are also universal as a consequence of 
the symmetry structure of Nambu dynamics irrespective of our simplifying assumption, since 
our discussions on the SL(2, R ) group are based only on a rather general class of requirements 
for nonlocal interactions for Nambu systems such as conservation laws with respect to both 
probability and energies. 
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We !rst notice that both the generalized microcanonical state and generalized canonical state 
exhibit the corresponding symmetry, provided that we assign transformation laws for (h0 , k0 ) 
and (βh , βk ) appropriately: 

(A) The microcanonical distribution ( 67 ) is invariant under Eq. ( 24 ), if 
( 

h′ 
0 

k′ 
0 
) 

=
( 

a b 
c d 

) ( 
h0 
k0 

) 
. 

This is clear from the equality 
δ

( N ∑ 
a =1 H (xa ) − h0 

)
δ

( N ∑ 
a =1 K(xa ) − k0 

)
= δ( N ∑ 

a =1 H
′ (xa ) − h′ 

0 
)

δ

( N ∑ 
a =1 K

′ (xa ) − k′ 
0 
)

. 
(B) The generalized canonical distribution ( 70 ) is invariant, if 

(
β ′ 

h β ′ 
k ) =

(
βh βk )

( 
d −b 
−c a 

) 
, 

or, equivalently, (−βk , βh ) transforms in the same way as (H, K ) , such that the bilinear 
form appearing in the statistical weight satis!es 

β ′ 
h H ′ (x) + β ′ 

k K ′ (x) = βh H (x) + βk K(x) . 
Also, it is to be noticed that the vector-like generalized KMS-like condition ( 72 ), consisting 

of two components, are consistent with the N -symmetry in the sense that they are covariant 
under the N transformations. These symmetries are meaningful only when we consider the 
transformations in the spaces of all possible values of energies (h0 , k0 ) or inverse temperatures 
(βh , βk ) , respectively, which can be regarded as being dual to each other. As a single system 
with particular numerical values of the energies in (A) and inverse temperatures in (B), the 
N -symmetry is, so to speak, broken spontaneously by the choice of initial statistical states. 

Let us here recall that the descriptions of interacting Nambu dynamics in terms of the energy 
functions (H, K ) or (H ′ , K ′ ) can be regarded as completely equivalent to each other and hence 
should not be discriminated, since the equations of motion and the interactions are invariant 
under the SL(2, R ) transformations (as the analog to Lorentz transformations). This implies that 
a set of inverse temperatures has no “absolute” signi!cance as a characterization of the general- 
ized canonical states, but merely has “relative” signi!cance: the temperatures are de!ned only 
after a pair of energy functions is chosen among a continuously possible equivalent class of 
energy functions (in analogy with the choice of a particular inertial frame in relativity theory), 
connected by the SL(2, R ) transformations ( 24 ) under which the equilibrium statistical states 
are covariant. 

In particular, since the number (two) of the degrees of freedom of the set of inverse tem- 
peratures is surpassed by the number (three) of the degree of SL(2, R ) group, the 2D inverse- 
temperature plane (βh , βk ) can essentially be covered starting with an initial point, say, (0,1), 
by the SL(2, R ) transformations: for instance, if we employ a well-known standard parametriza- 
tion (called the “Iwasawa decomposition”) of an arbitrary element of SL(2, R ), 

g =
( 

1 x 
0 1 

) ( 
es 0 
0 e−s 

) ( 
cos θ − sin θ
sin θ cos θ

) 
, (x, s ) ∈ R 2 , 0 ≤ θ ≤ 2 π , 
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We !rst notice that both the generalized microcanonical state and generalized canonical state 
exhibit the corresponding symmetry, provided that we assign transformation laws for (h0 , k0 ) 
and (βh , βk ) appropriately: 

(A) The microcanonical distribution ( 67 ) is invariant under Eq. ( 24 ), if 
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=
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c d 
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a =1 H
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δ
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a =1 K

′ (xa ) − k′ 
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)
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(B) The generalized canonical distribution ( 70 ) is invariant, if 

(
β ′ 

h β ′ 
k ) =

(
βh βk )
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d −b 
−c a 

) 
, 

or, equivalently, (−βk , βh ) transforms in the same way as (H, K ) , such that the bilinear 
form appearing in the statistical weight satis!es 

β ′ 
h H ′ (x) + β ′ 

k K ′ (x) = βh H (x) + βk K(x) . 
Also, it is to be noticed that the vector-like generalized KMS-like condition ( 72 ), consisting 

of two components, are consistent with the N -symmetry in the sense that they are covariant 
under the N transformations. These symmetries are meaningful only when we consider the 
transformations in the spaces of all possible values of energies (h0 , k0 ) or inverse temperatures 
(βh , βk ) , respectively, which can be regarded as being dual to each other. As a single system 
with particular numerical values of the energies in (A) and inverse temperatures in (B), the 
N -symmetry is, so to speak, broken spontaneously by the choice of initial statistical states. 

Let us here recall that the descriptions of interacting Nambu dynamics in terms of the energy 
functions (H, K ) or (H ′ , K ′ ) can be regarded as completely equivalent to each other and hence 
should not be discriminated, since the equations of motion and the interactions are invariant 
under the SL(2, R ) transformations (as the analog to Lorentz transformations). This implies that 
a set of inverse temperatures has no “absolute” signi!cance as a characterization of the general- 
ized canonical states, but merely has “relative” signi!cance: the temperatures are de!ned only 
after a pair of energy functions is chosen among a continuously possible equivalent class of 
energy functions (in analogy with the choice of a particular inertial frame in relativity theory), 
connected by the SL(2, R ) transformations ( 24 ) under which the equilibrium statistical states 
are covariant. 

In particular, since the number (two) of the degrees of freedom of the set of inverse tem- 
peratures is surpassed by the number (three) of the degree of SL(2, R ) group, the 2D inverse- 
temperature plane (βh , βk ) can essentially be covered starting with an initial point, say, (0,1), 
by the SL(2, R ) transformations: for instance, if we employ a well-known standard parametriza- 
tion (called the “Iwasawa decomposition”) of an arbitrary element of SL(2, R ), 

g =
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1 x 
0 1 

) ( 
es 0 
0 e−s 

) ( 
cos θ − sin θ
sin θ cos θ
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, (x, s ) ∈ R 2 , 0 ≤ θ ≤ 2 π , 

35/44

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2026/5/053A01/8586469 by guest on 25 M

ay 2026

PTEP 2026, 053A01 T. Yoneya

We !rst notice that both the generalized microcanonical state and generalized canonical state 
exhibit the corresponding symmetry, provided that we assign transformation laws for (h0 , k0 ) 
and (βh , βk ) appropriately: 

(A) The microcanonical distribution ( 67 ) is invariant under Eq. ( 24 ), if 
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k′ 
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=
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This is clear from the equality 
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)
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= δ( N ∑ 
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. 
(B) The generalized canonical distribution ( 70 ) is invariant, if 

(
β ′ 

h β ′ 
k ) =

(
βh βk )

( 
d −b 
−c a 

) 
, 

or, equivalently, (−βk , βh ) transforms in the same way as (H, K ) , such that the bilinear 
form appearing in the statistical weight satis!es 

β ′ 
h H ′ (x) + β ′ 

k K ′ (x) = βh H (x) + βk K(x) . 
Also, it is to be noticed that the vector-like generalized KMS-like condition ( 72 ), consisting 

of two components, are consistent with the N -symmetry in the sense that they are covariant 
under the N transformations. These symmetries are meaningful only when we consider the 
transformations in the spaces of all possible values of energies (h0 , k0 ) or inverse temperatures 
(βh , βk ) , respectively, which can be regarded as being dual to each other. As a single system 
with particular numerical values of the energies in (A) and inverse temperatures in (B), the 
N -symmetry is, so to speak, broken spontaneously by the choice of initial statistical states. 

Let us here recall that the descriptions of interacting Nambu dynamics in terms of the energy 
functions (H, K ) or (H ′ , K ′ ) can be regarded as completely equivalent to each other and hence 
should not be discriminated, since the equations of motion and the interactions are invariant 
under the SL(2, R ) transformations (as the analog to Lorentz transformations). This implies that 
a set of inverse temperatures has no “absolute” signi!cance as a characterization of the general- 
ized canonical states, but merely has “relative” signi!cance: the temperatures are de!ned only 
after a pair of energy functions is chosen among a continuously possible equivalent class of 
energy functions (in analogy with the choice of a particular inertial frame in relativity theory), 
connected by the SL(2, R ) transformations ( 24 ) under which the equilibrium statistical states 
are covariant. 

In particular, since the number (two) of the degrees of freedom of the set of inverse tem- 
peratures is surpassed by the number (three) of the degree of SL(2, R ) group, the 2D inverse- 
temperature plane (βh , βk ) can essentially be covered starting with an initial point, say, (0,1), 
by the SL(2, R ) transformations: for instance, if we employ a well-known standard parametriza- 
tion (called the “Iwasawa decomposition”) of an arbitrary element of SL(2, R ), 

g =
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) ( 
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we can set 
(βh , βk ) = (0 , 1) g = (0 , e−s )

( 
cos θ − sin θ
sin θ cos θ

) 
= e−s (sin θ , cos θ ) , 

in which the whole of the !rst quadrant ( 0 ≤ θ ≤ π/ 2 ) of the (positive) inverse-temperature 
plane is covered with the two parameters (s, θ ) , except for the origin and in!nities correspond- 
ing to the singular limit | s | → ∞ . 

By contrast, the ordinary temperature T = 1 /β, characterizing an ordinary canonical ensem- 
ble with Boltzmann factor e−βH , has an absolute meaning once the Hamilton equations of 
motion are given. From a conceptual viewpoint of statistical physics, this is an important and 
critical di"erence by which the Nambu dynamics departs from the conventional Hamiltonian 
dynamics. 
7. Concluding remarks 
7.1. Summary of our results 
Let us !rst brie#y summarize what we have achieved. In the core sections (Sections 5 and 6 ) 
of the present paper, we have investigated whether and how Nambu’s conjecture for statisti- 
cal mechanics with generalized Boltzmann factor on the basis of his generalized Hamiltonian 
dynamics is concretely realized from a dynamical viewpoint. As has been elucidated in the in- 
troduction, this necessarily requires us to take into account some sort of self-interaction that is 
nonlocal with respect to phase-space coordinates, quite a nontrivial task that has never been 
seriously considered in the literature. In proposing our exactly solvable toy model for the ker- 
nel function, we made a simplifying assumption [ ˆ H0 , ˆ HI ] = 0 , in addition to basic conditions 
(i)–(iii) whose validity should be universal in any statistical theory of interacting Nambu dy- 
namics as well as Hamiltonian dynamics, to ensure that the kernel function v (x3 , x4 ; x1 , x2 ) 
characterizing the nonlocal interaction depends on the coordinates only through the energy 
functions. The purpose was to make our discussion on the nonlocal interaction concrete as far 
as possible, suppressing abstract arguments and sophisticated methodologies to a minimum. 
In fact, the toy model allows us to have a quite simple but exact eigenvalue spectrum for the 
in!nite-dimensional integral operator associated with the interaction operator. Although it is 
an idealized model for a rather unfamiliar notion of nonlocal interaction in phase space, it is 
independent of the speci!c forms of multiple Hamiltonians, and hence is universally applica- 
ble for any speci!c Nambu systems with a given set of multiple energy functions. We have also 
clari!ed some important new properties, both technically and conceptually, associated with sta- 
tistical Nambu dynamics, especially with respect to the SL(2, R ) symmetry that is a crucial new 
ingredient of interacting Nambu dynamics, characterizing its di"erence critically from the or- 
dinary statistical mechanics (both equilibrium and nonequilibrium) based on the usual Hamil- 
tonian dynamics. The whole structure of the present formulation is covariant under the SL(2, R ) 
transformations. This a"ects considerably the nature of temperatures in equilibrium statistical 
mechanics of Nambu dynamics. Clearly, these features are also universal as a consequence of 
the symmetry structure of Nambu dynamics irrespective of our simplifying assumption, since 
our discussions on the SL(2, R ) group are based only on a rather general class of requirements 
for nonlocal interactions for Nambu systems such as conservation laws with respect to both 
probability and energies. 
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Investigated how Nambu’s conjecture for generalized statistical mechanics is realized 
concretely from a dynamical viewpoint: This necessarily requires us to include self-
interaction which is non-local in phase space, which has never been discussed in 
earlier studies.

Proposed a toy model of interaction, which is exactly solvable and universally 
applicable for any specific forms of the multiple Hamiltonians.

Clarified crucial properties of Nambu dynamics with respect to  the                symmetry, 
especially on the nature of temperatures.
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ing to the singular limit | s | → ∞ . 
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ble with Boltzmann factor e−βH , has an absolute meaning once the Hamilton equations of 
motion are given. From a conceptual viewpoint of statistical physics, this is an important and 
critical di"erence by which the Nambu dynamics departs from the conventional Hamiltonian 
dynamics. 
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Let us !rst brie#y summarize what we have achieved. In the core sections (Sections 5 and 6 ) 
of the present paper, we have investigated whether and how Nambu’s conjecture for statisti- 
cal mechanics with generalized Boltzmann factor on the basis of his generalized Hamiltonian 
dynamics is concretely realized from a dynamical viewpoint. As has been elucidated in the in- 
troduction, this necessarily requires us to take into account some sort of self-interaction that is 
nonlocal with respect to phase-space coordinates, quite a nontrivial task that has never been 
seriously considered in the literature. In proposing our exactly solvable toy model for the ker- 
nel function, we made a simplifying assumption [ ˆ H0 , ˆ HI ] = 0 , in addition to basic conditions 
(i)–(iii) whose validity should be universal in any statistical theory of interacting Nambu dy- 
namics as well as Hamiltonian dynamics, to ensure that the kernel function v (x3 , x4 ; x1 , x2 ) 
characterizing the nonlocal interaction depends on the coordinates only through the energy 
functions. The purpose was to make our discussion on the nonlocal interaction concrete as far 
as possible, suppressing abstract arguments and sophisticated methodologies to a minimum. 
In fact, the toy model allows us to have a quite simple but exact eigenvalue spectrum for the 
in!nite-dimensional integral operator associated with the interaction operator. Although it is 
an idealized model for a rather unfamiliar notion of nonlocal interaction in phase space, it is 
independent of the speci!c forms of multiple Hamiltonians, and hence is universally applica- 
ble for any speci!c Nambu systems with a given set of multiple energy functions. We have also 
clari!ed some important new properties, both technically and conceptually, associated with sta- 
tistical Nambu dynamics, especially with respect to the SL(2, R ) symmetry that is a crucial new 
ingredient of interacting Nambu dynamics, characterizing its di"erence critically from the or- 
dinary statistical mechanics (both equilibrium and nonequilibrium) based on the usual Hamil- 
tonian dynamics. The whole structure of the present formulation is covariant under the SL(2, R ) 
transformations. This a"ects considerably the nature of temperatures in equilibrium statistical 
mechanics of Nambu dynamics. Clearly, these features are also universal as a consequence of 
the symmetry structure of Nambu dynamics irrespective of our simplifying assumption, since 
our discussions on the SL(2, R ) group are based only on a rather general class of requirements 
for nonlocal interactions for Nambu systems such as conservation laws with respect to both 
probability and energies. 
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7.2. Case of more general kernel functions 
Owing to our simplistic assumption [ ˆ H0 , ˆ HI ] = 0 , it follows that the only eigenvalue for the in- 
tegral equation ( 60 ) di!erent from (the largest eigenvalue) 1 is zero. If we drop this assumption, 
there can be an in"nite number of eigenvalues di!erent from 1. It is also easy to convince one- 
self that the H-theorem is still valid without this simplifying assumption, since all the necessary 
properties of the transition probability for its validity are satis"ed at each short time interval. 
Furthermore, according to a general theorem (see e.g. Ref. [ 14 ] with an extensive list of refer- 
ences on this matter) for a nonnegative kernel function, known as the (generalized) Jentzsch 
theorem, 6 the integral equation of this type with a (Lebesgue measurable) positive kernel func- 
tion de"ned in a compact domain is guaranteed to have a unique eigenvalue, whose absolute 
value is larger than any other eigenvalues, and the corresponding eigenfunction is positive. Our 
conclusion that there is the largest eigenvalue λ = 1 with a constant eigenfunction correspond- 
ing to the ground states is a special case of this general theorem under a further condition ( 54 ). 
Note that the assumption of “measurability” is satis"ed, since we can restrict the integration 
region into a compact region with given "xed values (h, k) for two-body energy functions, as 
we have discussed there, owing to the conservation of energies. Thus by dropping the above 
simplifying assumption, the description of nonlocal interaction by Eq. ( 40 ) is expected to be 
universally applicable in more general situations, resulting in much more complicated spectra 
for the kernel function than our toy model; complicated combinations of in"nite numbers of 
both continuous and discrete eigenvalues would be possible. For instance, if the gap of the spec- 
trum between the ground state corresponding to λ = 1 and the “excited” states with eigenvalues 
| λ| < 1 is extremely small approaching zero, the approach to equilibrium will be very slow and 
consequently various interesting nonequilibrium behaviors (including both order and chaos) 
would be made possible depending on the spectrum and the choice of initial statistical states. 
7.3. How is the nonlocal interaction realizable? A speculative network system 
Now, regardless of the universality of our theoretical treatments in a mathematical sense, some 
readers might question whether our concept of nonlocal interaction itself can have any “real- 
istic” (or “universal”) meaning, even though Nambu dynamics was originally contrived as a 
sort of imaginary theoretical construction as an intriguing possibility of extending the ordinary 
Hamiltonian dynamics. 7 Indeed, once we have a concrete model with nontrivial self-interaction 
as we have proposed in the present paper, the problem of searching for (or constructing) realis- 
tic systems of interacting Nambu dynamics will be one of the next promising directions among 
coming new visions of research "elds. The possibility of extracting any system that simulates 
interacting many-body Nambu dynamics in the real world would be of great interest even in a 
rough approximate sense. In order to provide a plausible arena for pursuing this direction, we 

6 In the case of "nite nonnegative matrices, the corresponding theorem is known as the “Perron–
Frobenius” theorem; see Ref. [ 15 ] and references therein. Each diagonal block in the example given in 
Appendix B can be regarded as a special case of this theorem. 

7 Here, it seems worthwhile to remember that Nambu cited his own unpublished work about a possible 
application to coupled spin systems in his original paper [ 1 ]. In fact, we can "nd a brief description at the 
end of his annual progress report in 1971 [ 16 ]: “As a special example, the rigid asymmetric rotator can be 
handled in this way ( N = 3 ). Based on this formulation a new soluble model of phase transition has been 
found and its properties near the critical point worked out”. Apparently, he was thinking about coupling 
many rotators described by Euler equations to study the phase structure of coupled spin systems, but 
failed. It might be interesting to reformulate such systems using our formalism. 
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Fig. 2. Left: A network of virtual cells connected through axons ( N = 4 ). Right: Exchange of two kinds 
of molecules between a pair of cells through an axon connecting them. Blue or red molecules only carry 
energy H or K, respectively. 
next suggest a speculative system that has a certain quasi -realistic !avor, capturing intuitively 
some essential features of our nonlocal interaction, which potentially would lead to realistic 
applications. 

Let us imagine a closed system of N identical (virtual) cells, whose states are described by 
vector-like state parameters xi 

a ( a = 1 , . . . , N ) as a sort of collective variables for cells, borrow- 
ing terminology of cell biology solely for convenience to make our explanation concrete. They 
form a network together with “axons” (pipe-like cylinders) that connect all of the cells (Fig. 2 , 
left) in this cell complex in a pairwise manner. Each of the cells contains two kinds of energies, 
H (xa ) and K(xa ) , as functions of the vector-like state parameters. The axons are equipped with a 
special mechanism by which any pair of cells can exchange these energies through axons with 
each other, accompanied by abrupt changes of states caused by the energy exchanges, with- 
out violating the conservation laws of energies. More concretely, we may imagine that there are 
two kinds of molecules inside the cells that intrinsically carry only one of the energies, and they 
can be exchanged through axons by their fast !ows through axons (Fig. 2 , right). The timescale 
τax of such exchange processes is assumed su"ciently small compared to the timescale τcell 
of autonomous evolution of the states of cells that are supposed to be controlled by the gra- 
dients of energy functions with respect to the vector state parameters ( τax ! τcell ). Under this 
assumption, the interaction between the cells through axons in describing the evolution of cells 
in the timescale τcell can be simulated approximately by the instantaneous interaction Hamil- 
tonian ( 40 ). The probability (per unit time) of such changes of the states caused by energy ex- 
changes through axons between arbitrary pairs of cells is expressed by a generic kernel function 
V (x3 , x3 ; x1 , x2 ) , (x1 , x2 ) and (x3 , x4 ) ( " = (x1 , x2 ) ) being state parameters of the pair in question 
before and after the energy exchange, respectively. The kernel function must in general satisfy 
the universal conditions (i)–(iii) postulated in Section 5.2 , such that it is consistent with the 
general formalism laid in Sections 3 and 4 , which is based solely on general reasonings for the 
treatment of classical systems by a #eld-theoretical operator formalism with a classical proba- 
bility interpretation. 

We have to suppose in addition that, when the interactions through the axons are neglected, 
the time evolution of the state parameters in each cell is driven by the simultaneous gradients, 
with respect to the parameters xi 

a , of the conserved energy functions (H (xa ) , K(xa )) . It seems not 
unreasonable to expect as a #rst approximation that the evolution of the states is simulated as 
a simpli#ed mathematical model by the Nambu equations of motion ẋi 

a = εi jk ∂ j H (xa ) ∂k K(xa ) 
at least e$ectively, which is the simplest #rst-order di$erential equation 8 with automatic con- 

8 Historically, it seems that Jacobi [ 17 ] was the #rst to study this type of equation. See also Ref. [ 3 ]. 
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More complicated kernel function for interaction would yield much more rich 
phenomena in  approaching to equilibrium, depending on the choice of the 
initial statistical state. 
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Possible applicability ?

Though I cannot suggest any immediate application of the present work right now, 
interesting new features as above have been found, compared with 
the ordinary statistical mechanics based on the usual Hamiltonian dynamics. 

Is this just a mathematical curiosity?       May be or not . ….

Hopefully, it might be useful in unexpected ways in the future….. 

just like string theory has been in the early 1970s



特集量子重力理論としての弦理論 – 回顧と展望米谷民明 〈 東京大学名誉教授 tamyoneya@gmail.com〉

「弦理論とは何か一言で述べよ」と問われたとすると，私は「弦理論は量子重力理論として紫外問題の根本的解決とゲージ相互作用との統一を同時に成し遂げられるほぼ唯一のアプローチである」と答える．弦理論は半世紀を超える歴史にも拘らず依然として完成した理論ではなく，これまでの展開の過程で多くの新たな驚くべき帰結や視点をもたらし，場の理論と量子重力の理解を深めるのに貢献してきた．現在でもこうした状況は続いており，その真価の解明は今世紀の大きな課題であると言って過言ではない．この観点から，弦理論誕生の歴史的背景・経緯，弦による量子重力に関する私自身の仕事とその後の進展を振り返り，弦理論の意味を考える．
1. 弦理論の萌芽と源流，そして双対共鳴模型へ
歴史を辿ると，基本的力学自由度としての弦の物理的描
像の萌芽をディラックの 1950∼60年代の仕事1)に見出せる．
量子電気力学のゲージ不変な定式化を論じた中で，基本的
自由度として場の代わりにファラデーの電気力線を採用し，
光子は閉じた電気力線，電子は開いた電気力線の端点とし
て扱うのが合理的だと述べた．現在の弦理論では，開弦の
端点は ‘D-ブレーン’（図 1右）でそこを伝播するゲージ場が
生成される一方，閉弦はバルク時空を伝播する重力子を生
みだす．また，彼は広がった自由度の相対論的量子力学に
向けて，拘束条件付きの正準形式の一般論を展開した．そ
れを応用した閉じた 2次元面が時空で成す 3次元世界体積
作用関数に基づく広がった電子模型（1962年）は，弦理論
の拡張としての M 理論の萌芽と言える．当然，一般論の
同様な応用として 2次元世界面の作用原理による弦の力学
の正準形式にも直ちに至ることが出来る．このようにディ
ラックは弦の量子力学の要となる考え方と方法論を 50年代
にすでに手にしており，弦理論への道を切り拓いていた．
一方，弦理論を生み出した S行列理論の源流を引き起し
たのはハイゼンベルクである．彼は 1940年代前半の一連の
論文2) で「今後の理論の変更によって影響を受けないよう
な，将来の理論でも必須となる概念を波動場の量子論から
抽出する」と述べ，S-行列理論の思想を結晶化すると同時
に，局所場理論の限界を特徴づける新たな自然定数として
の ‘基本的長さ’ の重要性を強調した．粒子散乱の始状態と
終状態間の遷移確率という最終観測量だけを扱う S行列の
概念は，戦時下にも拘わらず当時の先端的理論研究の流れ
に大きな影響を及ぼした. 例えば，欧米から孤立していた
日本にも掲載誌が潜水艦によって届き朝永の戦時研究の一
環である極超短波電磁導波管回路理論に基礎概念として取
り入れられた．また米国でも朝永と軌を一にするようにし
てシュウィンガーが極めて近い研究を進めていた．
S行列理論が初めて本格的な発展を開始したのは強い相
互作用の理論の構築に適用されてからである．主導したの
は 1950年代終盤のチュー（G. Ghew）3) の「すべてのハド
ロンはお互い同士の複合状態として同等である」という ‘核
民主主義’，そして 60年代のレッジェ（T. Regge）極理論4)

であった．‘レッジェ極’とは，複合粒子としての素粒子の 2

体–2体散乱振幅（初期状態の相対論的運動量：p1, p2，終状態：
p3, p4 ）の角運動量を連続的複素数 !に拡張したときに !-平
面に現れる極特異点∼ (!−α(t))−1である（t = (p1−p3)

2）．

t

s
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作用も開弦の力学に支配されていることだけ強調：ここまで閉弦だけで

き，Dブレーンの質量は

おける鈍く冷たい反応から，将来幸にして意義が認められ
ることがあるとしても長い時間を要するだろうと感じてい
た．折よくニューヨーク渡航の話が持ち上がった．到着後

おける鈍く冷たい反応から，将来幸にして意義が認められ
ることがあるとしても長い時間を要するだろうと感じてい
た．折よくニューヨーク渡航の話が持ち上がった．到着後

図 1: チャンネル双対性（左）と開弦/閉弦双対性（右）

関数 α(t)（一般には複素数）をレッジェ軌跡と呼ぶ．これは
変数 tに関する極特異点に対応する複合粒子の交換により散
乱を記述するので，t チャンネル描像と呼ぼう．また，ハド
ロンが衝突して一般には別の複合粒子に対応する共鳴状態
ができ，それが複数の複合粒子に崩壊して散乱が起きる ‘共
鳴’描像も現象論的に有効である．その振幅は s = (p1+p2)2に関する極を持つので，sチャンネル描像と呼ぼう．
そこから新たな指導原理として，60年代終盤，どちらの
描像に基づいても解析的に同一の S行列が得られるという
考えが浮かび上がった．この要請（以下，チャンネル双対性
と呼ぶ）は理論に対する極めて強い ‘自己縛り’（bootstrap）
になり得る．これを鮮やかに具現化した散乱振幅の公式

V (s, t) = g2
∫ 1

0
x−α(s)−1(1− x)−α(t)−1dx (1)

がヴェネツイアノ（G. Veneziano）により発見された5). レッ
ジェ軌跡は実 1次式 α(s) ≡ α′s + α(0), g はハドロンの 3

点相互作用の強さを表す結合定数である．この式そのもの
は 18世紀オイラーの時代から研究されていたベータ関数に
他ならない．被積分関数を x = 0，あるいは x = 1周りで
無限級数展開すると V (s, t) =

∑∞
"=0

g2r!(t)
"−α(s) =

∑∞
"=0

g2r!(s)
"−α(t)と書ける．留数 r"(x)は変数 xの !次多項式であり，スピ

ンが質量の自乗に比例して増大する無限に多くのハドロン
励起状態の伝播を表す．この発見は量子論にとってのプラ
ンク公式に相当する役割を果たした．その物理的解釈6) と
して，弦の描像が，南部陽一郎，サスキンド (L. Susskind)

により独立に提案され，ニールセン (H. B. Nielsen)は，電
気回路とのアナロジーに基づき 2次元世界面の描像を与え
た．こうしてハイゼンベルクの S行列という一見空虚なた
だの ‘額縁’のような枠組みにディラックが予感した力学的
自由度としての弦のイメージが流れ込むようにして弦理論
が誕生した．図 1左は弦の世界面によるチャンネル双対性
の理解を示す．続いて対応する閉弦の 4点振幅をビラソロ
（M. A. Virasoro) が発見した7)．形式的には式（1）の x-
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Perhaps useful to extend our perspective beyond physical systems to the area 

of biochemical systems or even to economical or sociological systems, 

which are ubiquitously abundant with various complicated networks.


It would be exciting if we could apply the method of quantum field theory 

with similar sorts of nonlocal interactions as ours to such areas.


