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Gauge Theory + Gravity  ？

SUSY ?

N.K.＆Watabiki ‘92

Boson　　　Fermion ?

3d Chern-Simons gravity by Witten (1988/89) 

(quaternion based formulation: origin ?)

Supergravity ?



There are two main obstacles 

for exact lattice SUSY. 

1)  Breakdown of Leibniz rule for difference operator

2)  Chiral fermion doublers

 Consider the simplest SUSY algebra in 1-dim.
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<latexit sha1_base64="volEBboObVG3ntfvCWi62/QP4wU="></latexit>

(�+�i(x) = �i(x+ a)� �i(x))



2) chiral fermion doublers

 ̄(x)i�µ{ (x+ aµ̂)�  (x� aµ̂)}/2a

#fermions         #bosons<latexit sha1_base64="LdqmKStnZIXGLPgkvPWxrOuXmbc="></latexit>

6=

SUSY  breaking

0 apµ

doubling of fermions

1

�µ sin apµ
, apµ = 0,⇡

# doublers =
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2D (D= dimension)
<latexit sha1_base64="AhKzejUYzrN8qvdl8Q4et3UIMOU="></latexit>

= 2N (d.o.f. of N=extended SUSY)

D=N=2

D=N=4

D=N=2

extended SUSY
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doubler fermions



We try to solve the two difficulties 

1) and 2) at the same time. Link approach

<latexit sha1_base64="MhbHO4BItuhOPdwoO+9T9kAVtEc="></latexit>

Q(�1(x)�2(x)) = {Q�1(x)}�2(x) + �1(x+ aQ)Q�2(x)

We introduce similar sift for Q-operation !
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Q2(�1(x)�2(x)) = {Q2�1(x)}�2(x)� {Q�1(x+ aQ)}Q�2(x)
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2�2(x)
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�+(�1(x)�2(x)) = (�+�1(x))�2(x) + �1(x+ a)�+�2(x)

shift parameter
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Q2 = i�+ $ 2aQ = a

Ansatz:
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Q2 = i�+



Geometrical interpretation of link approach

<latexit sha1_base64="2x0fL2JLG2NdNQyypuODdJPv4UU="></latexit>

aQ = a/2

shift parameter of Q

Q is           translation generator
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x+ a
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x+ a/2
<latexit sha1_base64="83XqObJdMwFsjPe5BgkWzXSWc+A="></latexit>

Q
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�+
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a/2
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= i�+
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Q(�1(x)�2(x)) = {Q�1(x)}�2(x) + �1(x+ aQ)Q�2(x)
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[Q(�1(x)�2(x))]x+a/2,x = {Q�1(x)}x+a/2,x[�2(x)]x,x + [�1(x+ a/2)]x+a/2,x+a/2{Q�2(x)}x+a/2,x

fermionic link

is         translation generator
<latexit sha1_base64="+CMIrPur1hlV5I7hzpgjBaKiZJU="></latexit>

�+
<latexit sha1_base64="Q1/sE/U2cW++lgV3hI72193vEyk="></latexit>a

Super charge operation generates a fermionic link hole.

coordinate ordering rule



Dirac-K”ahler Twisting  Mechanism

# of chiral fermion doublers = <latexit sha1_base64="jJg1w9xqrEq49jhDyVGiJyqYQc4="></latexit>

2D = # of independent      matrices 
N extended SUSY d.o.f. 
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D=N=2:
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(↵, i = 1, 2)
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{Q,Qµ} =i�+µ

{Q̃,Qµ} =� i✏µ⌫��⌫

{others} =0

<latexit sha1_base64="ZQ+vdmHxtbXSkOqoQHMvdvUykP4="></latexit>

a+ aµ = nµ, ã+ aµ = �|✏µ⌫ |n⌫
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a+ ã+ a1 + a2 = 0
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Q2 = i�+
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2aQ = a

one free shift vector !

D=N=2 Dirac-K”ahler twisted SUSY algebra

Use the chiral fermion doublers d.o.f. as super multiplets. 
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2N
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{QA, QB} = �fµ
AB�±µ

lattice constant
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(aA + aB = nµ)



Introduction of gauge symmetry
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{QA, QB} = �fµ
AB�±µ
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{DA, DB} = fµ
AB�±µ
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{rA,rB} = fµ
ABrµ
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rµ = @µ � i�µ(x, ✓A, ✓B)

continuum
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= @µ � iAµ + · · ·
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e@µ�(x) = �(x+ nµ)
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[e@µ ,�(x)] = �(x+ nµ)� �(x) = �+µ�(x)
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{rA,rB} = �fµ
AB e�rµ
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{rA,rB} = fµ
AB erµ

super charge covariant derivative

lattice derivative  ———> 

exponentialize continuum
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{rA,rB} = �fµ
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rµ = @µ � i�µ(x, ✓A, ✓B)
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rµ ! G�1(x)rµ G(x)
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e⌥rµ ! G�1(x) e⌥rµ G(x)
By using Trotter formula, we can 

show
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= e⌥@µP exp


±i

Z x±nµ

x
�µ(s)ds

µ

�
! e⌥@µ(U±µ)x±nµ,x
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e⌥rµ = e⌥@µe±@µe⌥@µ±i�µ(x)

is defined on a site because
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e±rµ

gauge trans. of 

covariant deriv.
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{rA(x),rB(x)} = �fµ
AB e�@µ(U+µ)x+nµ,x
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{rA(x),rB(x)} = +fµ
AB e+@µ(U�µ)x�nµ,x

link generators:
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e@µ'(x) = '(x+ nµ), @µ =
@

@xµ
, (nµ)

⌫ = �⌫µ,

eaA·@'(x) = '(x+ aA), aA · @ = (aA)
⌫@⌫

<latexit sha1_base64="GMJDrmKFX2Kd1tuVEGDXmZIAE4A="></latexit>

nµ · @ = @µ
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<latexit sha1_base64="6ObKrS5QaSfsWF4B3HmNZG0eePE="></latexit>

[e@µ ,'(x)] = '(x+ nµ)� '(x)

[eaA·@ ,'(x)] = '(x+ aA)� '(x)
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{rA(x),rB(x)} = �fµ
AB e�@µ(U+µ)x+nµ,x
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e@µ{rA(x),rB(x)} = �fµ
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(rA)x+aA,x ⌘ e+aA·@rA(x), (rB)x+aB ,x ⌘ e+aB ·@rB(x)
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(aA + aB = nµ, aA · @ + aB · @ = @µ)
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{r̃,rµ}x+ã+aµ,x = i✏µ⌫(U�⌫)x�n⌫ ,x,

{others} = 0
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[rA,U±µ] ⇠ [rA, {rB ,rC}] ⇠ fermion(⇢, ⇢̃,�µ) or 0

Graded Jacobi identities (D=N=2)
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[rA, fermion(⇢, ⇢̃,�µ)] ⇠ {rA, [rB , {rC ,rD}]} ⇠ [U ,U ] +K or 0

auxiliary field

definition of fermions

 SUSY transformation of 

                                   can be obtained by graded Jacobi identities
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U±µ, ⇢, ⇢̃,�µ,K
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sA' = [rA,'}
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[rA, {rB ,rC}] + [rB , {rC ,rA}] + [rC , {rA,rB}] = 0

Fermion fields & SUSY transformation
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s ! r ! a
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SUSY transformation of N=2 super multiplets
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S ⌘ 1

4

X

x

Tr ss̃✏µ⌫sµs⌫ U+µU�µ

=
X

x

Tr


1

4
[U+µ,U�µ]x,x[U+⌫ ,U�⌫ ]x,x +K2

x,x

�1

4
✏µ⌫✏⇢�[U+µ,U+⌫ ]x,x�nµ�n⌫ [U�⇢,U��]x�n⇢�n�,x

�i[U+µ,�µ]x,x�a(⇢)x�a,x � i(⇢̃)x,x+ã✏µ⌫ [U�µ,�⌫ ]x+ã,x

�

N=D=2 twisted SYM
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sA' = [rA,'}
SUSY tr



<latexit sha1_base64="oRzaXFElR47WfNSsiVaJNEaDsoA="></latexit>

(U±µ)x±nµ,x = (e±i(Aµ±i�(µ)))x±nµ,x

x

U+2

U+1

U−1

U−2

x + n1

x+n1+n2x + n2

x

U+2

U+1

U−1

U−2

x U+1

U+2U−2

U−1
x

U+2

U+1

U−1

U−2

U+1

ρλ1

xx − n1

x − a

U−1

ρ̃λ2

xx − n1

x + ã

x

x − a

x − n2

U+2

λ2

ρ

x

x − a

x − n2

U−2

λ1

ρ̃



-operation to the action makes a fermionic link hole<latexit sha1_base64="ABoDuYSvbJ2XO4ALZ+JK5wV3oVM="></latexit>sA
<latexit sha1_base64="vK9tYIlbmz72vSjHl2df/sc1TD4="></latexit>

[x, x+ aA]

<latexit sha1_base64="8vtuuCTOuAg5raezKuZ8pMVwLCg="></latexit>

[SLSYM ]x,x

<latexit sha1_base64="/2qVrT0Q8cbPNZ7jGmnJ1/rEAFQ="></latexit>

(shift : �aA)

This last step is possible only when

<latexit sha1_base64="PP4tFk7EVyO1hUO4lwd8pYwHo+Q="></latexit>

(sA[SLSYM ])x+aA,x

<latexit sha1_base64="TM5fzvhOhVChyc674FNp+4RfIZ8="></latexit>sA

U±µ W F ρ λµ ρµν λ̃µ ρ̃ ∇ ∇µ ∇µν ∇̃µ ∇̃

shift ±nµ a+ ã −a− ã −a −aµ −aµν −ãµ −ã +a +aµ +aµν +ãµ +ã

Table 4: Shift nature for Dirac-Kähler twisted N = D = 4 lattice SYM multiplet

Just along the similar manner as in the continuum observations, non-vanishing
fermionic components turn out to be

[∇̃,U+µ] = +λ̃µ, [∇µ,W ] = +λ̃µ, (5.75)

[∇ρσ,U−µ] = +ερσµν λ̃ν , (5.76)

[∇,U−µ] = +λµ, [∇̃µ,W ] = −λµ, (5.77)

[∇ρσ,U+µ] = −δρσµνλν , (5.78)

[∇̃, F ] = −ρ, [∇, F ] = −ρ̃, (5.79)

[∇µ,U−ν ] = +δµνρ, [∇̃µ,U+ν ] = −δµν ρ̃, (5.80)

[∇µ,U+ν ] = −ρµν , [∇ρσ, F ] = −1

2
ερσαβραβ, (5.81)

[∇̃µ,U−ν ] = −1

2
εµνρσρρσ, (5.82)

where we just omit link indices for simplicity and all the commutators should be
understood as link commutators. One can show that link natures for the above
non-vanishing fermionic components (ρ,λµ, ρµν , λ̃µ, ρ̃) are just opposite to those of
(∇,∇µ,∇µν , ∇̃µ, ∇̃), which are summarized in Table 4.

Jacobi identities for four fermionic link variables can be carried out in a simi-
lar way as in the continuum case but with link (anti-)commutators. Dirac-Kähler
twisted N = D = 4 SUSY transformation laws on the lattice can also be read off as
in N = D = 2 or N = 4 D = 3 from

(sAϕ)x+aϕ+aA,x = sA(ϕ)x+aϕ,x ≡ [∇A,ϕ}x+aϕ+aA,x, (5.83)

where (ϕ)x+aϕ,x denotes any components of the lattice multiplet. The results are
summarized in Table 5 and 6. Since there does not appear any auxiliary fields in the
lattice SYM multiplet just as in the continuum multiplet, the resulting N = D = 4
Dirac-Kähler twisted algebra for component fields closes only on-shell.

{s, sµ}(ϕ)x+aϕ,x =̇ +i[U+µ,ϕ]x+nµ+aϕ,x, (5.84)

{sρσ, sµ}(ϕ)x+aϕ,x =̇ +iδρσµν [U−ν ,ϕ]x−nν+aϕ,x, (5.85)

{sρσ, s̃µ}(ϕ)x+aϕ,x =̇ +iερσµν [U+ν ,ϕ]x+nν+aϕ,x, (5.86)

{s̃, s̃µ}(ϕ)x+aϕ,x =̇ −i[U−µ,ϕ]x−nµ+aϕ,x, (5.87)
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SUSY tr.

SUSY var.

Gauge invariance is kept ?

<latexit sha1_base64="0IH8IguiaXTx2z7lK+3hieh5oHo="></latexit>

⇠A =

<latexit sha1_base64="XyDqhw357cvr/ompr5Pohnuol5o="></latexit>

⇠A

<latexit sha1_base64="QhBJCcSu/ljN8xyv7++SDD1EN1o="></latexit>

[⇠A(sA[SLSYM )]x,x

<latexit sha1_base64="FCP+1DElK/KWNFDQt6N3q7wsQW4="></latexit>

[⇠A,'}x�aA+a',x = 0 for all '
<latexit sha1_base64="W4LGgBJXmcCJ9i36Jpm1taJszN0="></latexit>

constant fermionic

link parameter



<latexit sha1_base64="wZdvKIdhuFEXg/PmDzKateGJ5jc="></latexit>

�AS(') ⌘ S('+ �A')� S(')

<latexit sha1_base64="ep1e+hnbEoDRG2HFbFtMExSPb8k="></latexit>

(�A')x+a',x ⌘ (⇠A)x+a',x+a'+aA(sA')x+a'+aA,x

= (⇠A)x+a',x+a'+aAsA(')x+a',x

= (⇠A)x+a',x+a'+aA [rA,'}x+a'+aA,x

<latexit sha1_base64="RckcjD5tP8OopbF+vlvTJWpisL8="></latexit>

(⇠A)x�aA,x ⌘ e�aA·@⇠A, with [x⌫ , ⇠A] = 0

anti-commute with all the super connections:
<latexit sha1_base64="+MPE4TuDCG0p1GNaCpZFE34nl5c="></latexit>

(⇠A)x+aB�aA,x+aB (rB)x+aB ,x + (rB)x+aB�aA,x�aA(⇠A)x�aA,x = 0

thus (anti-)commute with all the fields which are made of
<latexit sha1_base64="cQ/zHY+M0MbLxrOrOaY9hxU4hPI="></latexit>'

<latexit sha1_base64="Bxf49cTEFT5CQIeEkodqMWxbnGg="></latexit>

rA

<latexit sha1_base64="ivpcANibhP9Mz152Ri01GousDIs="></latexit>

[⇠A,'} = 0

gauge invariant:
<latexit sha1_base64="8vIDMz4+lNVFWBmTzSWDmgwlizw="></latexit>

(⇠A)x�aA,x ! G�1(x� aA)(⇠A)x�aA,xG(x)

= (⇠A)x�aA,xG
�1(x)G(x)

= (⇠A)x�aA,x

SUSY variation

link super parameter:



In the process of proving SUSY  invariance of the action 

we sometimes need the following symbolic relations: 


<latexit sha1_base64="KtSGX5He19DIfOhamIkSyINH7V8="></latexit>X

x

=
X

x+nµ

, or
X

x

=
X

x+aA

The first relation is trivial since $x$ is lattice site of 

square lattice.

If

<latexit sha1_base64="WKzr8g8STUIb/5dM+GoRMPoJI5Q="></latexit>X

x

{(�1)x,x+aA(�2)x+aA,x � (�1)x+aB ,x+aB+aA(�2)x+aB+aA,x+aB} = 0

<latexit sha1_base64="xVWGSlVnOALzqSglMSG7f8x8Rew="></latexit>X

x

=
X

x+aB

For example

surface terms cancellation



Double space time structure of lattice super Yang-Mills
<latexit sha1_base64="ByUsw9c+CD4NPIy0gLXzp3rzFpM="></latexit>

a = (
1

2
,
1

2
)



<latexit sha1_base64="ZQ+vdmHxtbXSkOqoQHMvdvUykP4="></latexit>

a+ aµ = nµ, ã+ aµ = �|✏µ⌫ |n⌫

<latexit sha1_base64="NCUl6hUoHmaN+Hkn0bepEaQ9wmQ="></latexit>

a+ ã+ a1 + a2 = 0

<latexit sha1_base64="JFEKhq4ocPfHH4d9Ub0jxgCUVNM="></latexit>

a1 = �a+ n1, a2 = �a+ n2,

ã = a� n1 � n2

shift vector relations

<latexit sha1_base64="0VYyih9ZwUqzP/GBiGlcjteKENc="></latexit>

⇤ = {m1n̂1 +m2n̂2|m1,m2 2 Z}

<latexit sha1_base64="hTOObqN/lSVxXMgNeGXn+GNPUqA="></latexit>

⇤a = Uj2Z(⇤+ ja)

<latexit sha1_base64="1mCSbWGtxzgn2GBOxMTVbS5TgNA="></latexit>

⇤a + a = ⇤a (⌃x = ⌃x+aA)

define:

closure:

define:
<latexit sha1_base64="WP//0CrLrtashbrmqkeyYEJWzmU="></latexit>

X = ⇤a �
a

2
= ⇤a +

a

2
,

<latexit sha1_base64="HAdPgOGV3pD4hE/HD5S0NQPfKWM="></latexit>

r� = x+
a�
2

<latexit sha1_base64="WhkxceFH+dWYhtRiikgkmVmw/KE="></latexit>

r⇢ 2 X
<latexit sha1_base64="jH54H3GrLuq5Z4Em4Cvo9xEjA70="></latexit>

r�1 2 X � n1

2
<latexit sha1_base64="uGhHeWNwrwHAuf8MX/827APZfrE="></latexit>

r�2 2 X � n2

2

<latexit sha1_base64="BgCGXWdi4SRn6OakciZkJbVdXdc="></latexit>

r⇢̃ 2 X +
(n1 + n2)

2mid point of fermion  
<latexit sha1_base64="rhiAualJInW7DlAQ5vf9FD9VXLc="></latexit>

� :



<latexit sha1_base64="WhkxceFH+dWYhtRiikgkmVmw/KE="></latexit>

r⇢ 2 X
<latexit sha1_base64="jH54H3GrLuq5Z4Em4Cvo9xEjA70="></latexit>

r�1 2 X � n1

2
<latexit sha1_base64="uGhHeWNwrwHAuf8MX/827APZfrE="></latexit>

r�2 2 X � n2

2

<latexit sha1_base64="BgCGXWdi4SRn6OakciZkJbVdXdc="></latexit>

r⇢̃ 2 X +
(n1 + n2)

2

The relative distance of 4 fermions is always fixed as

<latexit sha1_base64="BpZ2xmq3M+eN3JKe8WJJwLkz+mo="></latexit>

0, �n1

2
, �n2

2
,

n1 + n2

2

<latexit sha1_base64="2a20i7VGPOa+B6JO4irLrPMCdsk="></latexit>n1

<latexit sha1_base64="4uyrpX7vU+X3Rf+iPifWg/bgFps="></latexit>n2

square lattice  of half lattice constant 

<latexit sha1_base64="98L/TERTL5Gm+qZWhS4oU5rk4v4="></latexit>

xn =
na

2
+

a

4
(a: lattice constant)

The basic half lattice cycle structure is hidden here !



<latexit sha1_base64="gz/jTg1epW7TZk9aD8NjtF3c6JA="></latexit>

x =
na

2
+

a

4

<latexit sha1_base64="6eljBkLJ/zTVH8bTA5jiOUr9pKg="></latexit>

n1 coordinate of ⇢

lattice constant <latexit sha1_base64="sUSWN/SXEqtp1TRMmFb+bP5BWBQ="></latexit>a

momentum representation of fermion field for      direction

anti-periodic with respect to 
<latexit sha1_base64="Yb7OEJIhLpt1VWh8eLRAlJzowp4="></latexit>

4⇡

a

<latexit sha1_base64="2a20i7VGPOa+B6JO4irLrPMCdsk="></latexit>n1

<latexit sha1_base64="5694ejRamYV/uXiJvYSUdrw+Cwc="></latexit>

n1 component of ⇢



Two zero modes;  translational invariant with lattice constant

<latexit sha1_base64="gz/jTg1epW7TZk9aD8NjtF3c6JA="></latexit>

x =
na

2
+

a

4
fermion field with alternating sign

<latexit sha1_base64="2GR8nppoGo0Zb0JWlPcOPAEz32I="></latexit>

(�1)
2x
a = e±

2⇡ix
a

is half cycle shift momentum of  
<latexit sha1_base64="YRnEPkfBlXv4OcaOa6S3oAUbNoA="></latexit>

 (p)
<latexit sha1_base64="7UcSmcIY3CP7x1r4znIbl2yWN04="></latexit>

 (p+
2⇡

a
)

This fermion field is the corresponding species doubler field.

<latexit sha1_base64="3ofKVVogW22YQsA2VVt1W9RaRYg="></latexit>

n1 component of ⇢̃



We treat similarly      direction. Then we can assign  

                   chiral fermion species doublers to 


<latexit sha1_base64="oI2EMSp3MqlS87zSjJWWLuf/ktc="></latexit>n2
<latexit sha1_base64="c8pk1wy6wbTQj+wIC3F6Sf/jkdI="></latexit>

2⇥ 2 = 4
<latexit sha1_base64="juUpuIVeKWu/Vp2vo40/QSiVA/g="></latexit>

⇢, ⇢̃,�1,�2

In order to realize exact SUSY of N=D=2 on the lattice

1 cycle             lattice is needed. 

corresponding zero mode: 
<latexit sha1_base64="xcSplAzFnGTZ2Au+rnh8ObJJ8QE="></latexit>

1, (�1)n1+n2 , (�1)n1 , (�1)n2

momentum shift: 
<latexit sha1_base64="SExTO24cAcoEqOYaKuz95AhTWq8="></latexit>

(0, 0), (
2⇡

a
, 0) (0,

2⇡

a
), (

2⇡

a
,
2⇡

a
)

species doublers as twisted fermions

<latexit sha1_base64="7UXR8CEIPUl/uPuQm1i8JIFMwwU="></latexit>

= a/2



typical N=2 SUSY invariant lattice space 

one dimension hidden in the arbitrariness of a 
<latexit sha1_base64="psAWgHwA/lDT36cDiJjcfozRmg0="></latexit>

⇤a can be considered as defining extra dimension by identifying  
<latexit sha1_base64="7YxT1G3uT2NoJucqaJzUL8mD/Ic="></latexit>

j = n0

Two two-dimensional lattices which are dual to each other 

connected by link fermions constitute the space: 

D=N=4:             

D=N=2:                  



scale invariance of SUSY algebra

continuum twisted SUSY algebra:

<latexit sha1_base64="6iJKjSxHnvHUHWENh03jMpQFIFM="></latexit>

r±µ = @µ � i�±
µ

<latexit sha1_base64="QrcRXkJ1eKJXAcnlUa/sarKYzrU="></latexit>

{rA,rB} = fµ
ABr±µ

<latexit sha1_base64="D4AO/TbxHXXGXlblkznUNdJSIZw="></latexit>

[D,rA] =
1
2rA, [D,rB ] =

1
2rB , [D,r±µ] = r±µscale dimension:

scale invariance:

<latexit sha1_base64="0OPSxFM+d2MPvFTNvpxiOSMXe2g="></latexit>

[D, {rA,rB}] = {[D,rA],rB}+ {rA, [D,rB ]} = {rA,rB} = fµ
ABr±µ

<latexit sha1_base64="UP6N7aafUKpl02qtgMH6IieK0/s="></latexit>

fµ
ABr±µ

<latexit sha1_base64="7ueipoNC5rOhCbOeZ3/f32+pZes="></latexit> =

On the lattice what happens ?
<latexit sha1_base64="aj6bPVlQnU6/gGr88wvLEwJ7FrA="></latexit>

{rA,rB} = �fµ
AB e�r+µlattice twisted SUSY algebra:

scale dimension ?: <latexit sha1_base64="ef9lesKEvzvCZ+OWmzC6Cgh/ExY="></latexit>

[D,rA] = dArA, [D,rB ] = dBrB

new algebra



<latexit sha1_base64="D4VJF/r3BpItMThZZQo0KRgBLlo="></latexit>

edA+dB{rA,rB} = �fµ
AB eDe�r+µe�D

<latexit sha1_base64="WflhtQzK6qaey4lb4n5CZAUddZw="></latexit>

[D,rA] = dArA, [D,rB ] = dBrB

<latexit sha1_base64="caboIaX1dN55K2aWmyc6TSMVgjQ="></latexit>

eD{rA,rB} =
X

n

1

n!
[D[D[· · · [D, {rA,rB}] · · · ]

=
X

n

1

n!
(dA + dB)

n{rA,rB} = edA+dB{rA,rB}

<latexit sha1_base64="AO5wgqIsouNao54ZdUptHzNt4Z8="></latexit>

eD{rA,rB} =

<latexit sha1_base64="T8eXEoVJpTW2Bvl7s3KXvMGDlog="></latexit>

[D, {rA,rB}] = {rA[D,rB ]}+ {rB [D,rA]} = (dA + dB){rA,rB}

<latexit sha1_base64="aj6bPVlQnU6/gGr88wvLEwJ7FrA="></latexit>

{rA,rB} = �fµ
AB e�r+µ

<latexit sha1_base64="cbePVECBYdzufVBhH4Qs4ElZpuw="></latexit>

⇠ e�r+µ

<latexit sha1_base64="GsjbZex+Btxh7+xqRreem4k4hHQ="></latexit> =

<latexit sha1_base64="z/2U4EgU0IdTm8jmB+eL3Lpt/Zs="></latexit>

⇠ eDe�r+µe�D



<latexit sha1_base64="D4VJF/r3BpItMThZZQo0KRgBLlo="></latexit>

edA+dB{rA,rB} = �fµ
AB eDe�r+µe�D

<latexit sha1_base64="AewQ+PhL2XE2KYvH6eYvPlWZI90="></latexit>

e(dA+dB)(�fµ
ABe

�r+µ)

<latexit sha1_base64="7ueipoNC5rOhCbOeZ3/f32+pZes="></latexit> =

<latexit sha1_base64="Koi1Zh1edgTBCl59y7gE/9w6WBQ="></latexit>

eD e�r+µ = edA+dB e�r+µ eD

<latexit sha1_base64="eecDIxW6kS+PLW0Pjnjtx2G2Tz8="></latexit>

eD e�@µ = edA+dB e�@µ eD, for e�r+µ

<latexit sha1_base64="wPbIDEUoPphCaigkmuIzccWemXk="></latexit>

[@µ,D] = dA + dB , for e�r+µ

<latexit sha1_base64="vgxotuGh8A1nP3i3WmRYi7G2NRA="></latexit>

(dA + dB)⌫ = +(nµ)⌫ , for e�r+µ

<latexit sha1_base64="iqTpUtxAYlixAkQQty5OEJH0pQU="></latexit>

[@µ,D⌫ ] = (n⌫)µ = �⌫µ

<latexit sha1_base64="7VGTPBmxRILi/maE/v9W75RfWBg="></latexit>

dA = aA, dB = aB

Weyl-’t Hooft algebra

Switch off the gauge fields  we find a special solution !

<latexit sha1_base64="xEg1sI4S4MhC1j4Acg6Ly2W7IP0="></latexit>

r+µ = @µ � i�+
µ

if we identify:

<latexit sha1_base64="ztsVa6Y4AbWQXNKScHkh0UUMWrk="></latexit>�! D⌫ = x⌫

“canonical 

commutation relation”



<latexit sha1_base64="fjq++xCRUCDv0XA4Qjz4Bltv/fw="></latexit>

[x⌫ ,rA] = (aA)⌫rA,

<latexit sha1_base64="HUasBPJNxGVR3chlZ8hcq/E1l9g="></latexit>

ex⌫ e�r+µ = e�⌫µ e�r+µ ex⌫

<latexit sha1_base64="WFIvESy2ddBQ2+sMRTKhqgq70Qc="></latexit>

(rA)x+aA,x = e+aA·@ rA(x)
<latexit sha1_base64="GnurUD6ULPzwwsCOS8QoQt30LXo="></latexit>

[x⌫ , e
+aA·@ rA(x)] = 0

<latexit sha1_base64="0K6SQEwpUhIZVef3GrodNCZtWnE="></latexit>⇥
x⌫ ,

@

@✓A
� 1

2
fµ
AB ✓B e�@µ

⇤
= (aA)⌫

� @

@✓A
� 1

2
fµ
AB ✓B e�@µ

�
<latexit sha1_base64="GfpzlrHT84rPUkJ4xTmrwNhX1+w="></latexit>

for aA + aB = +nµ

<latexit sha1_base64="rXDzmycF9f41rMM7oavOscaf9HI="></latexit>

[x⌫ ,
@

@✓A
] = (aA)⌫

@

@✓A
, [x⌫ , ✓A] = �(aA)⌫ ✓A

<latexit sha1_base64="p+m0lDiVKbplGh2kOACKwUH7NqY="></latexit>

 � [D,rA] = dArA

non-commutative algebra

switch off the gauge fields:
<latexit sha1_base64="VNu5GFmidKCML7VyVc4Y94WL3H4="></latexit>

rA ! QA = @
@✓A

� 1
2f

µ
AB ✓B e�@µ

<latexit sha1_base64="u4P7WLayFJFU9118W6G5fYc2MPo="></latexit>

$ (x+ aA)⌫✓A = ✓Ax⌫

non-commutative

<latexit sha1_base64="pU1yvFVmTXy2GqX+NnctDy6Dc/Q="></latexit>

([x⌫ , e
aA·@ ] = �(aA)⌫e

aA·@)



<latexit sha1_base64="fjq++xCRUCDv0XA4Qjz4Bltv/fw="></latexit>

[x⌫ ,rA] = (aA)⌫rA,
<latexit sha1_base64="4S89i2tPAuxtBMP5eiCRy7z1quw="></latexit>

�! [x⌫ , QA] = (aA)⌫QA

“inconsistency”When-

Bruckmann
Kok

but-if-we-introduce-the-following-“mild-non;commutativity”:

then

In-general-

Two-Problems

=
<latexit sha1_base64="cLXxja4ChtNNTodKDsTRcxVYNOg="></latexit><latexit sha1_base64="cLXxja4ChtNNTodKDsTRcxVYNOg="></latexit><latexit sha1_base64="cLXxja4ChtNNTodKDsTRcxVYNOg="></latexit><latexit sha1_base64="cLXxja4ChtNNTodKDsTRcxVYNOg="></latexit>

<latexit sha1_base64="0l5dkcFImySECWe35yt3x7uO6U8="></latexit>

�! (x� aA)⌫QA = QAx⌫

�! {(x� aA)⌫}kQA = QA{x⌫}k

�! �i(x� aA)QA = QA�i(x)
<latexit sha1_base64="3gkJEjBW2TQMF+fzEb6Vgud4mls="></latexit>aA ! �aA

The origin of the shift of lattice Leipniz rule of super charge.



Summary

N=D=2, N=D=4  twisted super Yang-Mills are formulated on a lattice 

exactly keeping super symmetry for all super charges.  

Algebraic structure of graded Jacobi identities and shift vector 

relations determine the structure of two dimensional lattice space:  

Half lattice distance periodicity of twisted fermions is established 

and they can be identified as species doublers of chiral fermions. 

Algebraic consistency determines the space time structure.

Doubled two-dimensional square lattice spaces are generated and 

they are connected by link fermions. 

In the exponentialized new lattice algebra we can derive Weyl-’t Hooft 

relation. Non-gauge version of this relation leads non commutativity 

of fermionic and bosonic coordinate: 

<latexit sha1_base64="RcC+HIQvvWVBx3/q4xpgLyjDM4E="></latexit>

✓Ax⌫ = (x+ aA)⌫✓A


