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Gauge Theory on the Random Lattice ——» Supergravity ?

Form Simplex Gauge Theory + Gravity 7
0 b o
1 w = wydxt A
5 B = Byydxtdzv
8 Q = Quupdxtdz¥dzp Boson <— Fermion ?
1 3 | 0 2 ' \QS/
A=jlw+Q+ ) +k(+B+-) SUSY ?

F1O + X ) FiG@O + X + )

(quaternion based formulation: origin ?)
S = [Tr(3AQA + $A3)

N.K.&Watabiki ‘92

3d Chern-Simons gravity by Witten (1988/89)



There are two main obstacles
for exact lattice SUSY.

1) Breakdown of Leibniz rule for difference operator
2) Chiral fermion doublers

(At ¢i(r) = ¢i(x + a) — ¢i(x))

Consider the simplest SUSY algebra in 1-dim.

{Q,Q} = 2H = 2id — 2iA, — Q> =iA,

1) Ap(d(@)g2(x)) = (Aydi(x))d2(z) + o1(x + a)(Ayg2(x))
Q(d1(x)d2(x)) = (Qd1(x))P2(x) + ¢1(2)(Qd2(x))



SUSY breaking
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2) chiral fermion doublers ——  #fermions £ #bosons
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— 2N (d.of. of N=extended SUSY)
doubler fermions
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We try to solve the two difficulties :
1) and 2) at the same time. — Link approach

Q* =iAy

Ay (d1(z)p2(x)) = (Apg1(x))P2(z) + d1(T + a) At Pa(x)
Ansatz: Q(¢1(z)p2(x)) = {Q¢1(x)}P2(x) + d1(x + ag)Qo2

shift parameter

We introduce similar sift for Q-operation !

Q*(p1(x)a(x)) = {Q°P1 () }h2(x) — {Qo1(x + ag)}Q
+{Q¢1(z + ag)}Qd2(x) + ¢1(z £264)Q° P2 ()
= {Q%¢1(2) Yo () + ¢1(x 4 2a0) Q%P2 ()

Q° =iA, < 2a0 = a



Geometrical interpretation of link approach

shift parameter of Q

Q(d1(x)p2(x)) = {Qo1(x) }d2(x) + d1(x + ag)Qp2(x) ag = a/2

[Q(d1(7) 2 (5’3))]:1:+a/2,x = {Q¢1 (33)}33+a/2,a:[¢2 (2)]z,e + [P1(z + a/Q)]a:—I—a/Q,x—l-a/Z{QﬁbQ (37)}x+a/2,:c

fermionic link

coordinate ordering rule

Super charge operation generates a fermionic link hole.

Q2:7§A+ X A+ r+a

>

>

@
T+ a2 Qis a/2 translation generator

A4 is a translation generator



Dirac-K"ahler Twisting Mechanism

# of chiral fermion doublers = oD = # Of independent v matrices
N extended SUSY d.o.f. 2%

v Use the chiral fermion doublers d.o.f. as super multiplets.
D=N=2: Qoi = (1Q +7"Q, + 7172Q)on' (a1 =1,2)

o {Q7 Q,u,} :iA+N
{Qaia Qjﬂ} — 252] (’Y)aﬁiA:i:,u —_— {@, Q,u} = — ieuyA—y

{others} =0
{Qa,QB} = -1 5A+,

D=N=2 Dirac-K"ahler twisted SUSY algebra

Q2 iA+> a+a,=n,, a+a,= —\ew\ny
a+a-+a+ax=0 (CLA—I—CLB:nM)

lattice constant one free shift vector !



super charge covariant derivative
{Qa,QB} = —fhpAty » {Da,Dp} = fhpAt,

Introduction of gauge symmetry l continuum

V, =0, —il,u(2,04,08)  {Va,Ve}=FfigVa

€%, ¢(x)] = d(z +ny) — o(x) = Ay po(a)

{Va,Vp}=—fig e Vi

lattice derivative >
exponentialize continuum (Va4,Vs}=fH, eV



{Va, Vel =—fipe ™  V,=0,—il.(x,04,605)

etV is defined on a site because

—1 gauge trans. of
V=76 (2)VuG(z) «— covariant deriv.

eTVe 5 G Hz)eTVeg(a)

By using Trotter formula, we can
show

oV — o FOu gt 0y (Tl u(x)

rtn,
— ezFaMP exp |:——i/ F&(S)dS’u:| — GZFa“ (Z/{:I:,u)x:l:nu,a:

ZI

ezlzifﬁ(zc) ~ eiiAu (x)+---



{Va(z),V(2)} = = fhp e Usp)atn,,o

{Va(z),Vp(x)} = ‘|'fZB€ M(Z/[—u)x—nu,x

8 | 4 | 4
ePrp(x) = p(x + nu),  Ou = By (nu)” = 0y,
e’ Yp(x) = p(z + aa), as -0 =(aa)"0,
as-0+ap-0=mn,-0=20, (aa +ap =n,)

link generators:

Oy

e, o(x)] = p(r +ny) — o(x)

n, -0 =

O



as-0+ap-0=mn, -0=0, (aa +ap =ny)

{Va(z),V(2)} = = fhp e Usp)atn,,o

eaM{VA(m)v VB(w)} — _fZB (Z/{—I—u)a:—l—nu,a;
H (CLA—I—CLB:nM, aA-(9+aB°6’:8M)

e—l—aA-86—|—aB-8vA (x)e—a3-8€+a3-8vB (CU) 4+ €—|—a,B-8€—|—aA-8vB (x)e—aA-ae—l—aA-&vA (ZC‘)

— 7940V 4 (z + ap)eT BV g(x) + e V(x4 ax)e™4 OV 4 ()

(VA)otasz = 6+&A.8VA(5’3)7 (VB)otap,e = 6+GB.8VB(5’3)

{vAa vB}eraAJraB,w — _fZB (u—w)x—knwx

{vAa VB}x+aA+aB,x = (VA):I:+aA+aB,:IJ+aB (VB):BJraB,:IJ T (VB)x+aB+aA,x+aA (VA)x+aA,:B



Fermion fields & SUSY transformation

{V, v,u}:c—ka—kau,a: — i(u—k,u)a:—knﬂ,aza

{@7 vu}a}—l—&—l—au,a} — iEuV(Z/{_y)m—nwaz,
{others} =0

definition of fermions

'

Va, U] ~[Va,{VB,Vc}] ~ fermion(p, p,A,) or 0

Graded Jacobi identities (D=N=2)
Va,{VB,Ve}l+ VB, {Ve,Va}l+[Vc,{Va,Vp}] =0

auxiliary field
M ry

[VA,fermion(p, ﬁv AM)] ™~ {vAa [va {VC’7 vD}]} ~ [U,Z/{] + K or O

s<+— V <+——a
SAQDZ[VA,QO}

SUSY transformation of Uy, p,p, Ay, K §<— V<—a
can be obtained by graded Jacobi identities

Sy V, < ay



SUSY 1tr

SUSY transformation of N=2 super multiplets  say =[Va, ¢}

S S Sp
Ui, 0 +e€up A —€,p
U, —Ay 0 —Ou P
Av 0 0 —i[Up U] + O (K + UL U-p])
p || —5UspU-p] — K | +5€00[U_p, U] 0
p|| —3€oUspUss] | +3Up U] - K 0
K +3 U p, A —3€p0[U—p, Ao] — 35U ) — 5€ U, ]

N=D=2 twisted SYM

1 .
S = 1 ZTr §5€,,8,8y Uy U_,
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Gauge invariance is kept ? (54%)ataptans = 54(P)atap,e = VA, P}otaptans

sa-operation to the action makes a fermionic link hole [z, z + a4]

SA
[SLSYM}CU,Q? > (SA[SLSYM])CB—l—CLA,CE SUSY tr.

l ¢4 (shift : —an)

€4 (salSLsy m)e. SUSY var.

This last step Is possible only when

[SA, Ple—asta,,z =0 forall ¢ <€A = constant fermionic
link parameter



SUSY variation
645(p) = S(@+dap) — S(p)

(5A90):c+a<p,fv = (fA)w+a<p,ﬂc+a@+aA (SASO):BJra@JraA,CB
— (fA)a:—Fa(p,:c—l—a@—l—aA SA(SD)SB—FCLSO,x
— (gA)a:+a<P,:c—|—acp—|—aA [VAa Sp}x—l—a@—FaA,a:

link super parameter:

anti-commute with all the super connections:
(€A)$—|-GB—GA,:E—I—aB (VB)x—l—aB,a: _|_ (VB)a?—I-aB—aA,:E—aA (SA)LU—G,A,LU p— 0

thus (anti-)commute with all the fields ¥ which are made of V4

4,03 =0
gauge invariant:
(A)e—an,z — G_l(x —aa)(§a)z—a,eG(T)
— (é-A)x—aA,xG_l(m)G(x)
— (é-A)ZU—aA,CU



surface terms cancellation

In the process of proving SUSY invariance of the action
we sometimes need the following symbolic relations:

2= 2 2=

T+n, r+aa
The first relatlon is trivial since $x9 is lattice site of
square lattice.

For example

Z{((I)l)a:,a:—l—aA ((I)Q)QZ—I—CLA,ZB - ((I)l):c—l—aB,a:—l—aB—l—aA ((I)Q)w—l—aB—l—aA,aH—a,B} =0

|fZZ

rx+ap



Vi

Uy,

At

shift | a

Double space time structure of lattice super Yang-Mills

T+ as

A

t

P | P | A

:I:np,

shift

—a | —ay, 0

[vu, u+u]x+au+nv,x
[vuv u—u]x—{-ay—nu,x

€Ly [v7 u—v]a:—i—a—n,,,m - = [67 u—{—u]x-{—&—{—'n“,x



shift vector relations

a+a,=mn, ata,=—|eu|n a; = —a-+mniy, a2 = —a-+ Ng,

a+a-+a +ay=0

V|V |V, | U, p | p | M | K
shift | a | @ | a, | £n, shift | —a | —a | —a, | O
define:
A= {mlﬁl + m2ﬁ2|m1, mo € Z} closure:
Aa+a:Aa (Za: :Zx—l—a )
Ay =Ujez(A + ja) ’
define: X =A,— 2 =A, + 2,
2 2




The relative distance of 4 fermions is always fixed as

0, M M ni+n2
Y 27 27 2

square lattice of half lattice constant

na

o) + — (a: lattice constant)

Ln —

> &

The basic half lattice cycle structure is hidden here !
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ny coordinate of@ - s — -
p A9 [ A9
na a @ Al @ A1,
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> T @ T» (@]
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momentum representation of fermion field for 71 direction

ny, component of p

Y(p) = % Y. ePP(z) = —yY(p+ %ﬂ)
o=2+

4
anti-periodic with respect to %



Two zero modes; translational invariant with lattice constant

®1(z) = c1, ®y(z) = (—1)"co, na

>~

fermion field with alternating sign

1 : 2 2 2
5 2 DEuE) = (p+ ) = v (p- 7))
(—1) %Tx p— ej: QZZQU
Y(p + 2—7T) is half cycle shift momentum of ¥(p)

a

This fermion field is the corresponding species doubler field.

ni component of p



species doublers as twisted fermions

We treat similarly "2direction. Then we can assign
2 X 2 =4 chiral fermion species doublers to

/07/57 )‘17)‘2
corresponding zero mode: 1, (—=1)™%"2  (—1)™  (—1)"2

27T 27T 2T 2m
hift: 0.0 —.0) (0, —
momentum shift (’)’(a’)(’a)’(a’a)

In order to realize exact SUSY of N=D=2 on the lattice

1 cycle = a/2 |attice is needed.




typical N=2 SUSY invariant lattice space

one dimension hidden in the arbitrariness of a

A, can be considered as defining extra dimension by identifying

J = ng

Two two-dimensional lattices which are dual to each other
connected by link fermions constitute the space:




continuum twisted SUSY algebra: {Va,Vp}=figVi,

scale dimension:  [D,Va]=3V4, [D,Vp]=1iVp, [D,Vi,| =V,

scale invariance:
[D7 {VA7 VB}] — {[D7 VA], VB} + {VA, [Da VB]} — {VA, VB} — fﬁBv:I:u

fﬁBviu

On the lattice what happens ?

lattice twisted SUSY algebra: (Va,Vpt=—fhpe Vtu
new algebra

scale dimension ?: D,V =daVa, [D,Vs]=dsVs



D,Val=daVa, [D,Vp]=dgVp {Va,Vp}=—flpe 't

P{Va,Vp} = BTV, V) = —fhePe Vine D
~ e_v—ﬂi
]
1 — _
e?{Va,Vp} = Z H[D[D[° -[D,{Va,Vg}:--] ~ePe Vire P

1
=) ﬁ(dA +dp)"{Va,Vp} =et8{V,,Vp}

D;1Va, VB ={ValD,Vp]} +{V5[D,Val} = (da + dp){Va, Vp}




M TI{VA, Vp) = —fligePe Vine ™D

]
(4 0) (e 00)

eP e Vin — pdatds o=V D Vi,=0,— iF:
Weyl-'t Hooft algebra

Switch off the gauge fields we find a special solution !

D -0, _ ,da+dp ,~0. D —Viu

e e , for e

0, D] =da +dp, for e~ Vtn

(da +dp), = +(n,),, for e Vin

ifwe identify: d,=a4, dg = ap

“canonical
Ou, D] = () = dvpy — D, =1, commutation relation”



non-commutative algebra

[:C,/,VA] = (CLA),/VA, < [D,VA] = dAVA

6213‘,/ e—V_HJ, — 65’/” €—V+,J, ewy

switch off the gauge fields: Va—Qa= % _ %fﬁB O e On
0 1 _ 0 1 _
#0: gg, ~ pfAnfse ] = (0 (g0 — 5 aplse™™)  Jor astan=-n,
k& i]—(a)i [,,04] = —(aa),0a < (r+aa),0a =04z
V)aHA — AV89A7 vyVA| — A)J)v VA AJvVA ALy

non-commutative
(Va)itasz = etaad Val(z) x,, etTaad Valz)] =0

aA-a] aA-8>

(|xy, e = —(aa),€



[CUV,VA] — (a’A)I/vAa — [xanA] — (a’A)l/QA

— (r—aa),Qa = Qaxy
— {(33 — aA)l/}kQA — QA{xz/}k
— @i —aa)Qa = Qadi(x)

aA — —aAp

QA(¢1(513‘|)|¢2(3?)) = (Qad1(z))d2(x) + d1(7 + aa)Qada(x)

Qa(P2(x)91(7)) = (Qad2(x))d1(7) + P2(x + aa)Qad1(x)

The origin of the shift of lattice Leipniz rule of super charge.



Summary

N=D=2, N=D=4 twisted super Yang-Mills are formulated on a lattice
exactly keeping super symmetry for all super charges.

Algebraic structure of graded Jacobi identities and shift vector
relations determine the structure of two dimensional lattice space:

Doubled two-dimensional square lattice spaces are generated and
they are connected by link fermions.

Half lattice distance periodicity of twisted fermions is established
and they can be identified as species doublers of chiral fermions.

Algebraic consistency determines the space time structure.

In the exponentialized new lattice algebra we can derive Weyl-'t Hooft
relation. Non-gauge version of this relation leads non commutativity
of fermionic and bosonic coordinate:  0az, = (x +a4).,04



