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CEO futBay#bX & i ?
o TILX— FEMTIIERIIH T B L VILAR Y FDEFEHBEKICT TS
Schwinger-Dyson AR D 1/N BRN SE5NI#EEXE LTRR

1 1 conn
T Ty = SN2, (g,
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o HLRIEARY MILHIRDT —Z TREINS :
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CEO fABM#tR DY 57 « NILER

fzz’I::L’Zu) B(Z’ Z/)
(y(v) = y(e(w)))dx(u)/du

Z1 Zn z

ng’”(zl""’zn) U/}}u) ¢ > Res K(zu)

. 21
~l  ——
22 Zn
RENE
g—1
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o FLROMRBE K(z,0) =
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AHRBEERICE S % 3 DR

ARREERICIFVW S DD DRADH S -
o 1THHER! (Eynard DA VS FILTATT):
= Schwinger-Dyson %23\ (Abstract loop eq.)
o WIS (Laplace FUHT):
= Mizakhani OFEIN (EAFV#{EI0)
o ¥ - RIFH:
= Virasoro #ISR&MH (EFT 7 VIBE)

92
K={2,...,n} I={iv,eovind J={du, i}
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Introduction

A15-) || & DIFERFTIXDIZ DIEH

2RITIZRIIWVENDEHNENL = 2 DORE BB
e Schwinger-Dyson AR & Virasoro #IR &M
[#8F8-J11&-A1l 91, Dijkgraaf-Verlinde-Verlinde91]
e Dynamical triangulation (DT) IC& % 2 RITEHDEIXITY| DR
N&- A% E-#85] 93]
= A )IISDIBEAKDZDER CXOHEEIEAD A o7 Hamiltonian)
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v
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AEONE

D 1 DD goal: WHfHE

CEO fu#my#t X S BT 2 A1E-)IEDKDIZDERE RET .
o ZANRY MILHHEC = (X, (x,y), B)— EDBOEH®D Hamiltonian
o 2 RFTTENEHICPRS T, CEO AHRIHLIICHKES > X7 LICEA.

Hamiltonian Formulation Spectral Curve

[ —

NS

CEO Topological Recursion

é;b z “ &
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2. DT Hamiltonian & CEO fif#B##i{b=

2. DT Hamiltonian ¥ CEOQ (i8R
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2. DT Hamiltonian & CEO fif#B##i{b=

Dynamical triangulation

Discretized model of 2-dim. pure quantum gravity

= Enumerative problem for # of triangulation of connected 2D surfaces
with the fixed boundary lengths ¢1,...,¢, € N (Ny: # triangles)
— PO, )= Y s
N1 788) (1. 03 )

777(g)(€1, ...y lpn; Np): Triangulations w/ geometric data (g; ¢1,...,¢n; Na2).

7 B

Y A AN A R; >0 R =0 R; <0
A Equilateral triangle
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2. DT Hamiltonian & CEO fif#B##i{b=

Operator formalism

Peeling decomposition — Deformation of a boundary

= A nice representation by boundary creation / annihilation operators:

‘
o I DD - 2
Ti(0) U(e) b ln

e Creation / annihilation operators of a boundary with length ¢:
WO, W ()] = deer,  [W(E), V()] =0 = [Wi(e), WI(£)]

@ Vacuum state |vac) 1 W(¢)|vac) =0

o Multi-loop state: W(¢)Wi(4y) .- Wi(e,)|vac)
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2. DT Hamiltonian & CEO fif#B##i{b=

Peeling decomposition

Peeling decomposition: eliminate a marked triangle:

XA
A Equilateral triangle

7 types of decompositions:

d % A@ @A
AQ C@@

A
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2. DT Hamiltonian & CEO fif#B##i{b=

Hamiltonian operator

Definition 2.1

We define a Hamiltonian operator H:
H=> VIO(0) — x> UL+ 1)0u(0) — 26> WL —1)0w(0)
=1 =1 (=2
—3kV¥(3) — kKV(1)

oo 4

— kY > WL - n+ 1)0w(0)
f=1 n=1
—GrY Y I+ 0+ 1) (v (0).
(=1 0'=1

Acting H on a multi-loop state = one step decomposition by the peeling.
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ABE-IIEDINZ)L k=7 > & Schwinger-Dyson A&
o SSNEADHERER Fo(0r, ..., 00 C), L—TERBETF Vi)

Fo(l1,... . 0n; G) = lim (vacle™ "W (4y) ... wi(¢,)|vac).

T—oo

e Schwinger-Dyson A=

0= lim %(Vade_TH\UT(Kl)---\IJT(K,,)\Vac>

T—o0

= lim (vacle” THHWT(41) - Wi(¢,)|vac).

T—o0
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2. DT Hamiltonian & CEO fif#B##i{b=

CEO topological recursion for the DT model

Theorem 2.2 (F-Manabe-Watabiki)

i:v,sg )(xl, ..., Xn) obeys the CEO topological recursion with the spectral

curve C = (CPY, x, y, B) such that

. 1 C 4K 2\ 2
y(x)—ﬁ(x—;> X(X—C2>7 c(1—c") =8k,

K 1 dz1 @ dz»
x(z) = 2 <2+Z+ z> , B(z,z2) = (—n)?

This CEO topological recursion is found from the Schwinger-Dyson

equation found from the Hamiltonian formalism.
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3. ARY MLBIRT — A D5 N\IIL b =T > DR

3. ARV MILERET—4 D SNIIL =7 2 DOFEER
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3. ARY MLBIRT — A D5 N\IIL b =T > DR

Summary & Graphical abstract

Hamiltonian Formulation Spectral Curve

NS

CEO Topological Recursion

a1

21, 21
PRSI 2

Inverse problem:

Can we reconstruct the Hamiltonian H from the spectral curve data?
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3. ARY MLBIRT — A D5 N\IIL b =T > DR

Spectral curve data

Our ansatz for the spectral curve:

o

4
—

=
=

x)Vo(x), M(x)=q(x)/p(x), o(x)= |] (x— o)

>
Il

1

ZPkX 0<pu<r), qux (h<s).

Hamﬂtonmn Formulation Spectral Curve

NS

CEO Topological Recursion

@ z“@

111
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3. ARY MLBIRT — A D5 N\IIL b =T > DR

Ambjgrn-Watabiki's recipe for finding Hamiltonian

(1) Prepare the w® generator in free field representation:
o br(h) =2h+2: even = W) = S ke imen | A213m
o br(h) =2h+1:odd = W = L(1S, - apajam : +3an,)
[3m: an] = Mamsno,  am W] =2nL, o (n=1,2,3,--)
= Witt alg. [Lm, Lp] = (m —n)L, (m,n> —1)
(2) Consider Y of the linear terms of a, (n > 0)
= H= 2\/EW + Y such that #|vac) = 0.
(3) Identify the loop operators v(n),'(n) and a's:
anp — \/C/EWT(H), a_p — n(+\/gs/cV¥(n) + Ap) (n>0), ap = Ao
BB |18 DFDBDEH X AR 11 Sept. 2026 18/23



3. ARY MLVERT — A D5 /NS )L b= 7 > DB

Examples

br(h) = 2h+ 2 case:
e 1-Matrix model (e.g. Penner model)
@ Discrete DT models
e 2D CDT models
br(h) =2h+ 1 case:
e (2,2m — 1) minimal string
o Topological gravity, JT gravity

@ Seiberg-Witten theory for 4D N' =2 SYM

B I8 DRSO £ 8N st
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4. Seiberg-Witten HIfRDHE

4. Seiberg-Witten HIRDIHE
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4. Seiberg-Witten BRIRDIHE

Example: Degeneration of Seiberg-Witten curves

Degeneration of SU(2) Seiberg-Witten curve (Ny flavor hypermultiplets)

[Gaiotto'09][Eguchi-Maruyoshi’'09][Kozcaz-Pasquetti-Wyllard'10]

Topological recursion for SW curve [Awata-Fuji-Kanno-Manabe-Yamada'10]

”‘+ 4 m. ‘

mq
4 m,_4
mn
ms mz  my
Ny =0]

my

ization)

Example: Seiberg-Witten curve for Nf = 4 flavors :

2
y? = < ( mOX — C)) (x4 + 5153 + Sox% + S3x + Sy).

x(x = 1)(
B | A OO OES LB W Gy b

21/23



Hamiltonian for SW curve for Nf = 1

e Seiberg-Witten curve for Ny =1 flavors :

A3 A AN 4 4u
L “ M—l——l— L (x4 %x3+px +4x>.
1

2—7 _ =
Yo X 4 4xt

e Hamiltonian:

“Hy D =g V(L) +2 D e > OVt k- 2)W(0)

k=23 £>1
—g Y ((C+ )OI YWl + 0) + 0 WL+ 2)W()w(L)) .
0e>1
Parameters:
T2 = —Mmy, 73——5 1,
sU(2)
A I|m &5 Tlinoo <vac’eT%Nf—1 \UT(].)‘VE%C> =u—m:.
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4. Seiberg-Witten BRIRDIHE

Some directions

@ Spectral curve covered by more than 3 sheets [Bouchard-Eynard]
Ising model : 3-sheeted spectral curve
= Hamiltonian from W®*) generator [Ambjgrn-Watabiki]
cf. [Ikehara-Ishibashi-Kawai-Mogami-Nakayama-Sasakura]
@ Thin spectral curve [Zhoul]
O(N) vector model [Nishigaki-Yoneya][Di Vecchia-Kato-Ohta]

= Spectral curve with no branched point?

e Normal matrix model [Zabrodin-Wiegmann]

Droplet distribution of eigenvalues (cf. [Lin-Lunin-Maldacena])
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4. Seiberg-Witten HIfRDHE

Appendix
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4. Seiberg-Witten BRIRDIHE

CEO fBME{L R D1EE
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4. Seiberg-Witten BRIRDIHE

Basic data of the CEO topological recursion

Spectral curve: C = (C,x,y, B) H

e C: algebraic curve C = {x,y € C|y? = f(x)}

Simplest example: Airy curve y? = —x E

@ (x,y): Coordinate functions

Airy case: x(z) = —z%, y(z) = —z

z € CP!: local coordinate near branch pts. x = x(¢,)

(p=1,...,#branch pts.)
e B: A meromorphic bi-differential on C*?

Airy case: B(z,20) = — dz; @ dz

(z1—2)?
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CEO iRy #HL=

CEO fi#88Y#1bz0 [Chekhov-Eynard-Orantin06, Eynard-Orantin07]
ARYT MILVEEIR 1 C = (X, (X(2),y(2)), B(z,2")) (21 :==(z2,...,2n))
wg.n(z1,...,2n)

# Branch pts.

= > Res K(21,0) Yo Waina(Uszn)wg pia(e(u), 21)
p=1 g aite=g
Ilulz=l={2 ..... n}

+wg-1.n41(u,(v), 21\ {21})
® wgn(zi,...,2n) = Wen(2)dz1 ® --- ® dz,, wo2(21,20) = B(z1, 20)
e Galois involution ¢: x(¢(u)) = x(u), y(t(v)) = —y(u)
J220B(z, 7)
u) = y(u(u))}dx(u)/du
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4. Seiberg-Witten BRIRDIHE

CEO f#ER#HLIND T 5 7 1+ HILRR

fzz’I::L’Zu) B(Z’ Z/)
(y(v) = y(e(w)))dx(u)/du

Z1 Zn z

ng’”(zl""’zn) U/}}u) ¢ > Res K(zu)

. 21
~l  ——
22 Zn
RENE
g—1
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4. Seiberg-Witten HHRDIHE

Recursive structure

Initial data: a spectral curve C := (X, (x(z),y(z)), B)

The Wy s are determined recursively.

20 —24+n
A

4 z
Bridge

2 z

et N

Woo =B Thin handle

> n

0 2 3 4 5
B2 DR OBOEE L AL 11 Sept. 2026
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4. Seiberg-Witten

DT hamiltonian for (2,2m — 1) minimal string
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4. Seiberg-Witten BRIRDIHE

Hamiltonian for (2,2m — 1) minimal strings

2
y@22m=1) _ %¢4 + GT(gf)l + (01))(d1 + (P1)) P2

oo £—5

R I) I TN R

/=6 n=1
o0

GZ S e an(@n+ (D)) (D0 + (Dn))-

4
£=1 n=max(5—¢,1)
where

(1) gehe n=2k-1(1<k<m+1), n#2m-1

<¢n>:
0 n>m+1

Specialization to the Liouville gravity parameters:

—1)* "1 (2m—2k—3)I! am—1)7\ ¥
T2k = k!((2mll)‘<(*1(2m—4kzl)!! (( 8 ) )
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4. Seiberg-Witten BRIRDIHE

CEO topological recursions for (2,2m — 1) minimal strings
Theorem 4.1

The genus expansion of the Schwinger—Dyson equations for the

(2,2m — 1) DT model with n > 3 can be rewritten as the topological
recursion for the spectral curve C = (Xc, (§,y(&)), B) determined by the
disk amplitude. In particular, when the parameters are specialized to the
conformal background of Liouville gravity, it can be expressed as follows:

_1ym-1.3 _
y = ( 12)m—§7- sin {2m2 1arccos <_\§ﬁ)} , B(&,8) = (;51(?22)2,

The same result is obtained independently in [Gregori-Schiappa2l].
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4. Seiberg-Witten HIfRDHE

Hamiltonian DRk
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4. Seiberg-Witten BRIRDIHE

Hamiltonian for br(h)=even

®3)

A Hamiltonian is found from the unreduced W~ generator:

pn+2 s+2
—HOY = gk (k) + oW (1) +2) T > W0+ k — 2)w(0)
k=1 k=0 >1

+gszr:[3k ST+ = k+2) VIOV + 0 — k+2)

k=p  £0>1
gy pe Y. WV 4 k= 2W(O)w(C).
k=p  £0>1

Constraint eqs. = (pk, qk,ozk) — (Pk»ﬁk,Tk)
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Hamiltonian for br(h)=odd

3)

A Hamiltonian is found from the 2-reduced W5 generator:

putl
—HOM = 2671 kg W(2k) + % (2p0W(4) + p1V(2)) + 70 W(1)VW(2)
k=1
gsp -
8sPo 2 T _
+ SRV (1)Pw(2) + 2k§_%rk ;N (€+2k = 3)¥(0)

gy o Y (0 — 2k + ) WHOWH )W+ 0 - 2k + 4)
k=p  00'>1

,
&s /st ' '
+ n kg Pk €€5>1€€ VIl + 0+ 2k — 4)W(O)W(L).

=u  LO>

Constraint eqs. = (pk; gk, k) = (Pk; Fik, Tk)
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